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PHILOSOPHICAL TRANSACTIONS. 



I. The Influence of Stress and Strain on tlie Action of Physical Forces!^ 

By Herbert Tomlinson, B.A. 

Communicated by Professor W. Grylls Adams, M.A.y F.R.S. 

Received April 5,— Read April 28, 1881. 

Origin and Purpose of the Investigation. 

More than six years ago, whilst collecting together the results of the most trust- 
worthy measurements of the various physical constants, with a view of establishing 
certain relationships which I conceived to exist between them, I was much struck 
with the discrepancies which exist, not only between the observations of different 
experimenters, but also frequently between those of the same individual. Many of 
these discrepancies, no doubt, arise from differences in the purity of the substances 
employed ; but, when all due allowance has been made for such a cause, there still 
exists a large margin, which can only be accounted for by assuming that mere altera- 
tion of molecular aggregation must modify always, and in many cases considerably, 
the action of physical forces. This assumption has been already abundantly justified 
by the experimental researches of several eminent philosophers in every part of the 

* In conducting these investigations T have been aided by a grant from the Government Research 
Fund of £4000. For this assistance, which has and will be of the greatest service to me, I here return 
my grateful thanks. I feel myself also under considerable obligations to Sir William Thomson, whose 
valuable paper on '* The Electrodynamic Qualities of Metals " has really formed the ground- work of 
this memoir. The drawings have for the most paiH} been carefully executed by Mr. J. E. Jordan, of the 
Mining Becord Office ; and for the intelligent carrying out of the various details of the apparatus I am 
indebted to Mr. Kibsbb, of Elliott Bros., and to Mr. Fubse, the Curator of the Physical Museum at 
King's College, London. 

MDCCCLXXXIII. B 



Digitized by 



Google 



2 Mr. iJ. toMliNsou o:h the ikfluekce of strkss 

domain of physical science; but, though much has been done, very much more remains 
to be done, and a wide field lies open before us which cannot fail to richly reward the 
patient explorer. I write patient explorer advisedly, because, in many cases, any 
diflference of molecular disposition which we can effect with the means at our disposal, 
produces only a very minute alteration in that particular physical quality which we 
may be examining, and an alteration which we can only hope to measure accurately 
by the exercise of a large amount of perseverance and conscientious labour. But 
whether the effect to be observed be large or small, there is no doubt that fiirther 
investigations of the kind here indicated must be made ere we can gain a true insight 
into the nature of the action of physical forces or into any relationships which may 
exist between them. 

I proposed to myself, therefore, to examine as far as possible each of the various 
physical properties of one and the same specimen of different kinds of matter ; and, 
further, to investigate the alterations which can be produced in these properties by 
stress and strain ; being convinced that, by so doing, much light would be thrown on 
such subjects as electrical conduction, magnetic induction, thermal conduction and 
expansion, thermo-electricity, specific heat and elasticity. The words " stress " and 
" strain " are here used in their widest sense as intending to denote respectively the 
equilibrating application* of any physical force, and the definite alteration of form or 
dimensions experienced thereby by the matter acted on by the force. 

In furtherance of the above-mentioned objects I procured some 60 feet of wire made 
of each of the various metals in common use, and also of the rarer metals, silver and 
platinum, and of the alloy platinum-silver, the three last in a state of chemical purity, 
and proceeded to determine one after the other the various physical constants of each. 

In consequence of the extensive scope of these researches, several of the various 
parts into which the paper is divided are far from being as complete as I could wish, 
and hope at some ftiture period to make them ; but I venture to present them as they 
are to the Society, as tending to show stiU further than has hitherto been done the 
^^correlation of the physical forces," and the value of this mode of investigation 
wherein one experiment immediately suggests several others. 

PART I.— MODULI OF ELASTICITY. 

"Young's Modulus." 

Description of apparatus. 

The values of " Young's modulus " for the various metals were determined by a 
method devised by Sir W. THOMSON.t Wires of the same material and diameter are 
suspended in pairs about 1 inch apart from each other, and are attached by one 

* * Brit. Encyc.,' Art. : " Elasticity," p. 24 
t Proc. Roy. Soc, vol. xxix., p. 221. 
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extremity of each to the same support, the other extremities being fastened in the 
one case to a scale-pan, and in the other to the centre of a bar of wood or metal 
carrying constant equal weights at each end ; the latter wire is provided with a scale, 
and the former with an index of some sort which, being level with and close to the 
scale, serves to measure any alteration of length produced by weights placed in the 
pan. By this simple and ingenious arrangement, any errors which might otherwise 
result from a slight yielding of the support, or from changes of temperature, are 
avoided. 

In my own particular experiments, the length of each wire between the support, 
which consisted of a vice firmly screwed into a stout wooden plank, and the scale and 
index was about 30 feet. To the extremities of the metal bar (fig. 1, A B), which was 
supported by one of the pair of wires, were attached two weights, each equal, in most 
cases, to one-fourth of the breaking- weight of the wire. To this wire was clamped by 
two screws a silvered metal scale (fig. 2, S), divided into half-millimetres. To the other 
wire was clam]>ed in the same manner a vernier, V, reading to -^oth of a millimetre. 
This vernier was forked (fig. 3), so that, though capable of free up-and-down motion, it 
could not readily be dislodged sideways. By means of a compound microscope, an 
alteration of length of the wire equal y^th of a millimetre could readily be estimated. 



Fig. 1. 



Figs. 2 and 8. 




One- tenth size. 




Scale and Vernier, fall size. 



Mode of experimenting. 

In the case of the harder wires the one to be tested was subjected for several days 
to the stress produced by a weight three-fourths of the breaking-weight ; the other wire, 
which may be called the comparison-wire, in the meantime sustaining a load equal one- 

B 2 
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half of the breaking- weight. During this time the relative positions of the scale and 
vernier were viewed from day to day ; and when there seemed to be no alteration of these 
positions, the wire sustaining the heavier load was reheved from stress and allowed to 
rest for a period of from one t6 six days. Weights were then very carefully* put on 
to or removed from the p9;n attached to this wire, and the changes thereby produced 
in the length determined, the wire havmg in the meantime been permanently loaded 
to a suflBcient extent to keep it quite straight. The softer metals — lead, tin, and even 
zinc and aluminium — were subjected to stresses much less in proportion to their 
tenacities than those used with the other metals. In their case each of the pair of 
wires was elongated permanently about 10 per cent, by weights, half the weight was 
then removed from the comparison-wire, and the two allowed to rest for four or five 
days. After this interval, the other wire was entirely relieved from stress, and finally 
was permanently loaded with a weight equal to that on the comparison-wire. As 
with the harder metals, the real testing did not begin till time wrought no appreciable 
change in the relative lengths of the two wires. 

Reasons for the above precautions. 

In the case of all the substances employed very great care was taken with the 
determinations, which often numbered more than one hundred for each of two or more 
different weights, and it was noticed after the experiments had been carried on for 
some time that the results obtained on different days frequently varied to a greater 
extent than could be accounted for by mere errors of observation. At first it was 
suspected that, in spite of the mode of suspension, a slight yielding of the upper sup- 
port might be the cause of these discrepancies. Two additional wires were therefore 
suspended to this same support and loaded alternately with weights of 14 lbs. so as to 
tend to turn it about axes, respectively parallel and perpendicular to the line joining 
the points of attachment of the first two wires. Not the slighest effect, however, could 
be detected on the relative positions of the scale and vernier. The latter were then 
both shifted several time to parts of the wires a few inches above or below their 
previous positions to ascertain if any sticking between them could be observed — 
though in all cases care had been previously taken to adjust them so that their planes 
were parallel to that of the wires. But again these alterations did not seem to affect 
the results. The wires were now taken down and examined in case there might have 

* Several methods were tried for loading and anloading ; amongst other the stress was applied by 
allowing measured amounts of water to flow slowly into a large but comparatively light pail attached to 
the wire instead of the scale-pan, the removal of the stress being accomplished by suffering the water to 
pass out through- a piece of caoutchouc tubing attached to an orifice at the bottom of the pail, and which 
during the process of loading was hitched up by the side of the pail. I found, however, that quite as 
good I'esults could be obtained by putting on the weights by small amounts at a time by hand ; a little 
practice, as far as my experience goes, enables the experimenter, especially if a support be provided for 
the elbow, to load or unload without causing any appreciable shock. 
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been some slight slip of their ends through the vice. No sign, however, of anything 
of the kind could be detected, and on re-suspending and again testing them almost 
exactly the same results were obtained. Finally, the permanent loading was gradually 
increased in amount to determine if any error had arisen from the wires not having 
been sufficiently straight. It was hardly expected that this would prove to be the case, 
as before any of these trials had taken place the wires had been previously loaded for 
at least 24 hours to such an extent as to cause considerable permanent elongation. 
Nor indeed could any appreciable change in the measurements be detected until the 
weights used were such as to produce farthefi* permanent elongation. 

When this happened, however, there was evidently an apparent alteration of 
elasticity. A reference to the notes made on previous occasions then revealed the fact 
that whenever the above-mentioned discrepancies had occurred a similar permanent 
elongation had been produced. A fresh series of experiments was therefore begun, 
which ended in the discovery of the following facts : — 

1. In the case of a wire which has suffered permanent extension the temporary 
elongation which can be produced by any load becomes less as the interval between the 
period of permanent extension and that of applying the load becomes greater.* 

2. This increase of elasticity is greater in proportion for great loads than for small 
ones. 

3. The increase of elasticity takes place whether the wire is allowed to remain loaded 
or unloaded between the period of permanent extension and that of the testing for 
the elasticity. 

4. The rate of increase of the elasticity varies considerably with different metals ; 
with some the maximum elasticity is apparently attained in a few minutes, and with 
others not till some days have elapsed — iron and steel are in this last respect very 
remarkable. 

5. The elasticity can also be increased by heavily loading and unloading several 
times, the rate of increase diminishing with each loading and unloading. 

6. A departure from " Hooke's law " more or less decided always attends recent 
permanent extension, even when the loads employed to test the elasticity do not 
exceed one-tenth of the breaking-weight.t 

7. This departure is diminished very noticeably in the case of iron, and much less so 
with the other metals by allowing the wire to rest for some time either loaded or 
unloaded ; it is also diminished by repeated loading and unloading. 

* Since writing the above I have found that the gradual increase of elasticity with time in the case of 
sofb-iron wires has been also noticed by Bweng. (Ptoc. Roy. Soc, 1880, No. 205, vol. rxx., p. 610.) 

t O. Wiedemann and Wbbtheim have proved that there is a similar departnre from '* Hooke's law " in 
the rigidity of metals when tested by the method of statical torsion. I shall have occasion in Part III. 
to refer further to Professor Wiedemann's valuable researches relative to torsion and magnetism : bat see 
Wiedemann's ' Annalen,' 1879, vol. vi. ; Phil. Mag., vol. ix., Jan. and Feb., 1880; * La Lumiere Electrique,' 
vol. vi., Nos. 2, 3, and 4 ; or Wiedemann's * Galvanismns/ 
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The above statements apply in a greater or loss degree to all the metals employed, 
but it will suflSce perhaps to give in illustration some experiments with iron and copper 
wires. The pan employed in all these investigations weighed 2 kilogs., and, except 
in one or two instances which will be mentioned, was never detached from the wire. 
In the following experiments a + number will signify an increase, and a — number a 
decrease of length. In all cases the readings are given in half-millims., and the weight 
of tlie pan is not included in the estimate of the load. 

The following series of experiments was made with an iron wire 0*62 millim. in 
diameter : — 

Eocperimeiit /. 

A weight of 12 kilogs. was put upon the pan and had the effect of permanently 
elongating the wire about 1^ per cent. The scale and vernier were now fixed to the 
wires and the following readings taken : — 



• 

No. of kilogs. on pan. 


Keadliig of 8cale. 


Alteration of length. 


Mean values. 


12 


3010 









570 


-24-40 


1 


12 


30-50 


+ 24-80 


\ 24-35* 





6-20 


-24-30 


J 


8t 


2118 









5-08 


-16-10 


1 


8 


2115 


+16-07 


\ 16-10 





5-02 


-1613 


J 


4 


1300 


+ 7-98 


1 





508 ' 


- 7-92 


\ 7-95 


4 


1302 


+ 7-94 


J 



It appears therefore that the first 4 kilogs. would produce an alteration of 7*95, 
the second four of 8*15, and the third four of 8*25 divisions of the scale. 



* The + numbers are never taken in estimating the mean of the valnea of the alterations produced 
by the largest weight, in order to avoid the effect of permanent set. 
t Scale slightly shifted by accident. 
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Eaperiment II. 

The same wire having heen elongated hy traction to the extent of 29*4 centims. 
was again tried with the same weights immediately afterwards. 



'So. of Idloge. on pan. 



8 

8 

4 

12 




Beading of scale. | Alteration of length. 



21-10 

3-58 
2110 

3-58 
1208 

3-58 
31-10 

4-20 



-17-52 
+17-52 
-17-52 
+ 8-60 
- 8-50 
+27-52 
-26-90 



Mean values. 



17-62 

8-60 
26-90 



The scalO'pan was now removed for 1 minute and then pat on again. 



la 


8 

4 



80-10 
812 

20-50 
3-15 

11-60 



-26-98 
+ 17-38 
-17-36 

+ 8-46 



26-98 
17-37 

8-45> 



Taking only the last trials we see that, now, the first 4 kilogs. produce an alteration 
of 8-45, the second of 8-92, and the third of 9-61. 

Experivfient III. 

The wire was still further lengthened by 11*8 centims. and the pan being on the 
reading of the scale was 3*40. The pan was then removed for one minute, and after- 
wards replaced, scale now 2*40. Again the pan was removed for 30 minutes, and 
replaced, scale 2*18. The trials were then renewed with the same weights as those 
used in the other experiments. 



No. of kilogs. on pan. 


Boading of scale. 


Alteration of length. 


Mean valae*.* 





2-18 






4 


10-80 


+ 8-62 


} 8-48 





'2-32 


- 8-48 


8 


20-30 


+ 17-98 


1 17-65 





2-65 


-17-66 


12 


30-90 


+28-25 


1 27-50 





3-40 


-27-60 


4 


11-90 


+ 8-60 


8-50 


8 


2100 


+17-60 


1 17-50 





3-60 


-17-60 


12 


30-90 


+27-40 


I 27-30 





3-60 


-27-30 



Taking the results of the last observations we obtain for the first 4 kilogs. an 
alteration of 8 '50, for the second four 9*00, and for the thu:d 9*80. 

• In this and the following tablee the — numbers only are taken, because it wa« always found that 
after the wire had been entirely relieved from stress a small sub-permanent set was produced by each of 
the weights when put on for the first time after such a release. 
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Experiment IV. 

The wire having been left for two days without weights or scale-pan was again 
tested with the pan on. 



Ko. of kilogs. on pan. 


Beading of scale. 


Alteration of length. 


Mean valaes. 



4 



3-30 

11-58 

3-36 


+ 8-28 
- 8-23 


1 8-23 


Scale-pan removed for 1 minnte and tlien replaced. 



8 



3-30 

19-80 

3-38 


+ 16-50 
-16-42 


} 16-42 


Pan again ofE and on. 




12 




3-30 

28-10 

3-40 


+ 24-80 
-24-70 


1 24-70 


Pan off tvnd on. 





3-30 


1 
1 



Here we see that the effect of the first 4 kilogs. is represented by 8*23, the second 
four by 8*19, and the third by. 8'28. 

As it had been found by preliminary experiment that the density of the wire was 
not permanently decreased to any extent which would introduce an appreciable error 
by supposing it to remain constant, we can easily make the different experiments 
comparable with each other by assuming that the permanent change of section is 
proportional to that of the length. If we do so we arrive at the following results: — 



No. of experiment 


Temporaiy alteration 

of length produced 

by the load. 


Load in Icilogo. 


Arerage alteration 

per i kilogs. on nnit 

of area.* 


Ifean alteration per 

4 kiloga. in each 

experiment. 


■■ { 


7-95 
16-10 
24-35 


4 

8 

12 


7-95 
8-06 
8-12 


I 804 


.,. { 


8-16 
16-81 
26-01 


4 

8 

12 


816 
8-41 
8-67 


I 8-41 


-■ { 


8-11 
16-70 
26-05 


4 

8 

12 


811 
8-35 
8-68 


\ 8-38 


■'■{ 


7-85 
15-66 
23-56 


4 

8 

12 


7-85 
7-83 
7-85 


I 7-84 



* The nnit of area is supposed to be that of the section of the wire in I. ; the length tested was the 
same in all the experiments. 
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Remarks on fhe preceding experiments. 

It appears from the last table that the temporary elongation produced in an iron 
wire by a load of given magnitude becomes greater as the permanent elongation 
becomes greater up to a certain limit of the latter, which limit seems to depend upon 
the load used to produce the temporary effect. When the above-mentioned limit has 
been reached further permanent elongation begins to increase the elasticity, and this 
increase, as other experiments have shown, is continued up to the breaking point of 
the wire. 

The increase of elasticity produced by rest, which is very conspicuous when we 
compare III. and IV., is the more remarkable as it is not attended, as was at first 
supposed would be the case, by any appreciable permanent shortening; the latter 
amounting in the present instance to only '1 millim. out of a length of 8600, actually 
not "002 per cent 

This phenomenon is moreover evidently closely aUied with one noted by Bottomley,* 
who has recently discovered that in the case of iron the peimanent elongation which 
can be produced by any weight may be very largely diminished by putting on this 
weight in small quantities at a time with intervals of rest between, and also that the 
breaking stress may be considerably increased by the same process. 

We may assume that the mutual attraction existing between the molecules of a 
wire wiU always tend to make them take up such positions as will give a maximum 
mutual attractive force. When, therefore, a wire has been permanently stretched, the 
molecules would immediately take up these positions were it not for coercive force ; 
this, however, causes delay, so that if the wire were tested shortly after the permanent 
extension has taken place, the elasticity would be found to be less than when the mole- 
cules have had sufficient time to finally settle themselves. Nor is it necessary that any 
appreciable permanent contraction of the wire should attend this increase of elasticity, 
as the mere change of arrangement of the molecules would suffice for the purpose. 
To a similar cause is no doubt also due the increase of portative power which can be 
produced in a permanent magnet by gradually increasing its load. 

Another point to be noted is the sub-permanent set which is produced in all wires ; 
this set is greater, according as the load permanently left on the wire is greater, and 
also increases up to a certain limit with the time during which the stress producing 
the set is applied : from this it follows that the readings taken on loading a wire step 
by step to a certain amount will be different from those taken at the same stages of 
stress on unloading. This fact has already, I believe, been noticed by Thomson ; but 
as I wish particularly to draw attention to it in the case of iron, I give the results of 
one out of several experiments made on iron and copper with a view of testing the 
matter. 

* Proc. Roy. Soc, vol. xxix., p. 221. 
MDCOCLXXXIIL C 



Digitized by 



Google 



10 



MR. H. TOMLTNSON ON THB INFLUENCE OF STRESS 



Experiment V. 

Annealed iron wire which had been very heavily loaded and unloaded a great many 
times on different days previous to this last experiment. 



No.ofkilog«. used 
for loftd 


Scale reading on 


Scale reading on 




loadings \>j 4 kilogg. 


nnloading hy 4 iiUogi. 


Difference. 




at a lime. 


at a time. 







21-22 


21-22 


-00 


4 


1«10 


1800 


•10 


8 


15-20 


1501 


•19 


12 


12-38 


1210 


•28 


16 


9-45 


9-22 


•23 


20 


6-50 


6-50 


•00 



This last experiment shows very clearly that the wire does not recover itself until 
all the load has been removed. Also in Experiment IV. we see that a certain amount 
of set disappears even with the removal of the comparatively small load of the scale- 
pan. 

With most of the other metals the recovery of elasticity is much less marked after 
the first hour than is the case with iron. 

The following experiments were made with a soft copper wire '81 millim. in 
diameter and 630 centims. in length ; — 

Experiment VL 

The wire was loaded for a few minutes with a weight slightly over 8 kilogs., and, 
on the removal of stress, the following observations were made : — 



Ko. of kilogs. 


Time after permaneat 
eloDgation. 


Beading of scale. 


Alteration of length. 


8 


4 minntes 


5'80 







6 „ 


19-45 


-13-65 


8 


8 „ 


5-95 


+ 13-50 





10 „ 


19-10 


-1315 


8 


12 „ 


5-80 


+ 13-30 





14 „ 


18-80 


-13-00 


8 


16 „ 


5-75 


+ 1305 





18 „ 


18-70 


-12-95 


8 


20 „ 


5-68 


+ 1.3-U2 





22 „ 


18-60 


-12-92 


8 


17 hours 


5-65 







17 hours 2 minutes 


18-50 


-12-85 


8 


>» * »> 


5-60 


+ 12-90 



A great part of the gradual increase of elasticity here observed is due to loading 
and. unloading, and a similar effect may be observed in Experiments II. and III., but 
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part is evidently due to the influence of mere rest ; this is best shown by taking the 
differences between consecutive + or — alterations for the different times. 

It will also be observed that the + and — values both here and in the experiments 
on iron gradually become equal under the influence of rest and loading and unloading. 

Cases of aluminium and zinc. 

With these metals* both the maximum temporary increase of length, caused by 
putting on weight, and the recovery on the removal of stress, are attained slowly in 
comparison with most metals. An illustration of this is afforded in the next experi- 
ment^ which was made on an aluminium wire. 

Experiment VII. 



No. of Uloga.t 


Beading of scale. 


No. of minutes after 

patting on or taking off 

load. 


Alteration of length 
in lialf-miliims. 





1-4 






6 


18-9 


1-7 


+ 17-5 




19-2 


30 


+ 17-8 




19-5 


6-0 


+ 18-1 




19-8 


8-5 


+ 18-4 




20-1 


120 


+ 18-7 




20-4 


180 


+ 190 




207 


26-3 


+19-3 




20-8 


300 


+ 19-4 





4-4 


•6 


-16-4 




37 


1-6 


-171 




3-4 


60 


-17-4 




30 


2.5-0 


-17-8 




1-9 


14400 


-18-9 


6 


190 


10 


+ 171 




19-3 


30 


+ 17-4 




19-6 


50 


+ 17-7 




19-9 


10-5 


• + 180 




20-2 


18-0 


+ 18-3 




20-6 


260 


+ 18-6 




20-8 


400 


+ 18-9 


■ 


211 


520 


+ 19-2 




2116 


600 


+ 19-25 





4-35 


1-0 


-16-80 




300 


300 


-18-15 




2-20 


14400 


-18-95 



It must be observed that during the whole of this time the comparison-wire was 
loaded with a permanent weight equal to that on the wire which wa^ being tested, 

* Probably tin and lead if thej had been loaded snfficientlj would have also behaved in this manner ; 
it was impossible, however, to nse anj bat very light weights in determining their elasticity, as otherwise 
permanent set wonld always have been prodnced. 

t A weight of 4 kilogs. was kept permanently on the scale-pan. 

C 2 
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and that the stress thus produced had been acting for several days previous to these 
trials. 

When lesser weights were now used and only the scale-pan left on permanently the 
maximum alterations took place much more quickly, and the departure from " Hookers 
law," wliioh had before been very considerable, became comparatively slight. 

The modulus was calculated from these last results. 

Cases of tin and lead. 

These metals are remarkable for the manner in which they run down under the 
influence of the slightest stress, and also for the persistence of this running down ; in 
this latter respect they surpass aluminium and zinc. It was necessary, therefore, to 
keep them loaded for many days before attempting to determine their elasticity. The 
weights also employed for this latter purpose were very small, and, in consequence, 
the values of the modulus obtained by using them cannot be considered as accurate as 
those of the other metals ; I believe, however, that they are correct within 2 per cent. 

"Hooke's Law." 

We have seen that there is a very appreciable departure from this law shortly after 
permanent extension has taken place ; but a departure also exists when a long rest 
has been allowed, both when the wire has in the meantime been heavily weighted and 
when it has not, even though only moderate loads be employed. 

Thus, in the case of a soft copper wire capable of bearing a load of 18 kilogs., and 
which had been heavily loaded and frequently tested during a period of three weeks, 
the following observations were made : — 

Experiment VIII, 



Number of kilogs. in load. 


Average alteration per kilog. 


2 

4 
6 


HiiUmetre. 
•808 
•811 
•816 



The values here recorded are the means of about 20 observations on each weight 
made during the last three days of observation, and show small but decided differences. 

Again, another piece of copper similar to the above was treated in the same manner, 
but for a period of six days, and when examined on the last day, with loads up to 
12 kilogs., gave the foUowing results as the means of seven trials with each weight : — 
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Uxperiment IX. 



Komber ofkilogs. in load. 


Average alteration per kilog. 




Millimetre. 


2 


•830 


4 


•835 


6 


•840 


8 


■ -847 


. 10 


•866 


12 


•911 



It is here seen that the alteration per kilogramme rapidly increases when the loads 
become heavy, and yet in both these last experiments the wire recovered its original 
length on the removal of the load. It is evident, therefore, that in the case of 
annealed copper the length increases in greater proportion than the load, and this 
was proved to be the case whether the wire was allowed to rest loaded or unloaded. 

Similar results were obtained with annealed platinum, sUver, aluminium, platinum- 
silver, German-silver, and zinc. With soft iron, however, the case is different if the 
wire be weighted for some time after pei*manent extension has taken place. An 
examination of Experiment XIII. shows that under these circumstances the average 
alteration decreases up to a certain point as the load increases. 

It remains now to consider the case of iron allowed to rest unloaded. 

Experiment X. 

An annealed iron wire, after having been permanently elongated by traction about 
8 per cent., remained unloaded for several days, and was afterwards tested with weights 
up to 10 kilogs. : — 



Knmber of kilogs. in load. 


Alteration of length per Ulog. 




Jlillimetres. 


1 


1-350 


2 


1-356 


3 


1-367 


4 


1-376 


5 


1-386 


6 


1-388 


7 


1-386 


8 


1-389 


9 


1-392 


10 


1-394 



Here the average alterations of length increase with the load, though not to the 
same extent as with copper. 

In both the last experiments with iron the recovery of the wire after the removal 
of the stress was so perfect that the zero position of the vernier waa not shifted one* 
tenth of a millimetre. 
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Discussion op Wertheim's Experiments on Elasticity.* 

Tlie values of " Young's modulus " obtained by Wertheim by vibrations, longitu- 
dinal or transverse, are generally larger than those got by static extension ; and these 
diflferences are considerably greater than those which would be produced by the heating 
and cooling effects of contraction and elongation. 

Sir W. Thomson sayst that" it is probable that his (Wertheim's) moduli, 
determined by static elongation, are minutely accurate ; the discrepancies of those 
found by vibrations are probably due to imperfections of the arrangements for carrying 
out the vibrational method.'* I venture, however, to believe that the main cause of 
the above-mentioned discrepancies is to be found in Wertheim's mode of proceeding 
when determining the elasticity by static extension. The plan adopted by him was to 
put on a weight, take a reading with the measuring microscope, and, after removing 
the weight, take a second reading, the difference between these two readings being 
iised in determining a value for the modulus. The same operations were repeated 
with greater and greater loads until the wire underwent very considerable permanent 
extension, and was in many cases broken. The mean of all the values thus obtained 
was taken to represent the true one. 

Now, if, after considerable extension had taken place, Wertheim had repeated his 
trials with each of the previous weights, he would have obtained appreciably different 
values, and the general result would have been to give him a greater mean value for 
the elasticity. Moreover, my experiments have shown, as we have seen, that, even if 
all precautions be taken, different loads will give different values for the elasticity. 

The best way of comparing the methods of static extension and longitudinal vibra- 
tions would be to determine, first, the elasticity by the former method with small 
loads, and then to use the latter method with the same wire under as nearly as possible 
the same conditions of tension. I hope at some future time to be able to make further 
experiments in this direction; but in some few trials with copper, iron, steel, and 
German-silver I have obtained values for the elasticities by the two methods which 
accord more nearly with each other than those got by Wertheim 

In order to ascertain whether the influence of rest — which in iron is so marked in 
increasing the value of " Young's modulus " as determined from static extension — 
would be equally or at all apparent when longitudinal vibrations are employed, several 
experiments were made on iron by the latter method, both the syren and Appunn's 
tonometer being employed for the purpose of counting the number of vibrations. 
Both these instruments gave very consistent results, and could be depended upon 
within at least \ per cent. ; yet no difference could be detected between the note of 
the wire after recent permanent extension and that after a rest of 24 hours. As it 
was thought that perhaps the act of vibrating the wire might immediately produce the 

* Ann. de Chim. et Phys., torn, xii., 1844. 
t * Brit. Encyc.,' Art. : *' Elasticity," § 77. 
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same effect as continued rest, a fresh pair of iron wires were suspended and tested in 
the usual manner with the scale and vernier ; but it was ascertained that vibrating a 
wire under these circumstances did not produce any immediate appreciable effect on 
the elasticity. It would appear, therefore, that the effect of rest is not felt when 
the temporary elongations are very small. 

Permanent Alteration of Elasticity Produced by Permanent Extension. 

Experiment XI, 

The same wire as in Experiment X. was further lengthened by 7, 15, 10 and 
7^ centima respectively on four separate occasions, and after each elongation the load 
was removed, and a rest of 24 hours allowed. After each rest the temporary alteration 
of length produced by 8 kilogs. was determined, the vernier after each permanent 
extension having been shifted to its original position. 



Actual alteration 

ObMITcd. 


CalcnUted alteration 

vhiclk would be prodaoed 

on wires of tlie tame 

tection as in Experiment V . 


Total per«eata;e of 

permanent extension 

produced before teatiog. 


12-88 
1302 
13-32 
13-50 
13-65 


12-88 
12-87 
12-87 
12-84 
12-a3 


4-0 
5-1 
7-5 
9-0 
10-2 



These results are the means of several observations in each case, and show that the 
elasticity of copper is very slightly increased by these particular amounts of permanent 
extension, when the wire is allowed to rest unloaded, 

A similar effect was proved to be produced on copper wire which was kept loaded 
for some time after permanent extension, 

Experiment XII. 

A piece of annealed iron wire, 860 centims. in length, was elongated by traction 
to the extent of 21*7 centims. so as to make it perfectly straight, and afterwards 
allowed to rest unloaded for two days ; a set of experiments was then made which 
resulted in giving a mean value of 8 '28 half-millims. as the alteration produced by the 
first 4 kilogs., 8 '23 for the second, and 8 '29 for the third, and an average on the whole 
of 8-27 for 4 kilogs. 

The wire was now further lengthened by 1 3 '3 centims., and the vernier shifted so that 
the same length of wire as before was under examination, and again a rest of two days 
allowed. On loading the wire with the same weights as before, an alteration of 8 '50 
was produced by the first 4 kilogs., 8 '48 by the second, and 8 '50 by the third, giving 
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an average alteration of 8*49 for 4 kilogs. Allowing for the permanent diminution of 
section, the last alteration would correspond to 8*36 for 4 kilogs. on a wire of the same 
section as that previous to the second permanent elongation. 

We have, in the case of this wire, therefore, a small but decided diminutuyn of elasticity 
produced by this amount of permanent extension, when the wire is allowed to rest 
unloaded after the extension has taken place. 

Experiment XIII , 

An annealed iron wire of the same length as the previous one was tested in the same 
manner, except that after each permanent extension it was loaded with a weight of 
20 kilogs., and this load was suflfered to remain on the wire for 24 hours. 



Total percentage of per- \ 
manent extensioD . . J 


10 


49 


8-0 


8-»» 


Load in kilogs. 


Average alteration of length in half-milUms. per load of 2 kiloga. on unit aTea.t 


2 


1-590 


1-571 


1-554 


1-522 


4. 


1-679 


1-571 


1-514 


1-516 


6 


1-657 


1-567 


1-510 


1-494 


8 


1-644 


1-545 


1-504 


1-497 


10 


1-640 


1-537 


1-502 


1-484 


12 


1-639 


1-529 


1-495 


1-482 


14 


1-543 


1-525 


1-486 


1-482 


16 


.. 


1-515 


1-490 


1-477 


18 






1-492 


1-477 


20 


•• 




•• 


1-476 



It appears, therefore, that in the case of annealed iron the elasticity is increased by 
permanent extension if the wire be allowed to remain heavily loaded for some time 
after such extension has taken place. 

Moreover, it is remarkable that when the wire has been treated in the above- 
mentioned manner the average alteration per unit load diminishes^ as the . load 

* The wire was broken at a point about 3 inches from the scale-pan hy this last extension. 

t The unit area is assumed to be the area of the section of the wire after the last permanent extension ; 
this area was '00137 square centim. 

X [Note added April, 1882. — Ifc should be stated here that a load of about 6 kilogs. (not included in 
the loads given) was left permanentlj on the wire. I have since found bj an indirect method (see 
Part 11.) that, if the wire be entirely relieved from stress before beginning to test for the temporary elEect 
of loading, the temporary elongation increases with the first few loads in greater proportion than the 
latter. We may say, therefore, that in the case of iron wire which has suffered very considerable per- 
manent extension and afterwards been allowed to rest for some time either unloaded or loaded, the ratio 
of the temporary elongation to the load producing it first increases with the latter to a certain limit, then 
diminishes to a second limit, and finally begins to increase again. If, however, the wire has during the 
interval of rest been heavily loaded, the first limit is reached more quickly than is the case when the wire 
has rested unloaded ; so that if, as in this instance, it is necessary to leave even a comparatively small 
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employed for testing increases, whereas with all the other annealed metals similarly 
treated, exactly the opposite effect is produced. This peculiaiity of iron is no doubt 
to be attributed to its superior coercive force ; and to the same cause must probably 
be assigned the difference between the effect of pennanent extension on the elasticities 
of iron and copper when these metals are allowed to rest unloaded after the extension 
has taken place. 

In order to examine still further the effect of leaving a heavy weight on the wire 
for long periods, 20 kilogs. were, after the above experiments had been made, left on 
the wire for one day, and then for two more days. The average increases per 2 kilogs. 
after each of these periods, when tested with 20 kilogs., were respectively 1*474 and 
1*475 half-millims. Therefore the full effect of the loading must have been produced 
during the five days on which the previous trials had been made. 

Finally, it should be observed that during the whole of these last experiments the 
wire returned to its original length on the removal of the load. 

Effect of Permanent Torsion combined with Traction. 

The above are the only direct experiments which were made of the effect of per- 
manent extension on the value of "Young's modulus;'' but having ascertained 
indirectly that, at any rate in the case of some metals, permanent extension will, 
according to its amount, produce either decrease or increase of elasticity, I was induced 
to make a set of observations in which torsion was combined with longitudinal 
traction. 

Fig. 4. 




Let P Q R S, fig. 4,* represent a portion of the wire in the unstrained condition ; 
and suppose that, the upper end having been fixed, the lower end is twisted in the 
contrary direction to the hands of a watch, thus causing the portion A B C D to be 
extended along the diagonal A C and compressed along the diagonal B D ; if now a 
load be applied at the lower end S R, this will cause the wire to twist still further or 
to untwist, according as the extension produced by the load along A C is greater or 
less than that along B D. 

weight permanently on the wire, this weight may exceed that required for the above-mentioned limit. 
It is quite possible, also, that if the permanent extension and the heavy loading during rest be carried to 
very great excess, any load however small may exceed the first limit.] 

• * Electricity and Magnetism,' Clerk Maxwell, vol. ii., p. 86. 

MPCJCCLXXXIII, P 
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Mode of experimenting. 

The wire to be examined passed through a small hole, H, fig. 5, made in a stout 
table, and was clamped at its upper extremity into a brass block, B, the latter resting 
on the table and being suflSciently secured by a heavy weight, W, placed on the top of 
it. Near the lower extremity, which was looped to receive a scale-pan, was clamped 
a second small block, A, to one end of which was attached a light mirror of the kind 

Fig. 5. 




employed with reflecting galvanometers ; this mirror, used in connexion with a scale 
and lamp, enabled the observer to detect very small differences of torsion ; the distance 
of the scale from the mirror was 1200 scale-divisions, and the length of each wire at 
the commencement of each experiment was 95 centims. 

In the following table will be found the results of the experiments made with the 
different metals, these latter beilig for the most part pieces of the same wires as had 
been used in the determinations of "Young's modulus,*' but in each case carefully 
re-annealed. 
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Table I. — Number of complete turns of permanent torsion produced before the 
application of the load =ii. Temporary alteration of torsion produced by 
the load in terms of divisions of the scale =a ; + signifies further twist, 
— untwist on loading. 





a. 










6. 




Irou, diameter- DSZ eentin. 




PlaUniun, diameter— -OTC eenttm. 


«. 


h. 


a. 


n. 


k. 


a. 






5 mills. 


ihr. 


16 hn. 






6 mins. 


Average pan 






















2kilogB. 


10 


2 


6-0+ 


60+ 


6-3+ 


50 


2 


75-6+ 


76-6+ 




4 


9-0+ 


11-5+ 


12-3+ 




4 


1600+ 


80-0+ 




6 


8-5+ 


13-0+ 


19-8+ 




6 


261-6+ 


83-5+ 




8 


8-0+ 


140+ 


22-6+ 












10 


so- 
le hre. 


14-0+ 
16hra. 


Average pan 






SehTB. 
2 


Average pan 
2 kilogs. 









12 


2kUogs. 




2 
4 


740+ 
1490+ 


74-0+ 
74-6+ 


60 


2 

4 

6 

8 

10 


12-6+ 

lehrs. 
. 


12-8+ 
20-3+ 
290+ 
37-2+ 
44-2+ 


12-8+ 
10-2+ 
14-5+ 

9-3+ 

8-8+ 

Average pan 
2]dlog8. 


100 


6 
6 


2370+ 

6 mina. 


322-8 + 

2]ir8. 
6 


79-0+ 

Average pan 
2kil<^. 


130 


2 


23-0+ 




230+ • 












. 4 


44-5+ 




22-3+ 




2 


103-6 + 


103-5 + 




6 


61-0+ 




20-3+ 




4 


210-6+ 


106-3+ 




8 


89-6+ 




22-4+ 




6 


3270+ 


109-0+ 




10 


95-0+ 




190+ 






5 mins. 






5 nuns. 




























160 


6 


412-6+ 




280 


2 
4 
6 
8 


20-7+ 
29-6+ 
320+ 
360+ 










6 mins. 



lehrs. 





10 


36-2+ 






260 


6 


477-0+ 
5 mixis. 


4720+ 





























, 






300 


6 


614+ 
6 mins. 








4 




348 


6 
Broke. 




622+ 


•• 



D 2 



Digitized by 



Google 



20 



MR. H. TOMLIKSOK OT^ THE INFLUENCE OF STRESS 



Table I. (continued) — Number of complete turns of permanent torsion produced 
before the application of the load =n. Temporary alteration of torsion produced 
by the load in terms of divisions of the scale =a; + signifies further twist, 
— untwist on loading. 



c. 


* 


Copper, diameter -'152 centim. 


SilTer, diameter— •076 centim. 


n. 


k. 


a. 


n. 


k. 


a. 






5 mins. 








lehrs. 

















4 


60 


12 


•6 + 






20 


2 

4 


8+ 
16 + 






5 mins. 


ihr. 


7hr8. 


120 


2 


83- 









12 


12 


220 


4 
4 


170- 
297- 


150 


2' 






75- 


320 


2 


286- 




4 






15-5- 




4 


647- 




6 


,. 




255- 


417 


2 


324- 




8 






, 










10 






435- 




Broke 






12 


42-5- 
5 mins. 


51-3- 
Ihr. 


53-5- 
14 days. 








e. 


260 


. •* 





12 
41- 



495- 


Alnminiom, diameter»'OM eentim. 










8 




87- 


922- 


n. 


k. ! 




12 


135- 
5 mina. 


139- 
2hrs. 


1430- 
Average pan 












2hr8. 









12 


2 kilogs. 






2 


450 


4 




1035- 


518- 


5 


2 


42 + 




8 




2005- 


601- 


20 


2 


142- 


490 


12 
Broke 


277- 


3040- 


507- 


120 


2 


613- 




/. 


g- 


A. 


Tin, diameter o: '098 centim. 


Lead, diameter ='098 centim. 


Zinc, diameter - '098 centim. 


n. 


k. 


a. 


n. 


k. 


a. 


n. 


k. 


a. 






5 mins. 






5 mins. 






6 mins. 























5 


•05 


20- 


5 


•05 


8+ 


20 


2 


110+ 


10 


•05 


20- 


15 


•06 


5 + 


60 


Broke 




20 


•05 


32- 


85 


•05 


6+ 








40 
80 


•05 
•05 


30- 
20- 


80 


•05 





















Broke 






P 
















1 



Digitized by 



Google 



AND STRAIN ON THE ACTION OF PHYSICAL FORCES. 



21 



Table I. (continued) — Number of complete turns of permanent torsion produced 
before the application of the load =n. Temporary alteration of torsion produced 
by the load in terms of divisions of the scale =a; + signifies further twist, 
— untwist on loading. 



*■. 




;. 




Hard piano steel, diameter >>*08S oantini. 


Copper, diameter =' 


DMeentlm. 


It. 


k. 


a. 


M. 


k. 


a. 






5 mine. 






5 mins. 
















5 


4 


171- 


10 


6 


103+ 




8 


193- 


20 


6 


153+ 




12 


198- 

121irs. 
12 


40 


6 


151 + 

2hrs. 
9 


5 


4 
8 


162- 
192- 


40 


6 


112+ 




12 


192- 






2hrs. 










12 


S<une -wire partial] 


I7 annealed 












40 


6 


53+ 






2hr8. 




10 


100+ 






12 






ihr. 


10 


4. 
8 


44-5- 
620- 






13 




12 


470- 


40 


6 


60-5 + 








10 


960+ 


Same wire complete 


>Ij annealed 






ihr. 
14 






5 mine. 

























40 


6 


44-5 + 


15 


4 


29+ 




10 


88-0+ 




8 


100+ 


Total permanent incr 


ease of length 


16 


4 


34+ 


produced by the loading 


; = 10 per cent. 








8 


68+ 


1 
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Table !• (continued) — Number of complete turns of permanent torsion produced 
before the application of the load =n. Temporary alteration of torsion produced 
by the load in terms of divisions of the scale =a ; + signifies further twist, 
— untwist on loading. 



m. 

Iron, a piece of the same hank aa 
that naed in a, but heated to a 
bright red and saddeidy cooled. 


n. 

Copper, a piece of the aame wire 
aa aaed in I 


0. 

Iroa, • piece of the nme wire u 

that need in a, bot elongated 

10 per cent. 


n. 


k. 


a. 


n. 


h. 


a. 


n. 


k. 


a 






5 mins. 







5 minR. 







5 mins. 



20 
•120 

lOtim 




10 
10 

Qflof tors 
ther direc 


160+ 

ion in the 
jtion. 


140 
240 
340 


6 
6 
6 


103-5+ 
50-0+ 
380- 


10 
10 


6 
6 


12-2 + 

24hr8. 
10 

170+ 




2 
10 


5 mins. 


16 + 

62+ 


340 

Heated 
aba 


6 

toredneai 
mer sevei 
np and do 


102-5- 

i by passing 
■al times 
•wn. 

5 mins. 



30 


6 


3 days. 


180+ 

12hr8. 





wire cool. 




340 
390 


6 
6 


50-0- 
55-5- 


70 


6 
10 


7-6+ 
•8+ 

2 days. 








90 


8 
12 


7-0- 
7-0- 



Explanation of and remarks on Table I. 

The times given in the various columns represent approximately the intervak 
between the imparting of the permanent torsion and the testing with the loads, whilst 
the numbers below the times are the number of kilogs. with which the wire was 

weighted duiing these intervals ; thus q ' means that the wire remained unloaded 
for five minutes after the permanent torsion had been applied, and J^' that the 

wire waa tested 16 hours after the torsion, having in the meantime sustained a 
load of 12 kilogs. By unloaded we must understand that the scale-pan weighing 
2 kilogs. remained on the wire, except in the cases of lead and tin, when a weight of 
•05 kilog. was substituted for that of the pan. 
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We observe that the annealed metals may be divided into two classes ; that iron, 
platinum, lead, and zinc, after suffering permanent torsion, twist temporarily* on 
loading, showing that the load produces greater temporary lengthening in the direction 
in which the torsion had produced extension than it does in the direction of compres- 
sion. It seems, however, that if the permanent extensions previous to the loading be 
carried to excess, the wire will begin to untwist on loading ; thus in a we observed 
that after 260 turns of permanent torsion the twist. produced by loading has begun to 
diminish and in o that, when the wire had been considerably stretched before torsion, 
after 70 turns the twist is changed to untwist. Moreover, the results in k on hard 
and soft steel, combined with those in o, clearly show us that whether the distance 
between the particles be increased by mechanical means or by hardening by the process 
of heating and suddenly coolingt we ultimately arrive at a point where the twist on 
loading is changed to imtwist. 

The second class includes the metals, copper, silver, aluminium and tin ; these, like 
the metals of the first class, at first twist temporarily on loading, but after a com- 
paratively small amoxmt of permanent torsion has been applied begin to untwist and 
continue to do so, as far as could be ascertained, until the wires will not bear any 
further twisting without instantly breaking; indeed, the copper in c was broken 
several times, and became so brittle and hard as to snap, like steel that has been 
heated to a white heat and suddenly cooled, and yet the wire apparently showed no 
decrease in the amount of untwisting on loading. 

It will further be noticed that the average twist or untwist per kilogramme is nearly 
the same for the difierent weights employed, but other experiments on metals of the 
Jirst class showed that when the load became excessive the average twist became less 
and less, and was finally converted into untwist when the load approached the breaking 
stress ; and moreover whereas with smaller loads the permanent effect was in the case 
of both classes to cause untmst, with these larger stresses the wire commenced to 
twist permanently : this latter point is most easily proved with lead or tin, as com- 
paratively small weights are required to break the wires made of these metals. 

It may, I think, be fairly concluded from these and the previous experiments, that 
with all metals the longitudinal elasticity is diminished by permanent extension canned 
to a certain point ; but beyond this point increased. 

Analogous results have been obtained by Thomson with respect to the torsional 
rigidity of metalsj and as we shall see latter on, the action of all physical forces is 

* It is perhaps as well to observe here that only the variations of torsion produced by unloading are 
recorded in the t^ble. 

t Sir W. Thomson has already (* Brit. Encyc./ Art. : " Elasticity," § 81) proved that hard steel wire 
untwists on loading, after snfEering permanent torsion ; but we see that if the steel be sofbened it acts like 
iron and ttvists on loading. 

X Proc. Roy. Soc, vol. xiv., p. 289, and * Brit. Encyc,' Art. ; " Elasticity," § 78. 
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apparently affected in a similar manner by stress and strain whether these latter be 
due to mechanical force, to magnetization, or to change of temperature. 

The influence of rest on the wire, whether the metal is left loaded or unloaded, is 
also very noticeable in the case of iron, and less but sufficiently so with the other 
metals ; thus we see in a that in the case of iron after 10 turns of permanent torsion 
the amount of twist for 8 kilogs. is five minutes after the permanent toraion, 8 
divisions, 14 divisions after a rest of half-an-hour, and 22*5 divisions after a rest of 
16 hours. 

Torsional Rigidity. 

The torsional rigidity of the wires was determined by the method of vibrations. The 
vibrators were similar to those employed by Sir W. Thomson in his experiments on 
the rigidity and viscosity of metals,* namely, thin cylinders of sheet brass, supported 
by a thin, flat rectangular bar. The wire to be tested passed perpendicularly through 
a hole in the middle of the bar, and was there soldered. The other end of the wire 
was soldered into a stout iron bar, firmly held in a vice attached to a rigid support. 

Effects of Permanent Torsion and Elongation on the Modulus of Rigidity. 

Thomson has provedt that the rigidity of a wire is diminished both by permanent 
longitudinal extension and by permanent twist. As it seemed desirable to ascertain 
whether rest would restore any of the rigidity thus lost, and also whether the influences 
of permanent extension and torsion would be greater on vibrations through large arcs 
than through small ones, a series of experiments was begun of which the following 
are examples. 

Experiment XIV. 

An iron wire was considerably stretched, and the times of vibration ascertained 
to be — 



Number of minutea 
after (tretohing.t 


Time of vibration. 


5 

25 

35 

45 

1440 

2880 


Second*. 
3040 
3025 
3019 
3015 
3000 
2-996 



* Proc. Roy. Soc., vol. xiv., p. 289. 
t * Brit. Encyc.,' Art.: "Elasticity," §§ 78, 81. 

J The vibrations were generally counted in each trial for abont 10 minntes, and the times are reckoned 
from the commencement of each trial. The initial arc of vibration was in each case 10°, 
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Experiment XV. 

k copper wire was elongated by 10 per cent., and when vibrated gave tlie following 
results : — 



Komber of minutes 
after stretcbing. 


Time of vibratioa. 


1 

11 

120 

1440 


Seoonda. 

4-348 

4-337 

4-330 

4-316 



Experiment XVI. 

An iron wire about 4^ feet long received 50 turns of permanent twist and was then 
tested: — 



Number of minutes 
after torsion. 


Time of Tibiation. 


1 

180 
1440 


Seconds, 
8-0415 
3-0200 
3-0000 



Experiment XVII. 

A copper wire about 4^ feet long received 50 turns of permanent twist and gave 
the following results : — 



Number of minutes 
after torsion. 


Time of vibration. 


1 

2 

5 

1440 


Seconds. 
4-616 
4-500 
4-488 
4-444 



Experiment XVI I I. 

The time of vibration of a copper wire which had suffered no permanent torsion 
was, when vibrated through a small arc, 6*242 seconds, and when started with a twist 
of three revolutions* 6*316 seconds, there being thus a difference of '074 second. 
The wire was now subjected to 100 turns of permanent torsion, and in a few minutes 

* Only 19 yibrations were coanted in each trial, so that the amplitude of vibratioii might not be 
diminished too mach. 

HDOCCLXXZIII. E 
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afterwards vibrated once in 6*431 seconds through small arcs, and in 6'58 seconds 
when started with a twist of three revolutions. The difference between the two 
times is now '149 second or twice the former difference. After a rest of 24 hours 
the two times became respectively 6*370 and 6'474, and the difference '104 second 

Experiment XIX. 

An iron wire, 4^ feet in length, was vibrated through different arcs for 30 seconds 
in each of several trials, and the means of these taken as the time of vibration. 



Nnmber 

of degrees in initial 

arc of yibntion. 


Mean time of 
oecUlation. 




Seoondg » (. 


fo 


1-200 


90 


1-250 


180 


1-244 


90 


1-228 


10 


1-200 


360 


1-210 


180 


1-188 


720 


1-250 


360 


1-245 


180 


1-220 


90 


1182 


10 


1-200 



Previous to these trials the wire had received 10 turns of permanent tqrsion, which 
had had the effect of diminishing the rigidity. 

Vibrating the wire caused, in this instance, as it does in all cases where the metal 
has received permanent torsion, a certain amoimt of untwisting depending upon the 
amplitude of the arc of vibration.* 

Experiment XX. 

A piano-steel wire was vibrated several times, for about 30 seconds each time, 
through 1080°, and the time of vibration was found to diminish on each trial until 
the fourth, when it became constant. It was then vibrated through smaller and 
smaller arcs with the following results : — 



Initial axe of vibration. 


Time of vibration. 


10°80t 

720 

360 

10 


Seconds = t. 
1-647 
1-662 
1-677 
1-706 



* In conseqneiice of this TrntwiBting the vibrations were, in experiments of this kind, counted from, the 
beginning of the svnng, and not, as is nsnal, from the position of equilibrium, 
t The elasticity of the wire was perfect for this degree of torsion. 
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Remarks on the above experiments. 

It appears from Experiments XIV.-XVIII. inclusive (1) that the loss of rigidity 
produced by twisting or stretching a wire beyond the limits of elasticity, is partly 
diminished by rest ; (2) that the loss is more sensible with large arcs of vibration 
Jbhan with small ones ; and (3) that the influence of rest is more apparent in the case 
of large vibrations than in that of small ones. 

Experiment XIX. shows that continual vibrating through large arcs has a similar 
effect on the rigidity to that produced on the longitudinal elasticity by heavily loading 
and unloading, the time of vibration through large arcs being by the former process 
made less, just as the temporary elongations caused by heavy loads are diminished by 
the latter. 

Finally, Experiment XX. shows that in the case of a wire possessing great coercive 
force, the effect of vibrating through a large arc for several minutes actually makes 
temporarily the rigidity, as determined from such vibrations, greater than that deter- 
mined from smaller vibrations : an effect analogous to that produced by leaving a wire 
heavily weighted for some time, when, as we have seen, the temporary effect on the 
length of large loads is less in proportion than of small ones. 

We thus see that the effect of permanent torsion on the torsional rigidity is similar 
in every respect to the effect of longitudinal extension on the value ot Young's 
modulus." 

Iron, aluminium, copper, and silver are the only metals which have, as- yet, been 
tested in the above-mentioned manner, and iron, as before, is conspicuous for the large 
influence on it of continued rest. 

In Table IL will be found embodied the results obtained in the case of each 
substance for the modulus of rigidity and " Young's modulus,^' together with some 
other data which are further supplemented in Table III.* 



* For obseryations on the moduli of elasticity of niokel and carbon at the ordinary temperature of tne 
room, and of iron, steel, nickel, and copper at the temperature at 100° C, see Part IL 
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Table II. 







Specific 


Torsional rigidity 


Totnro's modulni 


Batio of lateml 
eontrAction to 


Nam« of metal. 


Condition. 


gravity of water 
at4<»C.-l. 


mgrms. per square 

centim. 

r. 


ingnus.per8qo«re 
oentim. 

& 


linear 
elongation. 


Iroii(l)* 


Annealed . . 


7759 


7731 xlO« 


1981 xl0« 


•281 


Iron (2) . . 






Hard drawn . 


7740 


7711 X 10« 


2041 xlO« 


•326 


Iron (3) . . 






Hard drawn . 


7-520 


637-2 xlO« 


1683 xlO« 


•321 


Piano steel (1) 






Hard drawn . 


7-814 


746-5 xlO» 


1894 xlO« 


•269 


Piano steel (2) 






Hard drawn . 


7784 


782-3 xlO« 


1968 xlO« 


•259 


Platinnm (1) . 






Hard drawn . 


21-323 


686-4x10* 


1448 xlO« 


•051 


Platinam (1) . 






Annealed . . 


21-300 


692-7 xlO« 


1490 xlO» 


-076 


German-silver (I) 




Annealed . . 


8-700 


493-7 xlO« 


1335 xlO« 


•364 


Grerman-silver (2) 




Annealed . . 


8-632 


456-2 xlO« 


1291 xlO« 


•415 


German-silver (2) 




Hard drawn . 


8-632 


389-6 xlO« 


1169 xlO« 


-500 


Copper (1) . . 




Annealed . . 


8-913 


440-6 xlO» 


1160 xlO» 


•315 


Copper (1) . . 




Hard drawn . 


8-896 


418-2 xlO« 


1449 xlO« 


•733 


Copper (2) . . 




Annealed . . 


8-851 


419-3 xlO« 


1218 xlO« 


•453 


Copper (3) . . 




Annealed . . 


8-825 


457-4 xlO« 


1143 xlO« 


•293 


Platinum-silver (l)"! 




Annealed . . 


12-623 


369-9 X 10« 


1051 xlO« 


•420 


Platinum-silver (1) 




Hard drawn . 


12-608 


302-3 xlO« 


1038 xlO» 


•717 


Brass (1) . . . 




Hard drawn . 


8-396 


321-1 xl0» 


988-4 xlO« 


•587 


Brass (2) . . 






Hard drawn . 


8-488 


332-5 X 10« 


988-1 X 10« 


•504 


Zinc (1) . . 






Hard drawn . 


7-138 


338-4 xlO« 


766-9 xlO« 


•133 


Silver (1). . 






Annealed . . 


10-491 


271-8 xlO» 


742-4 xlO« 


•367 


Silver (1) . . 






Hard drawn . 


10-434 


274-6 xlO« 


764-5x10* 


•392 


Aluminium (1) 






Hard drawn . 


2-730 


249-8 xlO« 


669-4 xlO« 


•340 


Aluminium (1) 






Annealed . . 


2-732 


265-2 xlO« 


673-1 X 10« 


•269 


Tin(l).'. . 






Drawn . . . 


7-264 


120-9x10' 


277-1 Xl0« 


•145 


Lead(l) . . . 






Drawn . . . 


11-193 


74-0 xl0« 


167-0x10* 


•136 



Remarks on Table II, 

The determinations of r were made In all cases with unstretched pieces of the 
different wires, and may for the most part be considered as extremely accurate, but in 
the cases of tin and lead it was found very difficult to obtain good observations on 
account of the great viscosity of these metals; indeed, with the former oiAj four 
vibrations of convenient amplitude could be counted. 

Tin, lead, zinc, and aluminium are placed in the order of their viscosity. 

The annealed and hard drawn wires having the same numbers attached to them in 
the tables are not the same pieces but are cut from the same hank I should have 
employed actually the same pieces in the two conditions, had I not wanted them for the 
purposes mentioned in Part II. 

* This metal and copper (3) I obtained throngh the kindness of Sir W. Thomson ; their moduli of elas- 
ticity had been carefully determined by T. Gray, in the Physical Laboratory of Glasgow University. 
Iron (2), (3), steel (1), (2), and brass (2) were tested some years ago by myself with the cathetometer. 

t This alloy was composed of two parts by weight of silvei* and one of platinum. 
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The values of A were determined very carefully, more so perhaps than was necessary. 
The specimens used for this purpose had not been stretched, and when in the water 
were well freed of air bubbles by brushing. The results are certainly correct to the 
third decimal place. 

The ratio of lateral lineal contraction to longitudinal dilatation was calculate<l from 

the formula 0-=-— 1* on the assumption of the wires being isotropic. It seems 

evident, however, that the values of <r thus obtained cannot claim to be even approxi- 
mately correct when the metal has been rendered very hard by the process of drawing, 
as was the case with copper (1), platinum-silver (1), brass (1), brass (2), and German- 
silver (2) : here we meet with apparently impossible results. 

The mean value of <r for the different substances t employed in the annealed condi- 
tion ='25 15, a niunber closely according with that assigned by PoissoN as the value 
of <r for each. 

The metals copper (1), copper (2), platiniun, aluminium, silver, and platinum-silver 
were obtained from Messrs. Johnson, Matthey, and Co. as chemically pure, and the 
zinc, lead, and tin wires as being as pure as could be got by the ordinary process of 
distillation. 

Elasticity of Volume. 

If 6 denote the value of " Young's modulus," and cr the ratio of lateral contraction 

to longitudinal extension, it can easily be proved that the elasticity of volume 

1 « . . . 

-=1-^ , and as e in Table 11. is measured in grammes per square centimetre, it 

follows that the increase of volume per unit resulting from a longitudinal stress of 

1 grm. per square centimetre = . 

In the following table are given the values of the volume elasticity, which will be 

denoted by v, and of the alteration of volume — produced by the above stress. 

In the same table, in order to complete the information given in Table II., is 
recorded the section of each wire in square centimetres ; the section of the hard- 
drawn metals in Table II. being approximately equal to those given here for the 
annealed wires. 



♦ Thomson aod Tait's Nat. Phil., p. 521. 

t Copper (2) is not inclnded in this estimate, as I have reason to believe that it was imperfectly annealed. 
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Table III. 



Name of meUl. 


EbBlieily of volame - o 

« 


Altemtion of volome 
produced by longi- 
tudinal stran of 
1 grm. per iqaare 

centiin.-j^ 


Seetion in sqave 
ceutima. 


8(1 -2ff)- 


Iron 

Platinum (1) 

Ctennan-silTer (1). . . . 

Copper (1) 

Copper (3) 

Platinam'Silver (1) . . . 

Zmc(l)* 

SilTer(l) 

Alaminiam (1) 

Tin(l) 

Lead(l) 


1508 xlO« 
686-7 xlO« 
1524 xlO« 
1046 xlO« 
920-3 xlO« 
2190 xlO« 
848-3 xlO« 
930-3 Xl0« 
316-0 xlO« 
130-1 xlO« 
76-6 xlO« 


221-1 xlO-M 

669-OxlO-M 

218-7x10-" 

319-OxlO-M 

362-3 xlO-w 

152-2 X 10-" 

957-0x10-" 

358-3x10-" 

1055-0x10-" 

2562-3x10-" 

4360-0x10-" 


6560xia-« 
6178xl0-« 
6731xlO-« 
7310xlO-« 
18330 xlO-« 
7681x10-0 
8144xl0-« 
5464x10^ 
8632xl0-« 
7758xl0-« 
7374xl0-« 



Remarks on Table III. 

There is little to be said with reference to this table except to call attention to the 
great alteration which takes place in the order of several of the metals, with reference 
to their elasticity of volume, and that occupied by them in the tables of " Young's 
modulus,** We find, for instance, platinum, which in the latter table stands second on 
the list of annealed metals, here ranking as seventh, whilst the alloys, platinum-silver 
and German-silver, are both higher than iron, the former of the two alloys con- 
spicuously so. It would seem, moreover, that either small reliance can be placed on 
the method of determining the ratio of lateral contraction to linear elongation from 
observations of the longitudinal elasticity and torsional rigidity, or else that the 
volume elasticity varies considerably with different specimens of the same metal ; for 
instance, the mean value for the modulus of bulk elasticity in the case of the two 
specimens of annealed copper recorded in the last table is 982 X 10*, whereas THOMSONt 
gives the corresponding value for copper as 1717 X 10*. 

Permanent Alteration of Density produced by Longitudinal Traction.^ 

A few experiments were made with a view to determine the permanent alteration of 
density which can be produced by longitudinal traction. Two methods were adopted: 

* Zinc, tin, and lead are, thongli in the drawn condition, added to this list, as the process of drawing 
had not hardened them in any degree sufficient to make much difference in either the torsional rigidity 
or the modulus of elasticity. 

t * Brit. Encyc.,' Art. : " Elasticity," Table L 

X For observations on the alteration of density produced by torsion and hammering', see Part II. 
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in the one the wire was lengthened by successive loads put on for three minutes each 
and then removed ; in the other the wire was stretched by the hand or by the aid of 
a lever by equal amounts each time until breaking ensued. The balance used in 
determining the density was an exceedingly good instrument made for me by 
Oertling for the purpose of measuring the coefficients of thermal expansion of the 
metals by weighing them in water at different temperatures. It will suffice here to 
state that it was possible with this instrument to weigh an object in water to -j^th of 
a milligramme.. The air bubbles clinging to the sides of the metals were carefully 
brushed off, as it was not possible to boU them off, for fear of partially annealing the 
wires, and the proper corrections were made for temperature and air displaced. The 
following experiments serve to illustrate the general nature of the results obtained by 
the two methods : — 

Eoiyperiment XXL 

SiLVBB (1). 



L(Md in klloga. naed 

in producing 

eztenaoD. 


Sp«ci6e gravitT water 
at4'C.-l. 


Total percentage of 
increaaeoflengUi 


Total percentage of 

decrease of apecifio 

gravity '=ds. 


dA 


1 

6 

7 

776 

8-26* 


10-47691 ' 

10-47561 

10-47207 

10-46754 

10-46153 


115 
3-64 
7-28 
9-38 


•0124 
-0461 
•0892 
•1465 


•0108 
•0127 
•0123 
•0156 



Hxperiment XXII. 

COPPBE (1). 



Load in meararea of 

water, each measore 

-a-6kUoga. 


Spedfio gravity water 
at4°0.-l. 


Total percentage of 

increase of length 

"dl. 


Total percentage of 

decrease of specific 

gravity =dA. 


d& 
dl- 


5 
9 
10 
11 
12 
13 


8-8252 
8-8251 
8-8247 
8-8102 
8-8076 
8-7968 


2-68 

4-21 

6-94 

10-74 

16-27 


•00113 

•00566 

•1699 

•1993 

•3216 


•00044 
•00134 
•02448 
•01856 
•01977 



* Wiro broken. 



Digitized by 



Google 



32 



MR. H. TOMLIKSON ON THE INFLUENCE OF STRESS 

Experiment XXIII. 
Iron. 



Specific grftTity water 
at4°C.-l. 


Total percentage of 
increaae of length 


Total percent«ge of 

decreaae of specific 

gravity -dA. 


dl' 


7-7849 
7-7771 
7-7747 
7-7730 
7-7684 
7-7620 


9-35 
12-65 
16-87 
20-73 
26-41* 


-1002 
•1311 
•1529 
•2121 
-4229 


•0107 
•0104 
-0091 
-0091 
•0167 



It will be observed that in all cases the ratio of the decrease of specific gravity to 
the increase of length at first increases to a maximum, then decreases, and again 
increases largely when the breaking strain has been reached. In any case, however, 
the alteration of density which can be produced by longitudinal traction is small, and 
in my own experimente never reached ^ per cent., though several of the wires were 
strained to breaking. 

Wertheim has also obtained similar results, t 

Kelation between Moduli of Elasticity and Intermolecular Distance. 

If we denote the specific gravity of a substance by A, and A represent the atomic 
weight, the intermolecular distance will be proportional to f ~] =a. 

It is natural to suppose that as a diminishes the elasticity will increase, and in faxjt 
Wertheim has shownj that is the case, and moreover that approximately '* Young's 
modulus " varies inversely as ol^. 

In the next table will be found the products oi eXoL^ and rXo^ for the annealed 
metals. 

Table IV. 



Metal. 


Specific grayity 


Atomic weight 


Intermolecalar 
distance 

-ay- 


«xa^ 


rxo^ 


Iroii(l) . . 
Plafcinnm (1) . 
Copper (1) . 
Zinc (1) . . 
Silver (1) . . 
Alnminitixa (1) 
Tind). . . 
Lead(l) . . 






7-769 

21-300 

8-913 

7-138 

10-491 

2-732 

7-264 

11-193 


66-0 
197-4 

63-5 

65-0 
108-0 

27-5 
118-0 
207-0 


1-932 
2100 
1-924 
2-088 
2-176 
2-159 
2-533 
2-644 


1994x108 
2688x108 
1133x108 
1328x108 
1712x108 
1473x108 
1852x108 
1510x108 


778x108 
1250x108 
430x108 
586x108 
627x108 
580x108 
812x108 
669x108 



• Wire broke. 

t Ann. de Chimie, 1844, torn. xii. 

X Ibid. 
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The mean values of eXa''' and rXct^ are respectively 1711 X 10® and 717 X 10^ and 
as in Wertheim's results, platinum and copper differ in respect to these products from 
the mean values, more than the other metals. I have ascertained, however, that 
there is greater accordance between both eXoL^ and r Xa^, in the case of the different 
metals, than can be obtained by taking the products of e and r with any other 
power of a. 

The Influence of an Electric Current and of Magnetism on the Torsional 

Rigidity of Metals. 

Wertheim has shown* that the longitudinal elasticity of metals is temporarily 
diminished by the passage of an electric current, independently of the alteration 
which would result from the elevation of temperature produced by the current : he 
haa also proved that long-continued magnetization diminishes both temporarily and 
permanently the elasticity of iron and steel, but that if the magnetization be continued 
for only a short time there is no sensible effect. As it seemed desirable to supplement 
these observations by others on the torsional rigidity of metals, a few experiments 
were made with this object. 

Experiment XXIV. 

A copper wire, 8 feet in length and '095 centim. in diameter, was suspended for 
observations of the torsional rigidity in the manner previously described. To the 
centre of the flat bar which carried the cylinder was soldered a piece of platinum 
wire, about 3 inches in length and '05 centim. in diameter ; the other extremity of 
this latter wire, which hung vertically downwards, dipped into a mercury cup, so that 
by means of the cup and a silk-covered copper wire soldered to the upper bar, from 
which was suspended the wire under examination, connexion could be made with a 
battery of Grove's cells, in the circuit of which was placed a Gaugain-Helmholtz's 
tangent galvanometer; with this galvanometer the current of one Daniell's cell 
freshly charged with sulphuric acid diluted with seven parts of water and sulphate 
of copper solutioji, a deflection of 24*9° was produced through a resistance of 71 ohm. 



Obeervations. 


Time of one 
Tibntion. 


CurreDt. 


Total 

percentage of 

diminution 

of rigidity 

caused by the 

current 


Percentage 
decrease 

of rigidity 
produced by 
heating effect 

of current 


Percentage 

decrease 

of rigidity 

caused by the 

current 

proper. 


Platinnm wire out of mercury cup 

Platinum in cup 

Wire shortened 


Seconds. 
5-570 
5-568 
5-355 
5-395 
6-361 





73°-4 



1-54 
1-26 


•63 
•63 


•91 
•63 



MDCCOLXXXIII. 



* Ann. de Chimie, 1844, torn, xii., p. 610. 
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Esoperiment XXV. 
Iron wire about 8 feet in length and *13 centim. in diameter. 









Total 


Peroentage of 










peroentage of 


dimination 


dimination 


ObeemtUons. 


Time of 
Tibrstion. 


CarrenL 


dimi]tntio& 
of rigidity 


of rigidity 
prodaced by 


of rigidity 
prodaced by 








canaedbythe 


heating effect 


the current 








enmnt. 


of carrent. 


proper. 




Seeondg. 












4153 


0° 










4197 


66''-8 


210 


1-30 


•80 




4155 


0° 


2-00 


1-30 


•70 




4-207 


68''-2 


2-48 


1-60 


•88 


After three days' rest . . . 


4-180 


0" 




, , 






4-177 


28°-5 


-14- 


•05 


•19- 




4-191 


46° 


-62 


-25 


•27 


After tliree days' further rest . . 


4-161 


0° 


, , 


, , 


. , 




4-252 


71' 


4-34 


2-05 


2-19 


After three days' farther rest . . 


4-164 


0° 




. . 


, . 




4164 


le-a 


6 







Expeininent XX VL 

A piece of the same kind of iron wire as that used in the last experiment, about 
35 centims. in length, was placed in the axis of a magnetizing helix, 30 centims. in 
length ; the helix consisted of 1,200 turns of copper wire i^^^th of an inch in diameter, 
wound round a glass tube of 3 centims. inner diameter and 3 centims. thickness. 



Time 
of yibraiion. 


Temperature 
of wire. 


Current. 


Total peroentage 

of diminution 

of rigidity caused 

by the magnetizing 

current. 


Peroentage 
decrease doe to 
heating effect of 

the current. 


Percentage 

decrease of rigidity 

due simply to 

magnetization. 


Seconds. 
1-739 
1-743 
1-722 


10 
16 
14 




80 




•46 
2-42 


•28 
•07 


•18 
2-35 



Several other experiments of the same kind as the last were made with different 
magnetizing helices and current strengths, and all seemed to show that slight temporary- 
diminution of rigidity is produced by high magnetizing force ; but that magnetizing 
forces small in comparison with that indicated in the last table, and yet sufficient to 
cause very sensible magnetization, produced no sensible effect. The vibrations were 
counted for at least half an hour in each determination, and an initial arc of 10° of 
torsion was employed in all casea The percentage decrease of rigidity produced by 
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the rise of temperature caused by the current was calculated from Kohleausch's 

formulaB,* for iron 

n=n^{l - •000447< - •00000052*^), 

and for copper 

n=7io(l — •00052«— •00000028«2) ; 

where Uq and n represents the rigidity at 0° C. and f C. respectively. In Experi- 
ment XXVI. a delicate thermometer was placed near the wire, half-way down the 
helix, and the rise of temperature calculated from the mean of several readings taken 
from time to time during the passage of the current. In Experiments XXIV. and 
XXV. the rise of temperature was determined in the following manner : — ^A current 
of 70° was passed through the copper wire used in Experiment XXIV., and the 
soldered junction of a thermo-element, made of fine German-silver and iron wires, each 
about 2 feet in length, was kept in close contact with the copper wire by placing the 
latter between the two former; the other ends of the wires forming the thermo- 
element were connected by means of silk-covered copper wire with the terminals of a 
galvanometer, and after being wrapped in tissue paper and cotton-wool, were placed in 
a clip-stand, which was drawn on one side so as to slightly press the soldered junction, 
against the suspended copper wire, a layer of tissue paper having been used to insulate 
the latter from the former. After a short time the deflection of the galvanometer 
became constant, and on immersing the jimction of the thermo-element in water, 
it was found necessary to raise the temperature 8*5° C. in order to produce the same 
deflection as before ; 8 "5° C. was therefore assumed to be the rise of temperature 
which would be caused in the copper wire by the above-mentioned current, and the 
iTse of temperature produced by the other currents was calculated from the assump- 
tion that the heat generated would be proportional to the square of the current 
strengtL In the case of the iron wire it was assumed that the specific resistance 
of the iron would be six times that of the copper, and the rise of temperature was 
calculated accordingly. 

An examination of these last tables shows apparently that the torsional rigidity of 
copper and iron is temporarily decreased by the passage of a powerful current, but is 
very little altered by currents of moderate intensity.t 

Experiment XXIV. also shows that the dipping of the platinum wire into the 
mercury-cup did not appreciably affect the time of vibration. 

• «Brit. Encyc.,' Ark. : " Elasticity," § 79. 

t I cannot place so much confidence as I could wish in the results of these particular experiments, as 
far as the decrease of rigidity by powerful currents is concerned, the method employed for estimating 
the elevation of temperature produced by the current being evidently only calculated to give a very rough 
approximation to the true values. I hope, however, to be in a position at some future time to attack the 
question in an entirely different way. 

F 2 



Digitized by 



Google 



36 MR. H. TOMLmSON ON THE iNFLtJENCE OF STRESS 

Critical points. 

Several determinations of the peiviianent increase of length produced by loading 
were made, and led to the discovery that in all well and carefully annealed metals 
there are at least two points at which a sudden change takes place in the ratio of the 
load to the permanent extension produced thereby ; these points have been called 
critical points, and it appears that changes more or less profound take place in most 
if not all of the physical properties of the substance when these points are attained. 

As, however, the subject will be fully discussed in Part II., where it will be shown 
how these points can be indirectly determined inore accurately than in the ordinary 
manner, it will suffice here to say that the existence of the first of these critical points 
seems to prove beyond a doubt that there is a true limit of elasticity for each sub- 
stance, and that this is intimately connected with the value of " Young's modulus." 

It would also appear* that at these two critical points sudden changes take place 
in the density of the substance. 

Summary of Part I. 

1. The magnitude of the temporary elongation which can be produced by any load 
on a wire which has experienced permanent extension is reduced by simply allowing 
the wire to rest either loaded or unloaded for some time after the permanent extension 
has t.aken place. 

2. The length of the period of rest necessary to produce the maximum of the effect 
mentioned in 1 varies considerably with the nature of the metal of which the wire is 
made ; with some metals a few minutes suffice, whilst with others, such as iron or 
steel, many hours are required. 

3. The effect of rest mentioned in 1 is greater in proportion for large loads than for 
small ones, and apparently vanishes in the case of sucb small temporary alterations of 
length as are produced by causing the wire to vibrate longitudinally. 

4. The magnitude of the temporary elongation which can be produced by any load 
on a wire which has suffered recent permanent extension is also reduced by heavily 
loading and unloading the wire, the rate of reduction diminishing with each loading 
and unloading. 

5. A departure, as far as temporary elongation is concerned, from " Hookers law,*' 
more or less decided, always ensues after recent permanent extension, even when the 
weights employed to produce the temporary elongation do not exceed one-tenth of 
the breaking-load of the wire. 

6. This departure is diminished very noticeably in the case of iron, and to a greater 
or less extent with all metals by allowing the wire to rest for some time either loaded 
or unloaded ; it is also diminished by repeated loading and unloading. 

7. With aluminium and zinc, and probably with the more viscous metals tin and 

* See Experiments XXI.-XXIII. inclnsive. 
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lead, both the maximum temporary increase of length which can be produced by any 
load, and the complete recovery after the removal of the load, are only attained after 
an interval of several hours, provided that the weights used for the load be not very 
small compared with the breaking-load. 

8. There is a small but decided departure from *^Hooke's law," as far as temporary 
elongation is concerned, in all cases where the load employed to produce the elongation 
is of moderate amount ; this is the case even when suflBcient rest has been allowed to 
enable the wire to attain its maximum elasticity. 

9. We can therefore only obtain by the method of longitudinal vibrations values 
for " Young's modulus,'' wliich are strictly comparable with those got by the method 
of static extension, by experimenting when we use the latter method with very small 
loads, and with the wire under the same conditions of stress and strain as those 
occurring when the former method is adopted. 

1 0. In the case of all metals, permanent extension, if not carried beyond a certain 
limit, causes, whether rest is or is not allowed after the permanent extension has taken 
place, a diminution in the value of '* Young's modulus," as determined by the method 
of static extension. 

1 1. If the permanent extension be carried beyond the above-mentioned limit, further 
permanent increase of length increases the value of " Young's modulus." 

12. The limit of permanent extension mentioned in 10 varies considerably with 
diflTerent metals, and with the time which is allowed to elapse after the permanent 
extension has taken place. 

13. In the cases of iron, heavy loading for some time so increases the value of 
" Young's modulus," as determined by the method of static extension, that even when 
the extension would have caused, without such loading, diminution of the modulus, 
this diminution can be changed to an increase ; with copper this is not the case. 

14. With iron wire which has been heavily loaded for some time, the ratio of the 
temporary elongation to the load producing it becomes less as the load employed 
becomes greater, until a certain limit, depending upon the extent of the previous heavy 
loading, has been reached ; whereas with most other metals, and with iron which has 
suflfered permanent extension without allowing the load which has produced the 
extension to remain for some hours on the wire, the elongation increases at first in 
greater proportion than the load. 

15. The effects on the longitudinal elasticity, and on the torsional rigidity of steel, 
of suddenly chilling the metal after it has been raised above a bright red heat, are 
similar to those produced by excessive permanent traction. 

16. The loss of torsional rigidity, which is caused by twisting or stretching a wire 
beyond the limits of elasticity, is diminished by rest. 

17. The influence of rest mentioned in 16 is greater in proportion for large arcs of 
vibration than for small ones, and is more noticeable with iron and steel than with 
most of the other metals. 
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18. The loss of torsional rigidity mentioned in 16 is more sensible proportionally 
with large arcs of vibration than with small ones. 

19. Continual vibrating through large arcs has a similar effect on the torsional 
rigidity to that produced on *' Young's modulus " by heavy loading and unloading. 

20. The density of a wire is very little altered by permanent extension, even if the 
latter be carried to the extent of breaking the wire. 

21. ITie values of *' Young's modulus " obtarned for the different metals are, roughly 
speaking, inversely proportional to the seventh powers of the mean distances between 
adjacent molecules in these metals. 

22. The torsional rigidity of copper and iron wires seems to be temporarily decreased 
by the passage of a powerful electric current through the wires. 

23. The torsional rigidity of iron wire seems to be temporarily diminished when the 
wire is subjected to a powerful longitudinal magnetizing force. 

24. The effects mentioned in 22 and 23 are apparently independent of any change 
produced by the electric current or the magnetiising force of the temperature of the 
wires. 

25. There are, in every well-annealed wire, two critical points at which 'sudden 
changes take place in the ratio of the permanent extension produced by longitudinal 
stress which is gradually increased in amount and the magnitude of the stress. 
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Received Jannary 18,— Read Jannarj 26, 1882. 
PART 11. -ELECTRICAL CONDUCTIVITY. 

The Temporary Alteration of Electrical Conductivity produced 

BY Longitudinal Traction. 

W. Thomson, in. 1856,* investigated the effects of tension on electrical conductivity 
in copper and iron wires, and, moreover, stated that he " had very nearly established, 
for the case of iron at least, that the augmented resistance due to tension, either 
temporary or permanent, is a very little more than can be account^ for by the change 
of form." 

In 1877t I determined in absolute units the amount of alteration produced by 
longitudinal traction in the resistance of steel, iron, and brass, and proved that the 
temporary alteration of resistance resulting from increase of length and diminution of 
section is with iron and steel about two-fiflhs and with brass four-fifths of the 
whole observed change. 

In the above-mentioned experiments I experienced considerable diflSculty in obtain- 
ing accurate results in consequence of the minuteness of the changes to be measured, 
and, therefore, set about devising some plan whereby the variations of resistance caused 
by slight changes of temperature, which had proved a source of great annoyance, 
might be eliminated. In this attempt I have been entirely successful, and with the 
arrangements described below have determined, with I believe considerable accuracy, 
the very small changes of resistance which can be temporarily produced by mechanical 
tension. 

Description of apparatus. 

Pieces, about 7^ feet in length, of the same wires as used in Part I. were suspended 
in pairs, as in fig. 6|, in an air chamber 4 feet in height, 4 inches inner diameter and 
6 inches outer diameter ; the inner of the two concentric cylinders of which the air 
chamber was composed being surrounded by a layer of water 1 inch thick enclosed 
between the two cylinders. This vessel, which was made of tinned iron, rested on a 
table, provided with a suitable aperture, R, and was furnished with two thermometers, 
T T, passing through the outer cylinder and into the axis of the inner one. The ends 
of the two wires were clamped into three short and stout brass blocks, A, B, C, which 

•Phil. Trans., Part IV., Feb. 28th, 1866, §§ 160-162. 
t Proc. Roy. Soc., No. 183, 1877. 

X In this figure the key employed to close the battery cironit is placed near the LscLANCHii cell and not 
in its actnal position near the scale and lamp, in order to show the connexions more clearly. 
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rested upon a support of hard wood, D D, each block being separated from its neigh- 
bours by wooden partitions. The block B was double the length of A and C, and into 
this was clamped one end of each of the wires, the other ends being clamped into A 
and C. A caoutchouc-covered copper wire connected a binding-screw on A with one 



Fig. 6. 




pole of a large- sized Leclanch6 and a similar wire, X, connected. the same binding- 
screw with a set of resistance-coUs (a, fig. 7). In a similar manner C was connected 
with the other pole of the LeclanchiS, and through Y with another set of resistance- 
coils, P ; whilst B, and the sliding-piece H, which traversed a wire, N N, made in the 
first instance of platinum-silver and afterwards of platino- iridium, uniting a and ^, 
were joined to two terminals of a reflecting galvanometer, G. The wire to be strained 
was provided with a movable pulley, S, 2 inches in diameter, to which was attached 
by means of a stout wire the scale-pan used in Part I., or, as in some experiments, a 
large pail weighing 4 kilogs. and capable of containing about 60 kilogs. of water ; both 
wires were, before suspension, surrounded with caoutchouc-tubing silk or other insula- 
ting material The aperture, R, could be closed by two wooden shutters, M M, having 
small semicircular holes cut in the centre of the extremities adjacent to each other, so 
as to leave only just sufficient room for the stout wire to swing freely; moreover, still 
further to prevent any errors which might be caused by chance currents of air, the 
top of the air-chamber was well covered with baize after the wires had been adjusted, 
and the table was also surrounded on three sides with a like material. 
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It will be seen that the whole axrangement of wires, battery and galvanometer, 
forms, with the resistance coils a and ^, a " Wheatstone's balance," such that no 
part of the wires to be compared, namely, S and O, is out of the air-chamber. The 
galvanometer was provided with two sets of needles, which were astatic; the coil 
surroimding the upper set having a xesistance of 7 '487 ohms, and that surrounding the 
lower set a resistance of 4863 ohms, at the temperature 21° C. The wire of the former 
coil was divided into two equal parts, the ends of these being soldered to four terminal 
screws, so that, by connecting the two parts of the coil in " Multiple arc,'* the resis- 
tance could, if necessary, be diminished to 1'872 ohms, and the instrument rendered 
available for experiments requiring a galvanometer of low resistance. The upper coil 
only was used in this part of the enquiry, and yet the instrument proved so sensitive 
that, with the single cell employed for the current-motor, and with the adjusting 
magnet assisting the earth's directive force on the needles, a variation of conductivity 
of 1 part in 100,000* could be readily detected even in the most unfavourable case, 
which was that of a copper wire having a resistance of only *0224 ohm ; whilst in the 
majority of instances resistances were measured within jive parts in ime million. 

The resistance coils were of platinum-silver, and the wire N N uniting a and P 
was, in the first few experiments, made of the same material, but was afterwards 
replaced by one of platinum-iridium ; this latter wire was made expressly for me by 
Messi*s. Johnson and Matthby, and seemed a marvel of accurate wire-drawing, as on 
testing it at various parts no variation of conductivity could be detected anywhere 
except at the two extreme ends, where it was firmly clamped into brass blocks ; all the 
graduated portion of the wire, 470 millims. in length, seemed, within the limits of 
observation, to be perfectly uniform. 

When required for measuring resistances in the ordinary way, the coils were 
arranged as in fig. 8 ; where X represents the wire under examination, G the 
galvanometer, B the battery, H the sliding-piece, and x^ y, z conical plugs of brass 
with ebonite heads. Immediately to the right of X are a set of resistance-coils of 
the " dial pattern," ranging from -j^th of an ohm to 10,000 ohms ; whilst below these 
are two sets of resistances, the arrangement and magnitude of which are sufficiently 
shown in the diagram ; the plugs x, x serve to commute the position of X in the bridge, 
and the plug y to throw out, if necessary, the resistance N N, the dotted lines 
representing wires of extremely small resistance. 

* These beantif ol instruments miglit, if necessary, be rendered eren much more sensitive than they are 
by adopting a finer suspension. I have found that a single fibre of unspun silk is quite sufficient to sustain 
a weight equal to that on the suspension of many of the galvanometers which are now made, and anyone 
who will take the trouble to test practically, as I have done, the alteration which can be effected in the 
instrument by the careful selection of such a fibre will be surprised at the result. I feel little hesitation in 
asserting that my own galvanometer could be rendered three times as sensitive as it is now by such means ; 
as it is, the silk suspension has been slowly untwisting for upwards of seven yearsy and still continues to do 
so. I have also found that keeping the galvanometer perfectly stationary, after it has once been placed 
in position, materially assists in preserving the magnetism of the needles. 
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For the purpose of this particular part of the enquiry, arrangements were made as 
in fig. 7, where it will be seen that the crossed pieces a a, bb^ which are insulated from 
each other, serve to connect the tenths and units with the resistance-coils a. 

Examination of the resistance-coils and of the platinum-iridium wire. 

In order to test the uniformity of the platinum-iridium wire N N, two platinxmi- 
silver wires, of resistances 9 and 10 ohms respectively, were placed in the positions of 
O and S, fig. 7. 

/3 was supplemented by a rheochord, and at both a and fi the plugs were inserted in 
the 10 ohms resistance, whilst the rheochord was employed to bring H to the extreme 
right-hand end of the graduated portion of the wire. If, then, r denote the resistance 
of the ungraduated portion of N N on the right of H, together with the interposed 
portion of the rheochord and Y, whilst I denotes the resistance of the ungraduated 
part of N N on the left of H together with X, we have 

10+Z-f(470— yti)a? _ re3i8tance of _y 
lO-hr-f ?ii..r resistance of S^ ^' 

or 

lO+l+{i70—n^)x=k{10+r+7i^.x) (1) 

where x is the average resistance of one division of N N, and n^ is the number of 
divisions from the right-hand end of the graduated wire at which H is placed. 

A resistance of i^th ohm is now added to a from the tenths' dial-plate, and in 
consequence H has to be moved to n^ divisions from the right-hand end in order to 
restore the balance ; 

.-. 10'l+l'\'{4:7Q'-nz)x=k{10+r+n,.x) (2) 

from (1) and (2) we obtain 

•1 
x= 



(^-hl)K-r^l) 



Again the rheochord is adjusted so as to bring H about 10 millims. still further away 
from the right to, say, n^ divisions, and on the removal of the i^th ohm resistance H is 
brought back towards the right to, say, n^ divisions ; then as before 



x= 



(fc+l)(n,-n3)' 



If the wire is uniform the value of a; in the latter case should be equal to that of x 
in the former, and therefore 

Q 2 
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This was found to be so exactly the case that though H was provided with a vernier 
reading to i^th of a millimetre, and the addition of the j^th ohm required H to be 
shifted through about 300 millims., no difference whatever could be detected between 
n^— 7?3 and n^-^ny, the galvanometer being sufficiently delicate to show an alteration of 
resistance equal to that of ^th of a millimetre of N N. In the same manner each 
portion of the wire was tested, and it was concluded that no difference of resistance 
amounting to 1 in 3000 existed in any part of the graduated wire. 

The uniformity of N N having been established, it was easy to compare the tenths 
with each other, and by determining the exact value of k, to find the values of their 
resistances in terms of the divisions of the platinum-iridium wire : this was accordingly 
done, and the values thus obtained were ascertained to accord fairly well with each 
other. 

In order to secure still greater acciiracy, the wire N N and the whole of the 
resistance-coils were afterwards tested by means of a second box of resistance-coOs,* 
some eight or nine entire days having been spent in this work. These fresh trials 
confirmed the results obtained in the previous ones as regards the uniformity of N N 
and the relative values of the tenths ; but the ahaolute values of the latter in terms of 
the divisions of N N were found to vary slightly on different days, as also did those of 
the rest of the resistance-coils. Thus the sum of the ten resistances in the units dial- 
plate were found on three separate days to be equal to that of 58,605, 58,739, and 
58,437 divisions of N N respectively.t 

From these and other experiments the average value of the resistances of each of 
the units at 17^ C, at which temperature a unit agreed, according to Kiesek, with 
1 ohm, was equal to the resistance of 5859*4 millim. divisions of the platinum- 
iridium wire. 

The units accorded very well with each other and with all the other resistances in 
the box except the tenths, nearly all the latter being slightly too low. The exact 
values, however, of each of the units and tenths were tabulated and used in calculating 
the results of the different experiments made in this and subsequent parts of the 
enquiry. 

* Tliifl box was kindly lent to me by Mr. Kieseb, of Elliott Bros., to whom I am also indebted for 
diagrams 7 and 8. 

t These variations are certainly not due to errors of observation, as the resolts of trials made within 
one or two hours of each other agreed mnch more closely with each other ; they jdaj be attributed almost 
entirely to the prevalent plan of embedding resistance-coils in soHd paraffin, whereby the temperature of 
the coils inside the box is frequently very different from that of the air outside : this plan is, I am con* 
vinced, a very bad one when great accuracy is required, as not only do the wires get heated to an extent 
which is very appreciable, even when only a single cell is employed, but a "Piltieb effect*' is produced at 
the junctions of the coils and the brass-blocks which can never be properly got rid of; and thns the labour 
and care bestowed on these resistances are to a great extent lost. It would be better to fill the box with 
some such liquid as paraffin oil. 
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Preliminary trials and final method of expenmenting. 

In the first attempts which were made the galvanometer was put into circuit by 
means of the usual contact-piece of the sliding-block H, immediately after closing the 
battery ; but it was soon found that the very act of pressing down the contact-piece 
generated small thermo-electric currents* which, lasting some minutes, frustrated all 
attempts at making such accurate measurements as it was hoped would ultimately be 
obtained. H was therefore clamped by means of a suitable spring-and-catch, with which 
it was provided, to any desired part of the platinum-iridium wire, and a double key was 
employed by means of which first the battery and then immediately afterwards the 
galvanometer were put into the "bridge/' Here again, however, exactly the same 
difficulty was encountered, and by no device of covering the hand and key with cloth or 
silk could this source of error be entirely a\coided. The double key was therefore 
discarded, and the galvanometer being always kept in the " bridge," a single key was 
used for closing the battery circuit for the brief space of time necessary for observing 
whether this act caused any difierence of potential at the terminals of the galvanometer. 

Of course the zero-point of the galvanometer needles was continually being altered 
by the thermo-electric currents produced by the frequent shifting and clamping of H, 
but this circumstance did not affect the results, and though in the case of iron a slight 
trouble was experienced sometimes from the " kick '* of the needles due to circular 
magnetization, this difficulty was after a few trials surmoimted, and fi:om this point the 
measurements proceeded very satisfactorily. 

In most instances a and fi were made of about 100 ohms' resistance, and though such 
large resistances were, it is true, out of proportion to those of the other branches of the 
bridge, yet, as has been already observed, the arrangement proved of amply sufficient 
delicacy, and moreover rendered it impossible that any slight variations of the resistances 
of X and Y, which were each '042 ohm, and of the wire N N, arising from changes of 
temperature, should cause any appreciable error ; indeed, one great advantage of this 
method is that the galvanometer and the resistance-coils may be a hundred yards or 
more from the rest of the " bridge '' without any chance of fluctuations of temperature 
materially influencing the result, even when the most minute variations of electrical 
conductivity are to be measured. 

The deflections of the galvanometer were read in the usual manner by means of the 
image of a fine wire fixed vertically across one end of a small blackened tube, into the 
other end of which was fitted a lens for focussing the image of the wire on to the mirror 
of the .galvanometer ; and the end of the tube at which the wire was situated was 
illuminated by a paraffin lamp, placed so that the edge of the flame was in front of the 
wire, the reflected circle of light with the fine dark line across the centre being very 

* This fact has, I find, been also noticed by GiiAZEBROOK, Phil. Mag., April, 1881, No. 68. 



Digitized by VjOOQ IC i 



46 Mr. r. tomlinson on the influence of stuess 

clearly defined on the scale, though the latter was at a distance of 6 feet from the 
galvanometer. * 

The adjusting magnet was almost always used to assist the directive force of the 
earth's magnetism on the needles, as it was found that by so doing the shifting of the 
zero-point caused by the above-mentioned thermo-electric currents was considerably 
diminished, and at the same time the instrument was suflSciently sensitive. The wires 
S and O, which were made as nearly as possible of the same resistance, were, after being 
suspended, allowed to remain in the air-chamber for some time ; fi was then made 
100 ohms and a adjusted, first by the resistances in the box as far as ^th of an ohm, 
and finally by using the sliding-block H until no deflection of the image of the fine 
wire could be detected on closing the battery circuit. 

As the needles of the galvanometer soon came to rest, and H could be very readily 
clamped and undamped, it was possible to make the observations quickly ; an interval 
of one minute was, however, generally allowed to elapse between two consecutive 
readings, as, though the battery-power was small and S and O of the same material 
and of the same section, yet in some cases the current evidently produced unequal 
heating effects in the two wires. Nor is this to be wondered at, as a difference of 
temperature of less than t^qq^ C. would produce a sensible difference of resistance. 

In ascertaining the temporary alteration of resistance caused by longitudinal traction, 
it was deemed advisable to adopt the same precautions as were used in determining 
the modulus of elasticity, as though the wires employed had been previously strained 
for the latter purpose and then allowed to rest for some weeks; they seemed, in some 
cases at least, to have become partially annealed, and it was found that the temporary 
alteration of electrical conductivity caused by loading was affected in precisely the 
same manner as the elasticity, by stress producing recent permanent extension. 

Great care was taken in loading and unloading the wire S, and in the experiments 
which were made with the first two or three wires a large but light pail was used 
instead of the scale-pan. Into this vessel measured amounts of water were allowed to 
flow slowly through a piece of caoutchouc tubing, when it was necessary to apply stress, 
and the unloading was accomplished by suffering the same water to pass gently out 
through another piece of tubing connected with an orifice at the bottom of the paiL 
During the loading this latter tube was hitched up by the side of the vessel It was 
found, however, that with practice quite as accurate results could be obtained by using 
a scale-pan in the ordinary manner, and as time was thereby saved this method was 
finally adopted. 

FormulcB employed. 

The temporary alteration of resistance which was in any case produced was so small 
that it could be measured by the wire joining a to ^. If, therefore, A and B denote 

* The distance of the lamp and scale from the galvanometer is not drawn to the same scale in fig. 6 as 
for the other arrangements, for the purpose of avoiding the taking up of too mnch space. 
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the number of millimetre divisions of this wire which have a resistance .equal to the 
branches a and P respectively, including in these the connecting wires X and Y and the 
parts of the divided wire on either side of H, n be the number of divisions through 
which it is necessary to move H in order to restore the balance of resistance when 
disturbed by a load W, and S be the section of the wire, then, denoting by x the 
increase per unit of resistance which would be produced by a unit load acting on unit 
area, we have within a sufficiently close degree of approximation 

(A-hB)x?ix a 
^~ AxBxW* 

Again, if x be multiplied by e we obtain the alteration of resistance per unit which 
would result from doubling the length of the wire by the application of longitudinal 
traction ; therefore denoting this latter value by y, we have 

y=exx. 

Part of y is due to mere increase of length and diminution of section ; this part 

= l+2Gr very nearly. Thus the alteration of the specific resistance produced by the 

traction 

=2/-(l+2cr). 

It will be seen that x and y are calculated on the assumptions that the change of 
resistance is directly proportional to the stress and also to the elongation ; both these 
assumptions were found to be nearly correct, but neither are strictly so. 

The following experiment out of many will serve to show (a) that the temporary 
alteration of resistance is nearly but not quite proportional to the load, and {b) that 
it is possible to measure with considerable accuracy minute changes of electrical 
conductivity even when the resistance of the wire used is small. 



Experiment L 

An annealed copper wire '154 centim. in diameter and having a resistance of 
only '0224 ohm was loaded by pouring 12 measures of water, each having a weight of 
5825 grms., into a pail attached to the pulley on the wire. This load, which 
was four-fifths of the " breaking-weight," was suffered to remain on the wire for 
some hours and was then removed. The following consecutive observations were 
begun next day and extended over three days, two trials being made on each. 

The numbers in the column headed " Temporary alteration of resistance " are the 
divisions of the platinum-silver wire N N, through which it was necessary to shift H 
in order to balance the effect of the load. 
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Kumber of trial. 


Knmber of 

meainiM employod 

for the load. 


Temponuy altention 
ofreaUtoaee. 




3 


1880 


I. I 


6 


383-0 




9 


584-0 




3 


1890 


II. } 


6 


3810 




9 


581-0 




3 


188-0 


ni. . .{ 


6 


384-5 




9 


5830 




3 


189-5 


IV. 1 


6 


384-0 




9 


683-6 




3 


188-0 


V. I 


6 


385-0 




9 


583-0 




3 


190-0 


VI. < 


6 


384-0 




9 


584-0 



The mean values for three, six, and nine measures are respectively 188*8, 383'6, and 
583*1, and none of the observations differ from these mean values by '7 per cent. 

Thus for the first three measures we obtain a mean alteration of 188*8, for the 
second 194-8, and for the third 199*5. 

Experiment II . 

The same wire as in the last experiment, after having been repeatedly loaded with 
13 measures, was tested with the same weights as before with the following results: — 



Load in meaauna. 


Temporary alteration 
of reriatanee. 


Average alteration 
per meaaure. 


Difference between 
conaecntiTe avengea. 


3 
6 
9 


207-0 
416-7 
629-4 


69-00 
69-45 
69-93 


•45 

•48 



Experiment IIL 
A piece of platinum (1) annealed, which had been repeatedly loaded with 12 kilogs. 



Number of liiloga. 
in load. 


Temporary alteration | Average alteration 
of reaiatance. j per Ulog. 


Difference between 
conaecatiTe aTerage*. 


4 

6 

8 

10 

12 


108-5 
163-5 
2190 
277-0 
339-0 


27-13 
27-25 
27-38 
27-70 
28-25 


-12 
•13 
•32 
-55 
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Expetiment IV. 

The same wire as in the last experiment, which had been further loaded and 
unloaded with 15 kilogs. until the recovery had become perfect for this load. 



NamberofUlogB. 


Tempoiuy alteration 


Average alteration 


Difference between 


in load. 


of resiatance. 


perUlog. 


conaecntire arengea. 


1 


27-5 


27-50 




3 


83-0 


27-67 


•17 


5 


139-0 


27-80 


-13 


7 


195-5 


27-93 


•13 


9 


252-5 


28-06 


•13 


11 


310-0 


28-18 


•12 


13 


368-0 


28-31 


•13 


15 


430-0 


28-67 


•36 



JExpenment V. 

A piece of silver (1) annealed, which had been previously loaded and unloaded with 
8 kilogs. until the recovery had become perfect. 



Kunber of kitoss. 
in load. 


Temporaiy alteration 
of reaiatance. 


Average alteration 
per kilog. 


Kfference between 
conaecutive averages. 


2 

4 
6 
8 


94 
189 
285 
383 


47^00 
47-25 
47-50 
47-88 


•25 
•26 
•38 



Experiment VI. 

A piece of platinum-silver (1) rendered very hard by drawing, and which had been 
loaded and unloaded several times with 20 kilogs. 



Number of kilogs. 
in load. 



4 

8 

12 

16 



Temporary altenttion 
of resistance. 



79-00 
161-80 
246-25 
33000 



Average alteration 
per kilog. 



19-76 
20-23 
20-52 
20-63 



Difference between 
consecntive averages. 



-48 
•29 
-11 



lIDGCCLXXXIIIa 
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JExperiment VIL 
An annealed iron wire whicli had been loaded for 24 hours with 30 kilogs. 



Kamberofkiloga. 


Temporatjr altenUon 


Arenge attention 


Difference between 


in load. 


of nsUtuiM. 


peraUlog*. 


eonaeentire aToagei. 


2 


90 


900 




4 


20-5 


10-25 


1-25 


6 


32-2 


10-73 


•48 


8 


4A0 


1100 


•27 


10 


56-3 


11-26 


•26 


12 


68-5 


11-42 


•16 


14 


80-8 


11-64 


•12 


16 


92-9 


11-61 


-07 


18 


1061 


11-68 


•07 


20 


1174 


11-74 


•06 


22 


129-8 


11-80 


•06 


24 


142-3 


11-868 


•058 


26 


155-0 


11-92 


•062 



Remarks on Experiments I. -VIL inclusive. 

All these experiments prove that the ratio of the resistance-increase to the load is 
not quite constant, but that the former increases in a greater proportion than the 
latter. This want of proportionality is seen from Experiments I.-IV. inclusive to be 
materially diminished, though never entirely made to vanish, by repeated heavy 
loading and unloading, and it appears impossible to find any single formula which 
will express exactly the relation between the load and the alteration of resistance for 
all conditions of the wire ; consequently the values of x given in Table I. are calculated 
from observations made with two weights, the larger never exceeding one-fourth of 
the " breaking- weight," and being twice the smaller; and the mean of the two 
numbers obtained by dividing the observed alteration by the load is taken to 
represent the change produced by unit load, this mean being in no case diflTerent 
from either of the numbers by more than 1 per cent. 

The columns in which are recorded the diflferences between the consecutive average 
alteration per kilogramme show that when the load employed in determining the 
temporary alteration of resistance approaches closely to the highest load which has 
been used in the preliminary operations, a comparatively rapid increase takes place 
in the ratio of the temporary alteration of resistance to the load. 

From Experiments VI. and VII. we learn that in the case of a metal which has 
been rendered very hard by the process of drawing, or in the case of iron* which has 
been subjected to a heavy load for some time, the average alteration of resistance per 

* Probably also in the case of any metal possessing a coercive force comparable with that of iron. 
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unit load mcreases less and less rapidly up to a certain degree of stress, and after- 
wards begins to increase more and more rapidly, whereas with the annealed metals 
the average alteration increases at first by almost equal amounts. 



Expenment VIIL 

A piece of platinum (1) annealed was loaded and unloaded several times with 
12 kilogs., and was immediately afterwards tested, with the following results : — 



No. of Ulogi. in Temponry alteration 
load. 1 of renstance. 


Avenge alteiatlon 
per kllog. 


Difference between 
eonaecative areragea. 


2 

4 
8 


66-6 
134-0 
2760 


66-6 
670 
69-0 


-6 
20 


After a rest of 20 hours with all stress removed except that of scale-pan. 


2 
4 

8 


670 
ia60 
281-0 


67-0 
68-0 
70-26 


i-0 

2-26 



From the last experiment it is evident that part of the increase of elasticity which 
is gained by repeated heavy loading and unloading is lost by allowing the wire to 
rest, and, moreover, that the departure from '* Hooke's law " which we have seen to 
be appreciably lessened under the influence of the former cause is increased again by 
the latter. 

In Table 1. will be found the values of the specific resistance of the different metals, 
the increase of resistance per unit which is temporarily produced by a stress of 1 grm. 
per square centimetre, the increase of resistance per unit which would be caused by 
stress sufficing to double the length of the wire, and the increase of specific resistance 
per unit which would be caused by stress sufficing to double the length of the wire ; 
the specific gravity and section of the wire are approximately the same as those 
recorded in Part I. 
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Table I. 



Name of metal. 



It^n (1) . . 
Iron (2)*. . 
Iron (3) . . 
Piano steel (1) 
Piano steel (2) 
Platinnm (1) 
Platinum (1) 
German-silver (1) 
German- silver (2) 
German-silver (1) 
Copper (1) . . 
Copper (1) . . 
Copper (3) . . 
Copper (2) . . 
Platinnm-silver (1) 
Platinnm-silver (1) 
Brass (1) ... 
Brass (2) ... 
Zinc (1) . . . . 
Silver (1) . . . 
Silver (1) . . . 
Aluminium (1). . 
Aluminium (1). . 
Tin (1) ... . 
Lead (1) . . . . 



Condition. 



Annealed . 
Hard drawn 
Hard drawn 
Hard drawn 
Hard drawn 
Hard drawn 
Annealed . 
Annealed . 
Annealed . 
Hard drawn 
Annealed . 
Hard drawn 
Annealed . 
Annealed . 
Annealed . 
Hard drawn 
Hard drawn 
Hard drawn 
Hai*d drawn 
Anne&led . 
Hard drawn 
Hard drawn 
Annealed . 
Drawn . . 
Drawn . . 



Specific resiatanoe 

at 12" C $.«., 

resiatance in ohma 

of 1 cubic centim., 

between oppoaing 

facea 

-B. 



Increaae of 

reaistance per anit 

produced by aireaa 

of 1 grm. per aquare 

centim. 



1074 xlO-8 

1217 xlO-8 

1201 xlO-8 

1653 xlO-8 

1882 xlO-« 

1434 "x 10-8 
2830 xlO-8 

2713 "x 10-8 
240-8x10-8 
2440x10-8 
201-4x10-8 
187-3x10-8 
3236 xlO-8 
3127 xlO-8 I 
834 xlO-8 
656-7x10-8 

161-9x10-8 I 
173-7x10-8 
316-7x10-8 
311-3x10-8 
1166 xlO-8 I 
2142 xlO-8 



2111x10-12 
2100x10-12 
2197x10-12 
1910x10-12 
1831 X 10-12 
2233x10-12 
2286x10-12 
1501x10-12 
1545x10-13 
1892x10-12 
2210x10-12 
1988x10-12 
2324x10-12 
2396x10-12 
2346x10-12 
2437x10-12 
2302x10-12 
2229 X 10-12 
4406x10-12 
4272x10-12 
4561x10-12 
1883x10-12 
1896x10-12 
10546x10-12 
17310x10-12 



Increaae of 

reaiatance per 

unit which 

would be earned 

by atreas aufBo- 

ing to double the 

length of the 

wire 



4180 
4-289 
3-699 
3-619 
3-602 
3-341 
3-404 
1-937 
2099 
2138 
2-564 
2-880 
2-656 
2-918 
2-464 
2-530 
2-275 
2-203 
3-379 
3-851 
3-487 
1-260 
1-276 
2-920 
2-885 



Increaae per 
nnit of apediie 
reaiatance which 
would be eauaed 
by atreaa aolBc- 
ing to double the 

length of the 
wire 



2-618 
2-639 
2-057 
2081 
2084 
2-239 
2-252 
0-107 
0-345 
013H 
0-934 

1-070 
1-012 
0-624 

6-ioi 

0-231 
2-113 
1-531 
1703 
-0-420 
-0-262 
1-630 
1-613 



Remarks on Table L 

It will be seen from the above table that the specific resistance of iron is more 
increased by a given amount of elongation than that of any of the other metals, and 
that the specific resistance of aluminium is actually decreased by stress in the line of 
flow of the current ; this latter fact being signified by a minus sign placed opposite 
aluminium in the sixth column. 

It is also remarkable that the value of z for the alloys, platinum-silver, German- 
silver and brass should be considerably less than that of their components ; and this 
circumstance, taken in connexion with the comparatively large increase of resistance of 
iron, would suggest that there is some relation between increase of electrical resistance 
caused by rise of temperature and that due to mechanical stress. 

* Iron (2), iron (3), steel (1), steel (2), and brass (2) were tested some years ago by a method similar to 
the one here described, 
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But the change of resistance attending a given amount of expansion caused by rise 
of temperature is, in the case of iron, more than a hundred times that resulting from 
the same amount of expansion produced by mechanical stress ; and it is evident that 
with all metals the alteration of electrical conductivity following on alteration of 
temperature is due for the most part to other causes than mere contraction and 
expansion. 

Carbon. 

As it seemed desirable to extend these researches to as many substances as possible, 
some experiments were made with carbon rods such as are used for electric lighting 
purposes. These rods were between 40 and 50 centims. in length, and of different 
diameters, and their moduli of longitudinal elasticity could be readily determined by 
holding them in the centre and rubbing them along their length with a resined glove. 
The note obtained by the longitudinal vibrations, though, of course, very high in 
pitch, was quite clear and distinct, and very concordant results were obtained when 
the same pieces were tried at different times. The pitch of the note was determined 
by the syren, and the following experiment, taken at random out of my note book, 
will suflSce to show what accuracy ca^ be attained with this instrument* even with 
notes of very high pitch. 

Experiment IX. 

A carbon rod of length '496 metre, rubbed longitudinally by means of a resined 
glove, gave a note, the lower double octave of which was taken on a monochord ; the 
syren was then raised to the pitch of the monochord, and the number of vibrations 
counted for two minutes at a time. 



Nomber of trial. 


Number of ribrationa recorded by 
tbe vyren in two minnteB. 


1 
2 
8 


6860x20 

- 6822x20 

6835x20 


Mean . . 


= 6839x20 



In this experiment the monochord was re-tuned at each trial, and it will be observed 
that the mean value does not differ from any of those forming it by so much as -j^- per 
cent. Of course, by extending the time of each trial and the number of observations, 
still greater accuracy could have been obtained. 



The formula employed for calculating the elasticity is E = 



?i* X 4 P X A 
98lO ' 



in which I is 



♦ I have to tlmnk Mr. Purse, the Carator of the Physical Muaenra at King's College, for his ahle 
assistance in this part of the work* 
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the length of the rod in metres, n the number of vibrations, A the density, and £ the 
elasticity in kilogrammes per square millimetre. 

Fig. 9. 




^^i 



S:;^!^ 



'X_ 



In order to determine the alteration of resistance which could be produced by 
longitudinal traction, the rods were well coated for about 2 inches of their lengths 
with copper deposited by electrolysis, and were then arranged as shown in fig. 9. 
The rods passing through two holes in a table were secured at their upper ends by 
two clamps, A A, and at their lower extremities were fastened two other clamps, B B, 
either of which would also serve to carry a scale-pan suspended by an iron wire 
attached to its lower extremity. Two pieces of silk-covered copper wire, about 
6 inches in length and ^th of an inch in diameter, were soldered on to the deposited 
copper at E, and these being also joined together were connected with the galvano- 
meter. Two other pairs of similar wire were soldered at D, and one of each pair was 
connected, as usual, with the resistance coils, and the other with one pole of the 
battery. The resistances of the silk-covered copper wires at E, which were small 
compared with those of the rods themselves, were calculated by determining the 
resistance of some 6 feet of the wire, and assuming that the resistances of the short 
pieces at E and the actually determined resistance of the longer piece were 
proportional to their lengths. The whole table was surrounded on all sides except 
one with baize, and the mode of proceeding the same as usual. Experiment shows 
that with the loads employed the alteration of resistance is nearly proportional to 
the load. 



Digitized by 



Google 



AND STRAIN ON THE ACTION OF PHtSIOAL FORCES. 

Experiment X. 
Carbon rod, length between E and D 45 centims., diameter '434 centim. 
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Number of 
kilogs.iniheload. 


Number of divisions 
of the platino-iridium wire 

saiy to move the sliding 

piece in order to restore the 

balance. 


Average alteration of 

resistance per kilog. in terms 

of the division of the pUtino- 

iridium wire. 


2 
4 
6 


3700 

7476 

111-80 


18-50 
18-69 
18-63 


Mean 1861 



In Table 11. will be found some data respecting the alteration of resistance produced 
by loading, the values of " Young's modulus/^ specific resistance, specific gravity, and 
section of each rod. 

Table II. 



Number 

of 
carbon. 


Section 

in 

square 

cenUms. 


Specific 
gravity 
water 

at 
4»0 = 1 


Sp«eifie 
rMristuc. 
at 16* C. 


modoltu " 

in gimmmM per 

aqnwe oentim. 

— «. 


Inereim 

of nsiaUace 

due to • toad of 

Ignn. per 

iqoare centim. 

-«. 


Increase of 

resistance 

which would 

be caused 

by a load 

sufficient to 

double the 

length 

»exas 


Increase of 

specific 

resisUnce 

which would 

be caused 

by a load 

sufficient to 

double tiie 

length 


1 
2 
3 
4 
5 

Means 


•1411 
•1307 
•1480 
•1351 
•1216 


1-518 
1-560 
1-662 
1-579 
1-681 


4691 xl(H 
4182 xKH 
4483xl0-« 
3987xl0-^» 
8774xlO-« 


233-8 Xl0« 
264-3 xlO« 
270-0 Xl0« 
329-0 xlO« 
279-0 Xl0» 


11420x10-12 

8991 X 10-13 
9535x10-13 
8610x10-13 
7684x10-13 


2-470 
2377 
2-575 
2-835 
2144 


0-970 
0-877 
1-075 
1-335 
0-644 




1-566 


4193xl0-« 


275-2 xl0« 


9248x10-13 


2-480 


•980 



Remarks on Table II. 

The sections of the rods were much more uniform than would perhaps have been 
expected ; for example, in the case of No. 3, as measured by a gauge at five points 
equally apart, the diameter was found to be '434, *434, '434, '434, and *438 centim., and 
the other rods were found to be nearly of the same uniformity aa this one. 

The specific gravities were determined by breaking the rods into pieces about 
5 inches in length and binding a thin copper wire round them, which latter was 
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fastened to a very fine platinum wire, so that the pieces could be weighed in air and 
in water. 

It should be stated that carbon in this form being porous^ the specific gravity as 
usually reckoned will be found to increase if the substance be allowed to remain in 
water for any time, and especially so if the carbon be boiled in water. The following 
experiment will show the extent of alteration of the apparent specific gravity : — 

Experiment XL 

Several pieces of carbon tied together with fine copper wire, and boiled for five 
minutes ; the pieces then taken out of the hot water, kept for five minutes in cold 
water, and afterwards suspended by a fine platinum wire in a large vessel filled vith 
water at 15® C. 



Weight of carbon 
in water. 


Time after immenuon in 

the large resMl 

ofwater,atl5*C. 


4-800 
6-020 
5-140 
5-255 
6-291 


5 miimtes. 

15 „ 

35 „ 

75 „ 

140 „ 



The pieces then boiled a second time for 40 minutes, and after Having been kept in 
cold water for 30 minutes, again tested for loss of weight. 



Weight of carbon 
in water. 


Time after immernon in 

the large rewel 

ofwater,atl6«C. 


6-314 
6-340 
6-393 
6-432 
6-462 


6 minutes. 
45 „ 
13 hours. 

6|r days. 
12^ „ 



As the temperature of the water varied very little during the periods of observation, 
we see that the apparent specific quantity went on increasing for more than 12 days, 
and that the total percentage of increase amounted to nearly 12. The specific 
gravities, however, recorded in the table are calculated from the loss of weight observed 
shortly after immersion in water, the pieces of carbon not having been boiled, and the 
section as determined by dividing the loss of weight by the length agreed very well 
with the section measured by the wire-gauge. 

With the exception of number 5, the value of " Young's modulus " increased very 
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largely as the specific gravity increased ; in fact, the value of 6 is roughly proportional 
toAl 

Beetz^ has also determined the values of e for several carbon rods, used for electric 
lighting, by longitudinal vibrations, and it would appear from the results obtained by 
him that 6-^A® is also fairly constant. The mean values of Beetz' results and my 
own are given in the next table. 

Table III. 



Specifie gxavity » A. 



Vilne of « in gmnineB 
per iqiiare cenUm. 



e+A«. 



1-632 
1-547 
1-564 
1-580 
1-593 
1-631 



1-518 
1-550 
1-580 



Bbetz. 

152-0 xlO« 
154-7 „ 
174-7 „ 
193-5 „ 
205-4 „ 
254-8 ., 



501x10* 
466 „ 
488 „ 
498 „ 
495 „ 
509 „ 



Mean value of c-^A8=493x 10^ 

TOMLINSON. 



233-8 xl0« 
264-3 „ 
304-2 „ 



829x10* 
793 „ 
783 „ 



Mean value of c-^ ^^=802 x 10* 



Though, however, 6-^A® is roughly a constant for different specimens of carbon by 
the same maker, the value of this constant may be evidently very different for samples 
from different makers, the mean value of Beetz' samples for e-fA® being 493X10* 
and that of my own specimens 802 X 10*. 

The value of e given in Table II. for number 3 is calculated from the formula 
e^A8=802Xl0* 

It will be noticed that the product eXXy i.e., the increase of resistance which would 
be caused by a load sufficient to double the length of the rod, is nearly a constant for 
the different specimens, and on referring to Table I. it will be observed that this product 
is much less than that for several of the metals, though the increase of resistance caused 
by a stress of 1 grm, per square centimetre is of course, in consequence of the small 
elasticity of the carbon, greater than any of the metals examined except tin and lead, 
whose elasticities approach much more nearly to that of this kind of carbon than any 
of the other substances.t 

In calculating the alteration of specific resistance it was assumed that (r=*250, but 

♦ Ann. der Phys. und Chem., 1881, No. 1, p. 67. 

t The elasticity of the rods here examined is yeiy nearly equal to that of tin. 
MDCCCLXXXin, I 
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though the values given in the last column of Table II. are in consequence of the want 
of knowledge of a- approximate to the true ones, they must be sufficiently so to 
prove that not only is the total resistance of the carbon increased by loading but so 
also is the specific resistance. 

The mean value of the specific resistance of the different specimens is 4193 X 10"*, and 
is therefore more than 100 times greater that the corresponding number for platinum- 
silver, which latter metal ranks highest in the list of metals in Table I. 

Nickel, 

Through the kindness of Messrs. Johnson and Matthey, who after some difficulty- 
succeeded in drawing for me two pieces of almost pure nickel wire 8 feet in length, I 
was able to make some experiments on this metal, in which I obtained results so 
completely differing from those observed in the case of the other substances, that I 
may perhaps be excused for treating them in some detail. 

Fig. 10. 




The metal when first received was in the hard drawn condition, and in this state was 
tested for torsional rigidity and longitudinal elasticity, for the former in the usual 
manner and for the latter by longitudinal vibrations. The pieces were then suspended 
in the air chamber, and since it was not thought desirable to bend the wire, the 
following arrangements were made, which are sufficiently shown in fig. 10. 
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X and Y are the two wires to be compared, the clamp A rests as before on the top 
of the air chamber, and of the two clamps B B fastened to the lower ends of X and 
Y one has a stout iron wire attached to it for the purpose of a suspension for the scale- 
pan. Also to each of the clamps B are soldered two silk-covered copper wires t^o*^ ^^ 
an inch in diameter and 3 feet in length, one of these serving to connect the clamp 
with one of the battery wires and the other with the caoutchouc-covered wire leading 
to the resistance coils. The wires X and Y were each 3^ feet in length, but were not 
cut off from the 8 feet pieces, the remainder of the wire* being allowed to hang down 
on the outside of the air chamber, whilst the silk-covered copper wires fastened to the 
clamps B B were brought down through the hole in the table at the bottom of the 
air-chamber. When the experiments on the hard-drawn wire had been finished, the 
metal was well annealed and similar ones made on it in this new state, with this 
difference, however — that now the wire X was tested with larger and larger loads until 
it finally broke. The results of the experiments made on the wire in the hard drawn 
and annealed conditions will be found in Table lY. 

The curves in Table V., showing the temporary alteration of resistance produced in 
the annealed wire by different loads after the wire had been previously stretched for 
some time with weights of 16, 18, 20, 22, and 24 kilogs., are drawn with their 
abscissae to represent the percentage alteration of resistance on a scale of '0025 to the 
millimetre, and with their ordinates the number of kilogrammes per square centimetre 
in the load on a scale of 25 kilogs. to the millimetre. 

Table IV. 



Condition. 


• 
Section in 
Bqoard centims. 


Specific gniTitT 

ftt20'O., 

water at 4* C. 

«1. 


Specific resistance 
at 20» C. 

1757x10-8 
1736xlO-« 


Torsional rigidity 

in gnns. per 
squire oentim. «r. 


''TouNo'smoduloB** 

ingrm8.per 
square centim. »«. 


Katio 

of lateral 

contiaction to 

elongation. 


Hard drawn 
Annealed 


•006832 
K)05832 


87066 
87386 


723-5 Xl0« 
758-5 xlO« 


2270-6 xlO« 1 -570 
2174-6 xlO« -433 



* Not Bhown in the iigm*e. 



1 2 
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Table V. — Curves showing the temporary alteration of electrical conductivity of 
nickel wire produced by longitudinal traction at the temperature 22° C. 



i BM n aaMa BBaBagBDi— 




or RESIstANCe 



RCSlStAHCEl 



Reinarks on Tables IV. aivd V. 

One of the first points to notice in Table IV. is the large value of "Young's 
modulus," which for both the hard drawn and the annealed conditions of the nickel 
exceeds the highest values obtained for pianoforte steel wire. 

Again we have seen in Part I. that the value of " Young's modulus " increases as the 
mean distance between the molecules diminishes, and the ratio of the specific gravity 
to the atomic weight of nickgl, which is inversely as the cube root of the mean 
distance between one molecule and another, is '1493, whilst that of iron, which with 
copper has the ratio higher than is the case with any of the other metals mentioned in 
this paper, is '1386. We have also seen that eXa'' is roughly a constant for the 
diflTerent metals, where a is the mean distance between one molecule and another, and 
e is the value of " Young's modulus ; " in the cases of nickel and iron this product is 
•1838 X 10^^ and -1993 X 10^* respectively. 

The ratio of the lateral contraction to the linear elongation obtained fi:om the 
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formula cr=r 1 of the hard di-awn nickel is of course impossible, as was the case, it 

will be remembered, with the value of a with hard-drawn copper, brass, German-silver, 
and platinum-silver, and the wire therefore furnishes another proof that the formula 
cannot be applied to hard drawn metal. 

The most remarkable feature, however, presented by nickel is that shown in 
Table V., where we learn that the resistance is absolutely decreased up to a certain 
extent of loading and then begins to increase. We see, moreover, that the Tncuci- 
mum decrease becomes less and less as the wire receives more and more permanent 
extension, and that the point of loading where this maximum occurs gi'adually 
rises with the amount of permanent extension.* As might be supposed, therefore, 
the decreases of resistance obtained with two loads of 3 and 6 kilogs. were with 
the hard drawn metal much less than with the annealed one. Again, if we take 
the average decrease of resistance produced by a load of 1 grm. per square cen- 
timetre between the points of zero load and the load producing maximum decrease, 
we find it in the case of the outer curve to be 3216X10""^^, and the product 
of this number by e=6'994, whilst the decrease of specific resistance attending unit 
increase of length, or the number corresponding to z in Table I., would amount to 
8 •860. All these numbers, especially the last, are very considerably greater than the 
corresponding 'increcwes of resistance obtained with any of the other metals. We 
thus observe that whether we regard the peculiarity of loading up to a certain point 
producing decrease of resistance, and after this point increase, or the comparatively 
enormous temporary variations of resistance produced by loading, nickel stands by 
itself, and the idea at once suggested itself that this abnormal behaviour of the metal 
might be due to the influence of circular magnetization caused by the current employed 
in balancing the wire and the comparison-wire. Accordingly two experiments were 
made of the following nature : — First, as the alteration of resistance might be only 
apparent and due to the fact that Villari's shock-currents were not the same in the 
stretched and unstretched wires,t both the galvanometer circuit and the battery circuit 
were kept closed, and the position of the light on the scale noted with different 
stretching weights: the readings taken in this way gave alterations of resistance which 
were exactly the same as those obtained by the usual method. Secondly, as the altera- 
tions might be really those of resistance, but due to the fact that circular magnetization, 
mightj cause an alteration of resistance in both iron and nickel, and unequally in 
the stretched and unstretched wires, the resistances in the bridge were so adjusted that 
currents of one-half and one-fourth respectively of the current which had previously 

• The nnmbera 16, 18, 20, 22, 24, on the onryee represent the load which had previously been on the 
wire before testing for the temporary effect of loading. 

t I did not think this likely, as I had not been able to detect anything of the kind when iron wire 
wasnsed. 

X According to Aubrbach, but not according to experiments tried by myself. 
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passed through the wire in determining the resistance might now do so ; but again 
the alterations of resistance were found to be the same as before.* Now if E denote 
the electromotive force of the Leclanch6, x and y the resistances of the wire and the 
comparison-wire, a and P the resistances in the box, and B the resistance of the 

F 

battery and connexions, the current in x will be proportional to , 

or since x and y were only '44 ohm each, whilst a and fi were 100 ohms each, the 
current in x will be nearly proportional to :r — . 

E was nearly 1*5 volts, and B+^+y in the case of the weakest current was made 
10 ohms ; therefore this current would in absolute measure of C.G.S. units be "015. 
Unless, therefore, the maximum difference of alteration of resistance caused by circular 
magnetization in the stretched and unstretched wires had been reached by a still 
smaller current than this, we cannot regard the curious behaviour of nickel in respect 
to the effect of stress on its electrical conductivity as due to circular magnetization. 

Again, another idea suggested itself, namely, that the wires being suspended ver- 
tically might cause the resistance of the stretched and unstretched wires to be altered 
unequally by the earth's vertical magnetic force, but this latter, it will be seen, is of 
too small intensity to have any effect at all comparable with that observed in the 
stretching ; and, moreover, experiments subsequently made with the wire at right 
angles to the magnetic meridian, showed plainly that this was not the case. We must 
therefore regard the abnormal effect produced on the electrical resistance of nickel as 
not due to the earth's magnetic force.t 

We have seen also that, in the case of other metals which have suffered permanent 
extension, rest increases the elasticity and diminishes the temporary increase of 
resistance which any load is capable of causing, and that with iron this effect is very 
apparent. It was therefore an interesting point to determine whether the decrease of 
resistance which moderate loading produces in nickel would be increased by rest. 
The next experiment shows that this is so. 

* Similar experiments with iron bad also previously shown that with this metal there is no appreciable 
difference in the alteration of resistance produced by stretching when different current strengths are 
employed in the bridge. 

t After these experiments I re-tried iron with a view to ascertain whether very small loads might not 
produce decrease of resistance, but found that the smallest load that caused any effect whatever produced 
as before increase of resistance. 
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Experiment XII. 

An annealed nickel wire loaded and unloaded several times on three diflferent 
occasions, with weights of IS, 20, and 22 kilogs. respectively, and then tested with 
equal or lesser loads. 



Load in kilogs. 

put on and o£f seyeral 

iimea-a. 


Load QBod in 
testing after a »/9. 


Temporary 
alteration of renatanee 

prodaced by 3. 
— Decrease of reaistanee. 
+ Increase of resistance. 


Time after 

nsing a at which /} 

waa applied. 


18 

20 < 
22 < 


Firsts . 
Next 10 . 
Firsts . 
Next 10 . 
Firsts . 
Next 10 . 
Firsts . 
Next 12 . 
Firsts . 
Next 12 . 
Firsts . 
Next 12 . 
Firsts . 
Next 12 . 




-S9 

• 

-95 

+ 60 

-99 

+ 57 

-79 

+71 

-82-5 

+ 67-5 

-720 

+64-5 

-73-5 

+62-5 


1 honr. 

• 1 ,. 

< 

* 24 hours. 
I i hour. 

7 hours. 

^ hour. 

12 hours. 



We see here that rest produces a very appreciable effect, increasing the negative 
alteration of resistance and diminishing the positive alteration ; but we notice also 
that as the loads a become larger and larger the influence of rest becomes less and less 
marked ; and, lastly, that as a increases to nearly the breaking load of the wire the 
effects both of the moderate load to produce decrease and of the excessive load to pro- 
duce increase become more and more equal, and if we turn to Table V. we see plainly 
that the points in the curves showing the position of maximum decrease of resistance, 
which at first become wider and wider apart, at length begin to close up. 

All this is intelligible if we bear in mind what has been proved in Part I., namely, 
that the elasticity of all metals is diminished by permanent extension carried to a 
certain point, and beyond this point increased, and provided that we assimie that 
temporary* elongation without regard to the stress producing it causes increase of 
resistance. The question then naturally arises, do stress and the consequent 
temporary strain produce on the electrical conductivity of substances opposite effects ? 

* Permanent elongation wo shall find produces in most metals first increase of specific resistance and 
then decrease, but in iron and nickel first decrease and then increase. 
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Influence of Permanent Extension on the Temporary Alteration of 
Resistance caused by Longitudinal STREsa 

It has been asserted in Part I. that the elasticity of a wire is diminished by 
permanent extension not exceeding a certain limit. In order to furnish still further 
evidence in favour of this assertion some experiments were made on the influence of 
permanent extension on the temporary alteration of resistance produced by longitudinal 
stresa 

Experiment XIII. 

A piece of copper (3) was subjected to loads which were gradually increased, and 
after the removal of each load the temporary alteration of resistance was determined 
from the mean values got by testing with from one to five measures of water. 



Number of 

meuDKBiued 

for the 

pennanent 

extenaion. 


Number 

to alteration of 
reristance of wire. 


DUTerenoe 

between eonaeeutive 

alteiatlona of 

reaiataneea. 


to temporuy altei«tioa 

of reaiatanoe eauaed 

by atre« of 1 grm. per 

aquare eentlm. 


Diffitrenoe 

between eoaieculiTe 

alterationa of 

reaiatanee. 


5 
6 
7 
8 
9 
10 
11 


860 
862 
865 
878 
912 
952 
986 


2 
3 
13 
34 
40 
33 


644 
648 
652 
658 
681 
692 
693 


4 
4 
6 

23 

11 

1 



Experiment XIV. 

A similar piece of wire was loaded with from 12 to 14 measures of water, and after 
the removal of each load tested in a similar manner to the above. 



Number of 

measareB used 

for the 

permaneDt 

extension. 


Number 

proportionate 

to alteration of 

reaiatanee of wire.* 


Difference 

between conaecntiye 

alterations of 

resiatanceB. 


to tempoiary alteration 
of resistance eaused 

by stress of 1 grm. per 
* square centim. 


Differenoe 

between consecutire 

alterations of 

resistance. 


12 
13 
14 


1288 
1418 
1674 


130 
156 


421 
416 
409 


-6 
-7 



* Neither these nnmbers nor those in column 4 are on the same scale as the corresponding numbers in 
the last experiment. 
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The last two experiments show that with copper the temporary alterations of 
resistance caused by longitudinal stress increase up to a certain limit of permanent 
extension and then begin to decrease. We also see that the greatest changes in the 
values of the temporary alterations of resistance take place at those places where 
there are the greatest permanent changes of resistance. 

The Effect of Compression on Electrical Conductivity. 

It was anticipated that compression would in most cases produce decrease of electrical 
resistance, and as carbon seemed a suitable substance to experiment on, the following 
arrangement was made with the view of ascertaining whether compression would 
produce on the resistance of carbon the opposite effect to that caused by longitudinal 
extension : — S in fig. 11 is a block of stone on which rests upright the piece of carbon 

Fig. 11. 




which it is desired to compress ; the other piece of carbon to serve as the comparison- 
piece is supported near the first by a clip-stand (not shown in the figure). The two 
pieces of carbon were each about 4 inches in length, and were well coated with copper 
deposited by electrolysis for a distance of about three-quarters of an inch at the ends. 
To the upper ends a, a were soldered two silk-covered copper wires as in the experiments 
on extension, and the junction of these was connected with the galvanometer, whilst to 
the copper deposited on the lower extremities 6, 6 were soldered wires to serve for 
connecting with the battery and resistance coils. The compression was produced by 
putting weights into a scale-pan attached to the end B of a lever of hard wood, which 
in the position of the carbon rod produced on the latter a pressure five times that of 
the weights in the pan. 



MDCCCLXXXIII, K 



Digitized by 



Google 



66 



MR. H. TOMLINSON ON THE INFLITENOB OF STRESS 



Eocperiment XV. 

A piece of carbon rod, 4 inches in length and 'ISSe square centim. in section, was 
compressed by putting a weight of 2 kilogs. on to the pan at the end of the lever. 



Number of trial. 


Alteration of resistance 

as represented by 

the naihber of divisions of 

the platino-iridiam wire 

through which it was 

necessary to more the 

sUding-piece in order to 

balance the effect of 

putting on or taking off 

2 kilogs. 


1 
2 
8 
4 


. 1180 
118-5 
1100 
116-5 


Mean 


115-4 



From the results of Experiment XV. it was calculated that a compression of 1 grm. 
per square centimetre would cause a decrease oi resistance of 6398 X 10"^^ per unit, 
and as the longitudinal elasticity was 267*2 X 10®, the alteration of resistance 
attending an amount of compression which would suffice to halve the lengtli of the 
rod would be 1*710, and of this alteration '210 would be in the specific resistance of 
the rod. The specific resistance of the specimen at 15** C. was 4214 X 10"^. 

We see that the effect of compression is to diminish both the total resistance and 
the specific resistance of the specimen of carbon, and -is therefore of an opposite 
nature to that of longitudinal extension. 



The Alteration op Electbical Conductivity produced bv Stress applied 
IN A direction Transverse to that op the Current. 

It has been seen that, in the case of most metals, stress applied in the same direc- 
tion as that of the current increases, both permanently and temporarily, the resistance, 
and it seemed probable that stress when applied in a direction perpendicular to that 
of the current would alter the resistance in the opposite direction. The following 
arrangements were therefore made with the view of testing this point : — 

Strips of metal foil about 10 centims. long, 2 centims. broad, and '01 centim. thick, 
were arranged in pairs as in fig. 12. D and E are stout brass clamps into which two 
hooked iron rods are screwed, and the strip to be examined is clamped into the brass 
pieces, which are 8 centims. in length, but insulated £ix)m them by means of silk. The 
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clamp C connects the metal to be tested with a similar strip, and both strips with 
one terminal of the galvanometer ; whilst the clamps A and B serve, as before, to 
connect the strips with the resistance coils and battery. 

Fig. 12. 




The strip to be examined was strained by means of a stout wooden lever, and the 
table which supported the upper hooked iron rod was surroimded with baize. 

Experiment XV I ^ 

A strip of iron foil, 10 centims. in length, 2*1 centims. in width, and of specific 
gravity 7 '65, was subjected to a stress of 120 kilogs., and after two or three applications 
and removals of this load, it was found that this stress produced a diminution of 
resistance which required the sliding piece to be shifted through 20 divisions of the 
platino-iridium wire, and that on the removal of the stress the resistance was in- 
creased by the same amount. The load was distributed over a sectional area of '098 
square centim., and the diminution of resistance, which would be caused by a stress of 
1 grm. per square centimetre, was calculated to be 123*6 X 10"^^ per unit. Inasmuch, 
however, as only one-third of the total resistance measured was effected by the stress, it 
was assumed that if the whole of the piece could have been strained to the same extent 
the diminution would have been 371X10"^*; whereas in the case of iron wire sub- 
jected to longitudinal traction the alteration of resistance produced by the same stress 
amounted to 2111 X 10"*^^ or nearly six times as much as that caused by transverse 
traction. Again, if we assimie that the value of " Young's modulus " is the same for 
the foil as for the wire, the total alteration of resistance caused by the transverse 

K 2 
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traction which would suffice to double the width of the strip would be '742 per unit. 
Also taking the ratio of lateral contraction to elongation to be '281, as waa the case 
with iron (1), the total decrease of resistance due to mere change of form would 
be 1*562 ; and therefore on the whole there would seem to be an increase of specific 
resistance of '82, caused by stress sufficing to double the width of the strip. 

Exfperiraent XVII. 

A strip of tin-foil of nearly the same dimensions as the iron-foil used in the last 
experiment was tested with a load of 8 kilogs., and a permanent decrease of resistance 
thereby produced = '001 per unit; a temporary decrease of '002 per unit was caused 
by the application of the load, and it was calculated that the temporary decrease per 
unit effected by a stress of 1 grm. per square centimetre would amount to 2581 X 10"^^ 
as compared with 1055X10"^^, the alteration caused by the same amount of longi- 
tudinal stress with tin wire. It would thus seem that, contrary to what takes place 
with the iron, the alteration produced by transverse traction is much greater (about 
23 times as great) than that caused by longitudinal traction ; and if we suppose the 
elasticity of the foil to be even much less than that of the wire, there must be a very 
appreciable decrease of spedjio resistance ; this latter, if the values of e and a are the 
same for the foil and the wire, would be 70'0 per unit, i.e., the metal would have a 
specific resistance of tis^ of its original specific resistance, if stress were applied 
transversely, sufficing to double the width of the foil. The corresponding alteration 
produced by the same amount of stress applied longitudinally to a wire of tin is, as we 
have seen, less than 2 per imit. 

UxperiTnent XVIII. 

A strip of zinc-foil of nearly the same dimensions as the strips of iron and tin last 
used was tested with loads varying firom 50 to 100 kilogs. A stress of 50 kilogs. 
produced a permanent decrease of resistance amounting to '0091 per unit, 70 kiloga 
a decrease of '02 per unit, and with 100 kilogs. the foil was partly pulled away from 
the clamps ; before this, however, the temporary decrease of resistance produced by 
50 kilogs. was ascertained to be "028 per unit. After the accident the foil was 
securely reclamped, and now three trials with 50 kilogs. gave alteration of temporary 
•resistance amoimting to '010, "017 and '010 respectively, the load in the second of 
the three trials having been allowed to remain for a longer period on the foil than was 
the case in the other two trials. It was then evident that the time during which the 
load was allowed to remain on the foil largely influenced the temporary alteration 
of resistance, and accordingly several experiments were made with a view to verify 
this fact, which was eventually abundantly established. In one of these experiments 
a load of 70 kilogs., after having been put on and taken off* several times, was allowed 
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to remain on for 10 minutes, when a decrease of '0428 per unit was measured; after 
20 minutes the decrease amounted to '0557 per unit, part of the decrease produced 
after the first 10 minutes was permanent, but a considerable part was temporary. 

The foil was now tested with loads of 12 and 20 kilogs., the latter causing a decrease 
of resistance represented by 300 divisions of the platino-iridium wire, and the former 
180, that is, the decrease was exactly proportional to the load. From these results it 
was calculated that a transverse stress of 1 grm. per square centimetre would produce 
a decrease of resistance amounting to 12384X10*"^^ as against 4406x10""^^, the 
alteration caused by the same longitudinal stress in a zinc wire ; the alteration in 
the former case is about 28 times that in the latter. Again, assuming that the 
values of e and a are the same for the foil as for the wire, the decrease of specific 
resistance which would be caused by transverse strain sufficient to double the width 
of the strip would be 95 per imit ; whilst the alteration for the same amount of 
longitudinal stress is about 2 per unit. The temporary decrease of resistance of 
zinc and tin appeared to be so very large, that it was suspected that the silk did not 
properly insulate the foil firom the upper and lower clamps ; but this did not seem 
to be the case, as the resistance was the same before and after clamping ; nor could 
the stress have temporarily impaired the insidation, as if so the same large decrease 
would have been obtained with iron. It would thus appear that, at any rate for the 
metals zinc and tin, the effect on the electrical resistance of stress perpendicular in 
direction to the line of flow of the current is the reverse in every respect of that 
of stress applied longitudinally. In the case of iron we have seen that though the 
resistance is on the whole decreased, the mere change of form would more than account 
for the decrease ; and that unless the amoimt of lengthening which any given load per 
square centimetre can produce is much less vdth iron-foil than with iron wire the 
specific resistance is increased. 

One of the most remarkable features of these experiments is the large influence of 
time on the temporary alteration produced by the heavy loading of zinc and tin. A 
similar influence, though not to the same extent, was noticed with aluminium, zinc, and 
tin when great longitudinal stress was employed, and vdth these metals also for both 
directions of stress, the departure from proportionality between the load and the 
alteration produced thereby became veiy marked, though here again much more so 
when transverse than when longitudinal stress was applied. 
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The Alteration of Electrical Conductivity produced by Stress applied 

equally in all directions. 

Unsuccessful attempts and mode of determining tJie lowering of the mdting" 

point temperature of ice. 

So far back as the winter of 1877 I attempted to detect and measure the effect on 
the electrical conductivity of wires produced by such alterations of fluid pressure as 
could be obtained by means of the air-pump only, being under the impression at that 
time that the change of conductivity caused by rise of temperature was due for the 
most part to mere expansion. 

In the first attempt the wire to be tested, a silk-covered copper wire about 12 feet 
in length and :^th of an inch in diameter, after having been well soaked in melted 
paraffin wax was coiled in a spiral and placed in a thin, hollow, brass tube (fig. 13), 
having an inner diameter of 2*8 centims. and a length of 15 centims. 

Fig. 13. 




The ends of the wire were soldered to two stout copper wires A A, which passed 
air-tight through an indiarubber cork and served to connect the wire \mder examina- 
tion with the comparison- wire. The latter having its ends soldered to the two stout 
copper wires B B, was wound double round the outside of the hollow cylinder, and 
was, together with B and B, secured to the cylinder by string ; the comparison-wire had 
also been soaked in melted paraffin wax, and the four stout wires, A, A, B, B, and their 
junctions with the other wires, well coated with shellac varnish. The two wires, which 
as usual were of the same dimensions and substance, were joined up with the other 
parts of the bridge in the manner ah-eady described, and the tube C served to connect 
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the cylinder with an air-pump and barometer-gauge. The whole arrangement having 
been placed in a box the cylinder was well packed up in sawdust, and after a sufficient 
time had been allowed to elapse to enable the temperature of the wires to become 
constant the experiments began. 

This plan entirely failed, the eflPect of the alteration of pressure on the resistance 
of the wire being completely masked by the change of temperature caused by the 
rarefaction or condensation of the air even when a considerable time had been allowed 
to elapse. The condensation and rarefia.ction of the air would cause a change of resistance 
the opposite to that looked for as the result of change of pressure ; and so slowly did the 
temperature alter after the first half-hour that I began to suspect that incredse o/pressure 
caused increase of resistance, and for some days actually tried to measiu^ the increase of 
resistance apparently caused by increase of pressure. Finding, however, that the 
observations did not agree sufficiently with each other I filled the cyUnder with water 
and immersed it in a large glass vessel, also filled with water, which was stirred firom 
time to time. This plan also failed, the compression of the water causing an effect 
in the same direction though not to the same extent as the compression of the air 
had done. It was noticed, however, that after the air was let into the vessel there was 
no change of resistance till a second or so afterwards. 

^Finally, the following method was adopted : — The vessel containing the wire to be 
tested consisted (fig. 14) of a brass cyUnder closed at one end, and which could 

Fig. 14. 




be closed at the other by a brass cover A A. The vessel was about 7 inches deep 
and 6 inches in internal diameter ; the open end and the cover which closed it having 
been carefully ground, so that with the help of a little grease it could be made 
perfectly air-tight. The wire under examination was woimd double on the outside 
of a very thin brass cylinder B B, and the ends of the wire were soldered to the 
stout copper wires C, C, which latter passed through an indiarubber cork, fitting air- 
tight into a tube about 1 inch in diameter, which was soldered into the vessel and 
made an angle of 45° with the side. The comparison-wire was wound double round 
the outside of the large cylinder, and the two stout copper wires D, D, to which the 
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ends of the wire were soldered, were connected in the same way as before with C, C 
and the other parts of the bridge. The whole arrangement of wires and cylinders was 
placed in a wooden box having holes cut in one of the sides to admit of the connexions 
C, C and D, D passing through, and this box was in turn placed inside a larger one, 
so that the space between the two boxes could be filled with sawdust. 

The mode of proceeding was as follows : — First, ice broken into small pieces was 
packed into a layer about 3 inches thick round the larger of the two cylinders, then, 
after an interval of about half-an-hour, both the large cylinder and B were filled with 
pounded ice, the cover put on, and over it placed a large sheet of paper containing 
sawdust. The tube E served to form by means of indiarubber tubing connexion ijiith 
the air-pump, and after a sufficient time had been allowed to make the balance of the 
two wires constant the experiments began. 

This plan seemed to act admirably. A short time after exhausting the air there 
seemed to be an increase of resistance, and on letting in the air again a decrease. 
After each operation with the air-pump the wii*es were tested at intervals of 10 
minutes, until it was certain that the full effect on the resistance of the alteration of 
the pressure had been produced. Each experiment lasted more than one hour, and it 
was only possible to make two or three experiments before the ice had to be readjusted 
round the wires ; as evidently after some three hours, though there might be lio 
appreciable melting of the ice, the galvanometer showed that one or other of the wires 
was not quite at the temperature of the ice. The following are the results obtained: — 

Experiment XIX. 



Altention of ndaUaoe 




repreBented by the nainb«r 




of diriaiona Uuonsh 

whidi it WW necMHiy to 

more the diding- 


Alteration of preawre 
in nillimetres of nerouiy. 


pieo. in Older to restore 




tbebkUnoe. 




12-35 


700 


13-28 


721 


13-00 


730 


12-40 


718 


13-20 


710 


12-44 


707 


13-46 


707 


12-44 


707 


12-84 


708 


12-64 . 


708 


11-32 


708 


13-76 


708 


12-74 


707 


12-74 


707 


12-74 


707 


12-74 


710 
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In these experiments, the divided wire was of German-silver, each division being 
equal to '00021105 ohm at the temperature of the room, and since 100 ohms were 
used at each end of the wire, the alteration of resistance represented by moving the 
sliding-piece over one division of the wire would equal ooooiioss o£ the whole, the 
effect of one-tenth of a division was readily perceptible, and the second place of 
decimals in the above columns were got by taking the mean of several observations 
at each pressure. From the above results it was calculated that the decrease of resis- 
tance per unit produced by an increase of fluid -pressure of 1 grm, per square centimetre 
would be 27854 XlO-i». 

On showing these results, however, to Professor G. G. Stokes, he suggested that 
sufficient account had not been taken of the fact that the alteration of pressure might 
affect the resistance by altering the melting-point temperature of the ice, though, as 
I thought, the ice would not be sufficiently wet in the inner cylinder, aa the tempera- 
ture of the room at the time was frequently almost at 0° C, and the cylinder well 
surrounded by ice on the outside to affect the result in this way. Nevertheless, 
acting on this suggestion, I carefully determined the increase of resistance at 0° C. 
for a rise of 1° C, in the manner adopted by Matthiessen, and found this to be 
•0038587 per unit of resistance. Now, J. Thomson was led by theoretical considera- 
tions* to the conclusion that the melting-point temperature of water would be lowered 
•0075° C. by an increase of one atmosphere of pressure, and the matter was put to 
experimental test by W. Thomson, who arrived at results agreeing almost exactly with 
this conclusion. If we assume one atmosphere to be equal to 76 centims. of mercury, 
or 1034 grms. per square centimetre, the lowering of temperature produced by a 
pressure of 1 grm, per square centimetre on the melting-point of ice should be 
•00000725° C. Now, if the alteration of resistance was entirely due to change of 
temperature in the melting-point of the ice, my experiments would give a lowering of 

temperature for a pressure of 1 grm. per square centimetre equal to — .oo^ft^q — ' ^'^'^ 
to -00000723^ C. 

This result then led me to believe that either there was no change of resistance 
produced by the pressure merely, or, as subsequently proved to be the case, that the 
alteration of pressure was too small to produce an appreciable effect even with the 
very delicate galvanometer which I was using. I also remembered that, when water 
had been employed, as in the previous experiment, as has been before mentioned, there 
was no appreciable effect immediately after the air had been let into the vessel. 
Moreover, I called to mind that on two occasions when the temperature of the room 
was almost exactly 0° C. there was no effect, when, as in the last experiments, ice had 
been used, even for some 10 or 20 minutes after using the pump; but in this case 
I had attributed the absence of effect to the regelation of the ice over the cylinder 

* Trans. Roy. Soc. Edinbnrgb, Jan., 1849. Cambridge and Dublin Matb. Journal, Nov. 1860. 
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round which the wire was wrapped, and had taken the trouble several times to take off 
the cover and loosen the ice. I have now no doubt that the warmth of the hand in 
this last act had melted the ice sufficiently to allow the alteration of the melting- 
point temperature to be felt. 

Though these experiments were failures as far as the immediate object in view was 
concerned, they show what a delicate and accurate thermometer the galvanometer can 
prove, and that an interesting investigation of the lowering of the melting-point 
temperature of ice* could be made by using a modification of the above apparatus 
suitable for pressures of two or three hundred atmospheres, such as will be described 
presently. 

Successful Attempts and Kesults. 

The previous trials having shown that pressures of several atmospheres must be 
resorted to if one was to hope to measure any alteration of resistance which might be 
produced by fluid-pressure, the following apparatus (fig. 15) was employed : — 
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M M is a strong vessel made of gun-metal (drawn to scale in fig. 15 one-sixth of the 
real size), C, B are two binding screws at the ends of two stout brass wires passing 
water-tight through a cover, K K, and separated from the latter by insulating material 
This cover could be removed at will, and the ends of the wire to be tested, X, X, con- 
nected by two small binding screws (shown in the figure unscrewed) A, A, at the lower 
ends of the stout brass wires. After the wire had been well secured to A and A, these 
latter, the wire itself and those portions of the stout brass wires which projected below 
the cover, were well coated with paraffin wax. The vessel having been filled with 

* The effect on the resistance of the wire is so very small as to be abnost neglectable, and the 
correction even for this can be made by data which are given further od. (See p. 77^ Table VI.), 
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water, the cover with the wire suspended from it was put on and secured by means of 
three screws and nuts, two of which, H, H, are shown in the figure, the cover having 
been made to fit water-tight under the highest pressures employed, by means of a 
gutta-percha collar. The wire X and the comparison-wire were then connected up 
in the usual way, as shown in the figure,* and the whole well-covered with baize. 

The first wire which was tried was a piece of the copper wire used in the last 
experiments, and a day having been selected at which the temperature was about 
4® C, pressure was put upon the wire by means of a force-pump which formed part of 
a hydraulic press, t The pump communicated with the vessel by means of the tube 
F, and was capable of suppljring a pressure of upwards of 5000 lbs. on the square 
inch. The pressure was measured by a strong spring pressure-gauge, divided so as to 
read to a pressure of 100 lbs. on the square inch. 

On working the pump so as to increase the pressure there was, after a short time, a 
very decided decrease of resistance perceptible, and on removing the pressure the 
resistance returned to almost its former value. Several attempts were made with 
greater and greater pressures, which were carried up to 4000 lbs. on the square inch, 
and all gave indications in the same direction ; but unfortunately, on raising the pres- 
sure to 5000 lbs. on the square inch, the insulating substance round one of the stout 
brass wires cracked, and allowed the water to come through the cover. As these trials 
were only intended to be preliminary, no measurements had been taken of the alteration 
of resistance produced, but there was now no question that in the case of copper wire 
increase of pressure produced decrease of electrical resistance. 

These experiments could not be renewed tUl the following winter, when the flaw 
mentioned above having been repaired, some firesh trials were made with iron wire 
and the following measurements taken : — 

Experiment XX, 



Piwrare in lbs. p«r 
Bqnare inch. 


Number of diriaiona of the 

plaUno-iridinm wire through which 

it was nece«aiy to more the 

sliding piece in Order to restore 


900 
1100 
1300 


200 
37-7 
25-0 


Mean 1100 


Mean 276 



• In the actual experiments X waa secnred to the vessel by string, the connexions having been well 
insnlated by wrapping them np in paper. 

t This pomp was lent to me by the Bev. T. A. Cock, of King's College, who kindly had it put into 
complete working order before I used it. 
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These results give an alteration of 1160X10"^^ per unit in the resistance for a 
pressure of 1 grm. per square centimetre, and as in the case of copper increase oi 
pressure produces diminution of resistance. 

The experiments were again put an end to by a flaw in the insulation, which was 
made on attempting to carry the pressure to a greater extent, and therefore the final 
result can only be considered as very roughly correct. Fortunately, however, there is 
a means of testing approximately the accuracy of this residt, as it was found that at 
the temperature of the room (about 4° C.) the heat caiised by the compression of the 
metal exactly balanced the effect of the pressure on the wire — so exactly, indeed, that 
even when pressures of 3000 lbs. per square inch were employed, the instant qfier the 
removal of the lyressure there was no change lohatever in the resistance, but in a few 
seconds afterwards the resistance began to decrease, and apparently attained a 
minimum in about half an hour. About this fact there can be no doubt, as it was 
repeated several times and with several different pressurea Now the change of tem- 
perature produced by an alteration of fluid pressure amounting to 1 grm. per square 

centimetre is for any substance equal to z — , where T= the absolute temperature, 

a the coefficient of cubical expansion, J Joule's equivalent, and x the specific heat 
referred to unit volume. In this case T=278, a= 0000342, J=42,400, aj=-842 at 
the temperature 4® C. 

Therefore the rise of temperature caused by an increase of pressure of 1 grm. per 
square centimetre would be "000000264° C. ; and since the increase of resistance of 
the wire for 1° C. at 4° C. had by preliminary experiments been determined to be 
almost exactly "0047 per unit of resistance, the increase of resistance due to the heat 
of compression woidd be '000000264 X '0047, or 1241X10""^^ — a. result which agrees 
fairly with that arrived at by direct experiment. 

After making these experiments I was glad to find that Chwouson had succeeded 
in measuring the effect of fluid pressure in the cases of copper, lead, and hard brass,* 
and with these three metals observed that increase of fluid pressure produced decrease 
of electrical resistance. 

In the next table are given the results of Chwolson's and my own experiments, in 
centimetre gramme units. 



• Im. Acad, of St. Petersburg Bull., March, 1881, and 'Nature,' Juno 2, 1881, p. 112. 
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Table VI. 



Kame of 
MetaL 


Deerease of 

resistance per 

unit produced 

by an increaae of 

fluid pressure of 

Igrm. per 
square oentim. 


Increase of 

resistance per 

unit produced by 

a longitudinal 

tension of 

1 grm. per 

square centim. 


Batio 

of 
B:A. 


Decrease of 
resistance per 
unit attending 
a fluid pres- 
sure sufficing 
to halve the 
length of the 
wire. 


Increase of 
resistance per 
unit attending 

longitudinal 
tension suffic- 
ing to double 

the length of 
the wire. 


Decrease of 
specific resis- 
tance per unit 
attending a 
fluid pressure 
sufficing to 
halve the 
lengtli of 
the wire 


Increase of 
specific resis- 
tance per unit 

attending 
longitudinal 
tension suffic- 
ing to double 
the length of 
the wire 
-D. 


Batio 

of 
C:D. 


Lead. . 
Copper . 
Iron . . 
Brass . 


10638x10-13 
12570x10-12 
11600 xlO-w 
10640 xlO-i« 


17310x10-13 
23100x10-12 
2111] X 10-13 
2265-5x10-13 


1-63 
1-84 
1-82 
213 


2-440 
3-470 
5-269 
3004 


2-885 
2-713 
4-180 
2-239 


3-440 
4-470 
6-269 
4004 


1-613 

1-005 

2-618 

•166 


214 
4-45 
2-39 
2-41 


Means . 


•• 




1-83 


•• 


•• 


•• 


•• 


2-85 



Mxplanation of and remarks on Table VL 

A few words are necessaory on the methods of calculating the numbers given in 
columns five and seven. 

K e be the coefficient of longitudinal elasticity, and a the ratio of lateral contraction 
to elongation, it can easily be proved that if we subject a wire to a fluid pressure of 
1 grm. per square centimetre, the decrease in length per unit thereby produced will be 

. If then A denote the decrease per unit of resistance produced by the pressure, 

it follows that the decrease attending pressure which would suffice to halve the length 

1— 20" 
of the wire would be A -5 , and in this way the numbers in column five have been 

determined from those in column two ; the values of e and c being those given in 
Part L, with the exception of the value of a for brass, which has been taken from 
Maxlock's paper,* as I have reason to believe that the values of cr obtained by me 
for this metal are too large. Again, since the pressure would for such small amoimts 
as are used here cause a decrease of section which would be double the decrease of 
length, the effect of the pressure in merely altering the dimensions would be to in- 
crease the resistance by 1 per unit. In order, therefore, to deduce the values in 
column seven from those in column five we have only to increase the former by 1. 

It will be noticed that the total alteration of resistance produced by the fluid pressure 
is in all cases less than the alteration produced by the same amount of longitudinal 
stress, the ratio of the latter alteration being to that of the former as 1*83 : 1 ; but 
that the alteration of resistance when the same chomge of length is produced by the 
two kinds of stress is, except in the case of lead, greater when fluid pressure is 

• Proc. Royal Society, June, 1879. 
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employed than with longitudinal stress, and that the alteration of specific resistance 
is much greater for the former kind of stress than for the latter, the ratio being 
about 2-85 : 1. 

The small alterations of resistance which can be produced by fluid pressure as shown 
in this table prove also how impossible it would have been to detect with such changes 
of pressure as can be effected by an air-pump any alteration of resistance due directly 
to compression, and therefore the value of the mode of experimenting already alluded 
to in determining the amount of lowering of the temperature of the fi-eezing-point of 
water by pressure : in fact, the change of resistance due to the lowering of the tem- 
perature of the melting-point of ice by the pressure would be more than 22 times the 
change of resistance due to the pressure only. 

A brief consideration also suffices to show that the alteration of resistance due to 
any change of temperature is in all cases very much greater than that which would 
follow from the same change of volume produced by mechanical stress ; this will be 
seen at once from a glance at the next table. 

Table VII. 



Name 

of 
metal. 


Coefficient of 

cabical expanrion 

at2ircr 


Increase of 

resistance per unit 

caused by a rise 

ofrC.at20«C. 


Rue of 

temperatore 

neceesaiyto 

doable the volnme 

-A. 


Increase of 
reastanee per unit 
eaased by rise of 

temperature 


Increase of 

resistance per unit 

if the wire could 

hare its Yolome 

doubled by 

mechanical stresB 

-C, 


Baiio 
of 


Lead . . 
CJopper . 
Iron . . 
Brass . . 


•8223x10-^ 
•4554x10-* 
•3420x10-^ 
•5450x10-* 


•00375 
•00380 
•00470 
•00122 


•c. 

12,160 
21,960 
29,250 
18,350 


45-6 

83-5 

137-5 

22-4 


0962 
0^904 
1393 
0-746 


474 

924 
98^7 
303 



We see from this last table that the alteration of resistance due to any change of 
temperature is in the case of the four metals, lead, copper, iron, and brass, from 30 to 
nearly 100 times as great as that which would follow from the same change of volume 
produced by mechanical agency;, and it would appear, again, therefore, that the 
increase of resistance caused by rise of temperature is principally due to other 
causes than mere expansion. 

Permanent Alteration of Resistance produced by Longitudinal Traction. 

Limit of elasticity. 

Experiments on the permanent alteration of resistance produced by traction possess 
considerable advantages in determining the limit of elasticity over the methods 
usually adopted. In the first place, it is possible to detect much more minute elonga- 
tions, even though very small lengths of the wire be employed, than would be the 
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case if 100 feet of the wire could be tested in the ordinary way with the catheto- 
meter, and in the second, all errors arising from the wires not being perfectly straight 
at the commencement of the experiments are entirely avoided. 

The limit of elasticity raised by previous loading, 

, Robert TnAiisN* with, no doubt, others has shown that in the cases of iron and 
steel the limit of elasticity can be raised by previous loading. 

This was found to be so for all the metals examined, and the next experiment 
furnishes a fair example of the kind. 

Experiment XXL 

An annealed copper wire was very carefully loaded and unloaded by allowing water 
to flow slowly into and out of a pail attached to it, and the permanent increase of 
resistance determined after each unloading. The water entered the pail from a vessel 
containing 5814 grms. of the liquid, and this quantity took five minutes to pass into 
or out of the pail. 







Nnmber of dWidoiM throngh 




Nnmber of 


which it was neceaaary to 


Nnmb«r of trial. 




more the aliding-piece in 




-6814 grms. 


ordtr to restore the balance 
after each nnloading. 


1 


1 


14 


2 


1 


1 


3 


2 


31 


4 


1 





5 


2 


2 


6 


3 


54 


7 


1 





8 


2 


2 


9 


3 


9 


10 


4 


80 


11 


1 





12 


2 





13 


3 





14. 


4 


7 


15 


5 


122 


16 


1 





17 


2 





18 


3 





19 


4 





20 


5 


25 


21 


6 


235 


22 


1 





23 


2 





24 


3 





25 


4 





26 


5 


8 


27 


6 


29 


28 


7 


1084 



* Fogg, Ann., April, 1865, and Phil Mag., December, 1865. 
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Critical points. 

Thal4;n has also proved* that if a curve be drawn having for its ordinates and 
corresponding abscissae lines proportional respectively to the permanent extensions 
and the load producing them, there is a point of maximum curvature, where the 
Increase of length becomes suddenly large compared with the load, and suggests this 
point, which appears to be nearly at the same part of the curve for different specimens 
of iron and steel, as a suitable substitute for the so-called ^' limit of elasticity/' 

My own investigations have shown that there exist in every metal two such points, 
which I have called critical points, and these are evidently very closely related to the 
moduli of elasticity. The first of these critical points is one that must of necessity 
have escaped the notice of most observers of the elongation of wires in the usual 
manner, as the load required to straighten the wire sufficiently for observations made 
in this way is beyond this point. Now in the present investigations it is not requisite 
to straighten the wire, and as the increase of resistance proves to be almost exactly 
proportional to the permanent elongation, it is evident that the curves showing the 
relations between permanent extension and load will be similar to those connecting 
permanent increase of resistance and load. 

Experiment XXL furnishes a good example of the first critical point. It will be 
seen that the first critical point occurs at the seventh measure, this producing a 
permanent increase of resistance the ratio of which to that produced by the previous 
measure is appreciably greater than any of the other similar ratios. 

The following experiment is a sample of a series undertaken with a view to ascertain 
the position of the two critical points for the different metals. 



• Phil. Mag., December, 1865. 
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Mxperinient XXII. 

A well-annealed silver wire was suspended for trial with the scale-pan attached, and 
loads increasing by 1 kilog. at a time were put on for three minutes and then 
removed, when the permanent increase of resistance was determined for each load. 



. 


Increase of resiitance 


Load in kUoga. 


in diTiriona of 




platinum-ailTor wire. 


1st 


40 


2nd 


40 


3pd 


45 


4th 


60 


5th 


76 


6th 


80 


First oritioal point . 7th 


142 


8th 


186 


9th 


306 


Second critical point 10th 


1436 


11th 


2706 



Each division of the platinum-silver represents in this case an increase of resistance 
of only xAxr P®r cent., and as the percentage of permanent elongation is half of this 
fraction, because the wire is decreased in section very neai-ly in the same proportion as 
it is increased in length, it follows that the total elongation produced by all the loads 
up to the first critical point inclusive, does not exceed '2 per cent. 

The case of iron. 

The behaviour of iron under longitudinal traction is very remarkable ; this metal, if 
the load be applied in small quantities at a time, is seen at certain points to become 
perfectly rigid, so that the further application of stress does not produce any further 
permanent elongation until the load has reached a certain value, when elongation once 
more commences.* Further, iron possesses three critical points at least, and may be 
found to have more;t these points are well shown in Experiment XXIII. 



* This was first noticed by J. T, Bottomlby (Proc. Roy. Soc, No. 197, 1879), who kindly lent me 
some of the same kind of wire as that nsed by himself. 

t Perhaps other metals may have more than two critical points, which might be discovered by loading 
the wires more gradually. 



MPCCCLXXXIII, 
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Experiment XXIII. 
Annealed iron wire. 





PwBiMMnt inarawe 


LcMdinkUoKi. 


of redataaee leprMented by 
divitiou of plstinnn- 




ailrerwire. 


Ist 


5 


2nd 


8 


3rd 


17 


4th 


21 


5th 


29 


6th 


33 


7th 


42 


First oritioal point 8th 


120 


8J 


118 


9th 


40 


9i 


25 


10th 


30 


lOi 


35 


11th 





Hi 


15 


12th 


83 


12i 


177 


13th 


223 


\^ 


389 


Second critical point 14th 


2356 


Ui 


2028 


15th 


\4S.\ 


\^ 


2052 


16th 


36 


16J 


24 


17th 


804 


Third critical point 171 


1603 


18th 


Broke 



It will be seen from the above experiment that there is a critical point at the 
8th kilog., another at the 14th kilog., and a third at the 17th kilog. 

The two critical points were determined in all cases by finding the two points 
where the ratio of the increases of resistance produced by consecutive equal loads is 
greatest ; the next experiment furnishes an example of the method adopted 
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Experiment XXIV. 
Annealed German-silver (2). 



LotdinUlogs. 


Inenaae of rwist«nee 

in diriiioii* of the 
phtinnm-iridimn wiie. 


Batio of conaeeatire inenaaet 
of resiBtuce. 


Ist 2 
2nd 2 
3rd 2 
4tli 2 
5th 2 
6tli 2 
7tli 2 
8th 2 
9th 2 
10th 2 


21 

51 

59 

65 

90 

117 

143 

326 

1083 

1156 


2-43* 

115 

110 

1"38 Ist critical point. 

1-30 

1-22 

2-28 

3'32 2nd critical point. 

107 



The weight of the scale-pan, pulley, &;c., was 2*5 kilogs., or 1'25 kilogs, on each part 
of the wire, therefore the total load at the first critical point is equal to 11 '25 kilogs., 
and that at the second 19*25 kilogs. Now the section of the wire at the two points 
is •00883 and "00876 per square centimetre ; hence the load at the first critical point is 
1274 and at the second 2197 kilogs. per square centimetre. 

In Table VIII. wiU be found the loads at the two critical points and their relation 
to "Young's modulus." 

Table VIII. 



Name of metal. 



Yalae of 
tfingnoB. per 
square cenum. 



Load at the first 

critical point in 

gnns. per sqaare 

oentim. —a. 



Load at the second 

critical point in 

gnns. per square 

oentim. «/?. 



Batio e : a. 



Batioe:/3. 



Iron (1) 

Nickel (1) 

Platimim (1) 

Gterman-silyer (2). . . . 

Copper (2) 

Copper (1) 

Copper (3) 

Platdnnm-Bilyer (1) . . . 
Silver (1) 

AlwtWITllllTn (1) 

Mean for all ihe different 1 
metals j 



1981x10* 

2175 

1490 

1291 

1218 

1160 

1143 „ 

1051 
742 „ 
673 „ 



2070 xl0» 

2-200 „ 

1-400 „ 

1-274 „ 

1151 „ 

1115 „ 

1-230 „ 

1-081 „ 

-819 „ 

•730 „ 



3-009 xlO« 
3100 „ 
1-520 „ 
2-197 „ 

1-702 ■„ 
1-870 „ 
1-741 „ 
1-250 „ 
1120 „ 



9-6xlO» 

9-9 „ 

10-6 „ 

10-1 „ 

10-7 „ 

10-4 „ 

9-3 „ 

9-8 „ 

91 „ 

9-2 .. 



9-8xl0« 



6-6xlO» 
70 „ 
9-8 „ 
6-0 „ 

6-8;, 

61 „ 
6-0 „ 
60 „ 
60 •„ 



6-7xl0» 



* In this, as in soTeral otber experiments, the first of the ratios of oonsecative increases is greater than 
several of those which follow, bnt this is probably dne to the fact that the weight of the scale-pan had 
been acting on the wire for some honrs previous to the period of actual testing. 

M 2 
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RemarJcs on Table VIII. 

It is evident from the last table that the loads both at the first and second critical 
points, in the case of each substance, bear a constant ratio to the corresponding value 
of " Young's modulus," there being quite as much difference between the several 

ratios - and - for the three specimens of copper as for the various metals. The time 

during which the load was allowed to act was in all cases the same, namely, three 
minutes,* and the wire was relieved of all weight except that of the scale-pan before 
determining its alteration of resistance. 

Experiment XXI. having shown that the position of the critical points must be 
altered by the process of wire-dramng, it is necessary that very great care should be 
taken in annealing the wiret if we wish to determine the true position of these 
points for any substance whose particles are to be free from mutual strain previous to 
beginning the experiments. The theoretically correct definition of the " limit of elas- 
ticity " would be the highest load per unit of surface which a wire can bear without 
undergoing the slightest permanent elongation. It is clear, however, that we cannot, 
even with the utmost care, obtain a substance which will have its particles in a 
perfectly homogeneous condition, and it will of necessity happen that some of the par- 
ticles are on the point of passing the elastic limit or, at any rate, that some are much 
nearer this limit than others, before any external stress has been applied. Conse- 
quently we can never hope to obtain the true value of the elastic limit by merely 
endeavouring to observe the first trace of a permanent elongation, our power to do so 
depending upon the delicacy of our instruments ; but we can accomplish our object in 
all probability by determining the point at which the ratio of the elongation and the 
stress producing it reaches its first maximum. I would venture, therefore, to suggest, 
that \hQjirst\ of the two so-called critical points be taken to represent the true " limit 
of elasticity '' of a well-annealed substance, and to agree with ThatAn that neither the 
method of measuring the limit of elasticity by the greatest load which will produce 
sensible permanent elongation, nor the purely arbitrary one adopted by Werthbim and 
others of fixing an elongation of '0005 of the unit length as corresponding to this limit, 
is desirable. 

* Except in the case of copper (3) where five minntes was allowed. 

t It is certainly not sufficient to heat a wire to redness for a few minides^ and then allow it to cool 
slowly ; the high temperatnre mnst be maintained in some cases for a considerable time. 

X The second of the critical points is evidently the same as that suggested by Thal&n as being snitable 
for measnring the limit of elasticity (Phil. Mag., December, 1865), but I think that the second point is 
rather the precursor of breakage than of the passage of the elastic limit. 
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Critical points of tin and lead. 

The positions of the critical points of these metals have not been satisfactorily 
determined though several trials were made for that purpose, and in some of these 
great care was taken to load by very small amounts at a time and to allow each weight 
to remain on the wire for a considerable period ; in the following experiment each 
load was left on the wire for 48 hoiurs :— 



Experiment XXV. 
Annealed lead wire. 



Loud in tenUw of 


Increue of naiataoee 

in diviaiona of the 

pUtinnm-iTidinm wire. 


Batio of eoDaecntire 
increaaee of reaiatance. 


Ist tenth .... 

2nd 

3rd 

4th 

5th 

6th 

7th 

8th 

9th 


70 

16-6 

380 

490 

660 

1030 

2070 

6400 

wire broke. 


2-4 
2-3 
1-3 
1-4 
1-6 
20 
2-6 



If we regard the second load as the load at the first critical point, and the eighth as 
the load at the second critical point, we obtain for the loads at the two critical points 
respectively the values 48 kilogs. per square centimetre* and 74 kilogs. per square 

centimetre ; in this case - would =35 X 10^ and -^ =22*6 X 10*, both these numbers 

being much larger than the values of - and - for the metals in Table VIII. 

a p 

With tin, also, the loads at the first and second critical points, as far as the latter 
could be determined,t seemed much less in proportion to the value of e than was the 
case with most of the other metals. 

In Table IX. the permanent increase per cent, of resistance produced by longitudinal 
traction is shown for each metal by a series of curves j and these curves will also show 
very fairly the permanent increase per cent, of length produced, since the former is 
very nearly equal to twice the latter. 

* 80 kilogs. per square centimetre added for the permanent load, consisting of pollej, kc. 

t I am inclined, however, to attach yery little value to the observations made on the critical points of 
lead and tin ; very probably better results might be obtained by using wires of much greater section than 
those here employed. 
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Explanation of and remarks on Table IX. 

The curves are in most cases divided into two parts, the lower part representing the 
increase of resistance per cent, up to and a little beyond the first critical point, and 
the upper one the increase up to and beyond the second critical point. The abscissae 
represent the increase of resistance per cent, for the lower curves on a scale of 40 
millims. to unit increase per cent., and for the upper ones on a scale of 80 millims. to 
unit increase per cent. 

The ordinates represent the load per square centimetre in kilogrammes, and are on 
a scale of 40 millims. to each 1000 kUogs. for the lower curves and of 80 millims. to 
each 1000 kUogs. for the upper ones. 

The upper carves start from the horizontal lines drawn through their lower ex- 
tremities, and the starting points on these lines are set off at distances representing on 
the scale for the upper curves the increase of resistance already attained : also oppo- 
site each horizontal line is placed the number of kilogrammes per square centimetre 
abready put on to the wire. In all cases the origin of coordinates is marked X, T. 

Thus, for example, the upper extremity of the lower copper curve has an abscissa 
=32 millims. and an ordinate of 48 millims, therefore the load at this point is 
48x *2o^ o^ 2400 kilogs. per square centimetre; and the increase of resistance is 
32XinJ or 8 per cent. Similarly the upper extremity of the upper copper curve has 
an abscissa of 65*6 millims. and an ordinate reckoned from the horizontal line passing 
through the lower extremity of the curve of 56'8 millims., therefore the total load is 
56'8X^-J^+1080 or 1790 kilogs. per square centimetre, and the increase of resis- 
tance 65'6X^ or 8*2 per cent. 

In order to include lead and tin in the same table it was found necessary to reckon 
the load on a scale of 2 millims. to 1 kUog. per square centimetre, and the increase of 
resistance on the same scale as that used for the lower curves of the other metals. 
Moreover, to the load registered in the table there should be added for these metals 
80 kilogs. per square centimetre, this representing the permanent load on the wires. 

It will be observed that there is in most cases a considerable resemblance between 
the forms of the upper and lower curves, and that in the case of iron the curve near 
the two critical points becomes very nearly a vertical straight line. 

The critical points of nickel. 

We have seen that the electrical resistance of nickel is altered in a peculiar manner 
by temporary longitudinal traction, and we might expect, therefore, that the effect of 
permanent extension would perhaps be different in the case of this metal, both in 
character and extent, from what it is with other substances. This is found to be so, 
and Table X shows that the total permanent alteration of resistance produced by 
permanent extension is in the first instance of the nature of a decrease, but that, after 
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a certain load has been reached^ the resistance begins, 03 in other metals, to increase. 
The curves in Table X. are drawn with their abscissae to represent the alteration of 
resistance — for the lower one on a scale of 1 division of the platino-iridium wire to the 
millimetre, and for the upper one on a scale of 25 divisions of the platino-iridium wire 
to the millimetre. 

Table X. — Curve showing the total permanent alteration of electrical resistance 
produced by longitudinal traction from 10 to 24^ kilogs., and curve showing the 
permanent total alteration of electrical resistance produced by longitudinal traction 
from to 14 kilogs. 




goiooi ' woo 



■BB 



\k\± sign sicnific^ incKe^sl )F resistance 

-l._L ^ DECREES- . 1 ;_ 






-HH-H-f^H- 



HMMimiiiiiHHimHMHiain 



iVliloKl OF fTHE pLaTINIo- IRiD1UM| WlR^ REPRESENTS 
A PElRdENTACE ALTERATION OF RES ISTANC t= od^ 



-60 -50-40 -30 -20 -10 



In both curves the ordinates represent the number of kilogrammes on the wire to a 
scale of '2 kilog. to the nullimetre. The lower curve which represents the permanent 
alteration of resistance produced by loads up to 14 kilogs., shows that the resistance 
decreases to an extent which is nearly proportional to the load up to 6 kilogs. ; here a 
sudden leap is made of rapid decrease of resistance, but on reaching the next load, 
8 kilogs., the curve turns, and just at the 12th kilog. there occurs a sudden and rapid 
increase of resistance. The upper curve which starts from the 10th kilog. shows 
that the rapid increase begun at the 12th kilog. is continued to an extent which is 
nearly proportional to the load up to the breaking point of the wire. The nature of 



Digitized by 



Google 



AND STRAIN ON THE ACTION OF PHYSICAL FORCES. 



89 



these curves wovild seem to show critical points at the 6th, 8th, and 12th kilogs., but 
as the effect on the specific resistance of this metal was found to be very great in 
comparison with that of the other substances, it was evident that the critical points as 
undei-stood to mean points of sudden increase of length compared with the load 
' producing it could not safely be deduced from the curve showing the total alteration 
of resistance. The critical points have therefore been deduced from direct observa- 
tions of the permanent increase of length produced by each load, and the results of 
these observations are shown in the curve of Table XI. This curve has its abscissae 
representing the permanent increase of length on a scale of '625 millim, of increase of 
length to the millimetre and its ordinates the load in kilogrammes on a scale of '2 kilog. 
to the millimetre. From the observations of increase of length the first critical point 
was determined to be at the load 2200 kilogs. per square centimetre and the second at 
the load 3100 kilogs. per square centimetre. 

Table XI. — Total permanent increase of length produced by longitudinal traction, 




The Influence of Time on the Amount of Permanent Increase of Resistance 
OR OF Length which can be Produced by Longitudinal Stress. 

It is well known to all who have made investigations in the subject of elasticity, that 
the permanent increase of length which can be produced by a given amount of longi- 
tudinal stress depends largely upon the time during which the stress is allowed to act, 
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and aa it was expected that experiments on the permanent increase of resistance would 
throw some light on this influence of time, several trials were made with a view of 
ascertaining whether a wire wQl, when under the action of considerable stress, show 
greater and greater increase of length until it breaks, or .whether the time-curve of its 
increase of length will be asymptotic. 

Experiment XXVI. 

A piece of copper (3) having been loaded for some time with six measures of water 
was still further loaded with one measure, this being allowed to enter very slowly into 
the pail attached to the wire ; the current from a Daniell's element was kept flowing 
through the "bridge" circuit, and the alteration of resistance observed by^noting the 
position of the light on the scale. 





Increaie of resittance* 


i 
1 


Time in minotea 


for each minnte 


Difference of increase | 


after the completion 


in terms of the deflection 


for consecDtive | 


of the loading. 


of the light in sealed 


minntesk 


1 


divUions. 




45 




2 


31 


14 


3 


25 


6 


4 


24 


1 


5 


18 


6 


6 


16 


2 


7 


16 





8 


15 


1 


9 


17 


-2 


10 


10 


7 


11 


13 


-3 


12 


14 


-1 


13 


13 


1 


14 


7 


6 


15 


5 


2 


16 


8 


-3 


17 


10 


-2 


18 


8 


2 


19 


5 


3 


20 


7 


-2 



From the last experiment we learn that, though the wire had been so carefiilly 
loaded and the room free from vibrations of any sort, the increase of resistance did 
not, shortly after loading^ take place smoothly, but the. difference of increase of 
resistance for consecutive minutes became alternately greater and less. 

In the next experiment the increase of resistance is measured by the number of 
divisions of the platino-iridium wire through which it was necessary to move the 
sliding-piece in order to restore the balance, and the times recorded are those taken 
to produce the increase of resistance. 

* Each scale-division here represents an alteration of resistance eqnal to abont ten-millionths of the 
whole. 
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ExpeHment XXV IT. 

The same wire as in the last experiment was allowed to run down for a few minutes 
longer, and then the following observations were made : — 



Increase of resistance 

in diyieions of 

the platino-iridiam wire. 



Ist . 


. 40 


2nd. 


40 


Srd . 


40 


4th . 


40 


Stli . 


40 






lUL . 


83-40 




Mean valae of ratios = 1342. 



It is to be noticed that here the increase of resistance takes place more regularly ; 
and though the ratios of consecutive times are not very constant, it would seem that 
the times form a geometrical progression, since the time for the last increase of 
resistance, as calculated from the formula <=13xl'342^^"^^ where t denotes the time, 
is 422 minutes — a number agreeing sufficiently well with the observed time. 

The wire was afterwards loaded more and more, and the values of the ratios of 
consecutive times, as determined in the same manner as in the last experiment, are 
recorded in Table XII. 

Table XII. 
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value 








ff 


Total load 




ofUie 






Mean 


Resistance 


on the 




increments 






values of . 


of the 


wire in 


Calcalated 
load in 


of 




Mean 
values 

of 
ratios. 


ratios 


wire in 


measures 


resistances 


Ratios of the oonsecutiTe times 


calculated 


terms of 


of water, 


kilogs. 


repre- 


required by the loads 


for a 


the 


each 


per square 


sented by 


to produce equal increments of resistance. 


percentage 


comparison- 


measure B 


centim. 


40 diTisions 




increment 


idre. 


5-820 
kilogs. 




of the 
platino- 
Iridium 

wire. 






of 

resistance 

«-l. 


1-066 


010 


1448 


-0814 


1-24 


2^00 


1-21 


1-83 


1-29 


117 1-88 


1-60 


1-27 


1-24 1-22 


1-86 


2-672 


1-080 


9-75 


1570 


•0811 


1-88 


1-88 


1-82 


I'Zh 


ro8 


1-21 ' 118 


1-80 


1-20 


1-24 


• • 


1-26 


2-097 


1120 


10-75 


1759 


•0305 


1^10 1^21 


1-07 


1-23 


114 


1-17 1-14 


1-26 


118 1-18 


^25 


M7 


1-721 


1177 


11-75 


1971 


•0298 


112 1-16 1-18 

! 


1-16 


108 


112' .. 


•• 


.. .. 


•• 


113 


1-492 
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We learn from Table XII. that the ratios of consecutive times become more and 
more constant as the load on the wire is made larger and larger, and therefore that the 
velocities of increase of resistance for small equal increments of resistance form a 
geometrical progression. 

In order to make the mean values of the common ratios comparable with each other, 
the common ratios calculated for equal increments of resistance of '1 per cent, are 
recorded in the last column ; the calculation was effected by raising the observed ratio 
in the last cohimn but one to the power obtained by dividing *! by the percentage 
values of the equal increments of resistance given in the fourth column. For example, 
with a load of 1448 kilogs. per square centimetre, the common ratio of the geometrical 
progression foimd by the times taken for the load to increase the resistance by suc- 
cessive percentage amounts of '0314 was found to be 1*35, therefore the ratio which 

would have ensued, if the times taken to increase through "1 per cent, had been 

•1 
observed, would have been l-35o3i4 or 2-572. 

Again, the loads in kilogrammes per square centimetre given in the third column 

are calculated from the resistances given in the first column in the following manner : 

let Si and S^ be the sections of the wire before and after stretching, and let the 

corresponding resistances be Rj, Rg, and the lengths l^ and Z^ ; then, ^=^X^, 

provided that there be no change in the specific resistance of the metal; also 

/ S 
/jX 81=^2X82, or r=5^> provided that the stretching does not alter the density. But 

we shall see that neither the density nor the specific resistance is altered by stretch- 
ing to any extent sufficient to introduce any appreciable error, therefore we have 

within a sufficiently close ^approximation p =(^ ) > ^^ S^ssSiX A/p^* Thus the 

section S^ having been determined, it is easy to ascertain the section after any amount 
of stretching. For example, the section of the wire last used was before stretching 
•0183 square centim., and the resistances before and after the stretching were 1056 
and 1'080 respectively, therefore the section of the wire after stretching would be 

nearly '0183 X >\/i^aoa> ^^^ *^® actual load on the wire being 975 measures of water 
or 975 X 5*825 kilogs., the load per square centimetre would be — jTr^r — X a/to)^ 

kilogs. =1570 kilogs. In all cases the resistances recorded in the first column are 
the means between the resistances observed at the commencement and end of the 
times during which the velocities of increase were noted, and the wire was allowed 
to run down for some time (about 20 minutes) before the observations of the velodties 
of increase commenced. 

It is, moreover, evident from the last column in the table that the common ratio of 
the geometrical progression becomes less and less as the load becomes larger and 
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larger, and we might expect to find some relation between the decrease of velocity 

of increase of resistance and the diflference between the breaking-load and the load 

actually on the wire. A further examination of the results given in Table XII. shows 

that a relation does exist of an extremely simple nature ; in fact, if we denote the 

breaking-load and the actual load on the wire by P and p respectively, the decrease 

per imit of the velocity of increase of resistance is inversely proportional to P— p. 

The value of P was carefully determined by loading pieces of the wire by moderate 

amounts at a time, and allowing each load to remain on the wire some ten minutes 

before each further addition, and measuring the diameter close to the point of breakage 

by means of a wire-gauge graduated to '01 millim. The mean of several trials gave a 

value for P of 2625 kilogs. per square centimetre. 

Now if t^y tg, ^3, &c., are the times taken to increase the resistance by successive 

equal and small amounts, the ratios t^ : ^i, ^3 : f^i &c., have been proved to be constant 

for the same value of p : let this constant be denoted by r ; then the decrease per 

111. r— 1 

unit of the velocity of increase of resistance being =-—---5-- will therefore = , 

1 3 1 ^ 

r— 1 
and acQordingly if the above-mentioned relation holds good, — —-ir(P—p) should be a 

constant for difierent values of p. The last column of the table gives the values of r 

r— 1 
for the loads given in the third column, and the values of r (P—p) are for the four 

loads there recorded, '000519, '000496, '000484, and '000504, with a mean value of 
'000501. 

The question next arises, will the ratio — 7=: — r be the same for other metals as for 
^ rx(P—p) 

copper ? for if so we can calculate the breaking- load by merely loading the wire beyond 

r— 1 
the second critical point and observing the value of r ; then, since — . = '000501, 

P— I ^""^ 

With a view of ascertaining whether the breaking-load could be thus calculated, a 
series of experiments with diflFerent metals was begun, the mode of operating being 
similar to that just described in the case of copper, and the results are shown in the 
next table. In the same table are also given the ratios of the diflferent moduli of 
longitudinal elasticity to the corresponding breaking-load. 
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Table XIII. 









Batio of 










MeUI. 


Percentage 

value of 

the equal 

increments 


Actual 
load on the 

wire in 
kilogs. per 


consecatiTe 

time 
calcnlated 

for an 
increase of 


Calculated 
breaking-load 

^"""rx -000501. 


Obserred 
breaking- 
load in 
kilogs. per 


Mean 
values of 
breaking- 
loads from 
observation 


Batio of 

"TOOHO'S 

modulus " to 




of 
resistance. 


square 
centim. =p. 


*1 per cent, 
of 


square 
centim. 


and 
calculation. 


breaking-load. 








•=r. 










r 


1 -0314 


1448 


2-572 


2666 


2625 


-j 




Copper (3). .< 


•0311 
•0305 


1570 
1759 


2-097 
1-7-21 


2612 
2593 


•• 


I 2625 


4-35x102 




•0298 


1971 


1-492 


2628 


. . 


J 




f 


•2270 


3311 


1-081 


3826 


3816 


"I 




Iroii(l). . .< 










3785 


> 3825 


5-17 „ 


[ 










8867 


J 




r 


•9620 


1418 


1^014 


1446 


1468 


1 




Zinc (2). . .< 


•• 




•• 




1528 
1426 


\ 1460 


5-25 „ 


( 


•1524 


1787 


1-131 


1968 


2061 


\ 




Platinnm (1) .< 


•1487 


1836 


1064 


1956 


2080 


> 2021 


7-20 „ 


(^ 


•1482 


1946 


1029 


2004 


2099 


i 




r 


•0609 


1076 


2-531 


2281 


2090 


1 




Silver (1) . J 


•0601 


1192 


2-015 


2195 


2272 


> 2185 


3^44 „ 


I 


•0582 


1440 


1-498 1 


2099 


2170 


J 




f 


•0552 


864 


1-144 


1295 


1277 


1 




Alamininm (1) < 
I 


•• 








1304 
1288 


\ 1293 
J 


5-19 „ 












X^UCJ 




Mean 510 Xl0» 



Observations on Table XIII. 

We learn from the above table how very closely in all cases the calculated breaking- 
load agrees with the observed breaking-load, though the values of p and of the per- 
centages of increase of resistance for which the times were observed varied considerably. 
What differences do exist are no greater than those between the values of the observed 
breaking load for different pieces of the same wire. 

Since, also, the permanent increase of resistance produced when a wire is running 
down under the influence of a load is for small amounts nearly double the increase of 
length, we may determine the breaking load by observing the times taken by the load 
to produce successive equal increments of length amounting to '05 per cent., and use 
the same formula as above.* 

In estimating the breaking-load as has been before mentioned, the diameter of the 
wire was gauged in the immediate neighbourhood of the breaking-point ; and this is 
necessary if we wish to determine the true breaking-load in kilogrammes per square 
centimetre, inasmuch as, however uniform in diameter, and however carefully annealed 

* It should be noticed that the value of r as used in the formula is 'greater than nnity, and is obtained 
by dividing the av^cceeding by the preceding time of accomplishing any two consecutive increments of 
resistance or of length. 
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the wire may have been before stretching, the latter action is sure to diminish the 
diameter at some parts of the wire more than at others, and eventually the wire breaks 
at that part at which the greatest contraction has taken place. 

If a wire could be obtained of perfect uniformity of diameter and substance, the 
contraction would gradually increase from each end to the centre where it would be 
greatest, and at this point the wire would break. It is interesting to watch this 
• gradual increase of contraction from the two ends to the middle in the case of a test- 
bar of ductile iron or steel, and through the kindness of Sir Joseph Whitworth 

1 was able to make the following experiment on such a bar of fluid-pressed steel, the 
specimen having been selected as suitable for this purpose in consequence of its great 
ductility. 

The bar had a total length of 6 ioches before stretching, but a screw was formed, 

2 inches in length (see fig. 16), at each end for the purpose of securiog the bar in the 

Fig. 16. 




framework of the hydraulic press employed to stretch it. The diameter of the bar 
between the two screws was before testing 7979 inch, and after each stretching the 
bar was removed from the press and the length and diameter re-determined: the 
results obtained are recorded in the next table. 

Table XIV. 



StNwintons 
per (qaar« inch. 


Totol 

permanent inerciise 

of length meMured after 

the removal of 

theetress. 


Total 

permanent contraction 

of diameter at 

the centre. 


Batio of 
pennanent contraction 

of diameter to 
permanent elongation. 


20 


•1060 


•025 


•236 


22 


•1560 


•030 


•192 


24 


•2380 


•050 


•211 


25 


•3010 


•063 


•176 


26 


•5175 


•098 


•190 


26 Second time 


•7860 


•228 


•294. 


23^ Broke 


•8900 


•323 


•363 



It will be noticed that the ratio of permanent contraction of diameter to the 
permanent elongation is as sensibly constant as could have been expected from the 
way in which the diameter had to be measured, namely, by calipers,* until the 

* WHrrwoBTH's measuring-macliine would have been employed for this purpose as it was for xneasuring 
the increase of length, had not the carving of the bar produced bj the stretching rendered such an 
instrument unsuitable. 
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breaking-load is nearly reached, when the contraction begins very suddenly to 
increase. 

Fig. 16 is from a photograph of a similar specimen, broken after stretching, and 
shows the gradual contraction from the ends to the centre and the sudden increase of 
contraction at this point. In measuring the diameter of the broken wires the gauge 
was placed close to the place of this sudden contraction. 

It appears also from Table XIII. that there is a certain amount of relationship 
between the breaking-load and the modulus of longitudinal elasticity; platinum, 
however, having too small a breaking-load and silver too high in comparison with the 
modulus of elasticity when contrasted with the other metals. 

It should be remembered that m the case of the former metal the loads at the 
critical points were less in proportion to the elasticity than was the case with the other 
metals^ and if we regard the breaking-point as a third critical point, it would appear 
that these three critical points are in the case of well annealed wires related to each 
other roughly in the ratios of 1 : 1^ : 2 or of 2 : 3 : 4. 

The Permanent Alteration of Specific Resistance caused by Stress. 

TrO'Ction. 

We have seen that the alteration of specific resistance which can be temporarily 
produced by longitudinal traction Ls very small, but then the temporary lengthening is 
small also. Now we can with wires which have been well annealed produce, in most 
cases, a far more considerable permanent increase of length, and it seemed desirable to 
ascertain whether there would be a correspondingly large change in the specific resis- 
tance of the substance. 

Three different modes of experimenting were tried : — ^in the first, the wire to be 
tested and the comparison-wire were clamped into the blocks already described, and 
were then stretched at full length on the floor and side by side ; the short block, into 
wliich one end of the wire to be stretched was clamped, was placed behind two stout 
screws, which were screwed into the floor to about one half of their length, and about 
one inch apart ; the wire passed between these screws, and the other end of it which 
was clamped into the longer brass block was pulled by hand until it was quite straight* 
a mark on the block which traversed a wooden scale divided into millimetres, and 
secured to the floor by screws in a position parallel to the length of the wire, serving 
to measure the length of the wire. It was ascertained that after a little practice the 
readings could be depended upon to within at least I nullim. or about t^qq of the 
whole length. After thus measuring the length, the wires were placed in the air- 
chamber already described, and after the usual precautions, the ratio of their resis- 
tances tested ; a weight was now placed on the pulley for three minutes and then 
removed, when the wire was permitted to remain free from stress for 10 minutes, after 
which time a new determinatiou of the ratio of the resistances of the wires was made. 
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The wires were now removed from the air-chamber and the one which had been 
stretched was remeasured. The same processes were repeated after greater and 
greater loads until finally the wire was broken. With some of the wires the specific 
gravity was determined after each stretching, but as the alteration of density was 
found to be very small with most of the substances, the specific gravity was deter- 
mined before the stretching had commenced, and again after the wire had been 
considerably elongated ; the density for intermediate amounts of stretching was 
calculated on the assumption that the change of density is proportional to the increase 
of length. 

In the second method the wires were kept during the whole period of observation 
in the air-chamber ; the hook on the pulley was connected by a fine copper wire, with 
a brass sliding piece provided with an index and capable of free vertical motion up and 
down a wooden scale. The lower extremity of the sliding piece was slightly weighted, 
so as to keep the fine copper wire, which had been previously stretched very nearly to 
breaking, perfectly straight. The hook on the pulley was also connected by a chain 
with a lever which served to elongate the wire. On commencing the experiments the 
weight of the lever was removed fi:om the wire and the resistance of the latter was 
determined ; the position of the index was then noted and afterwards the lever was 
used to produce the required extension, when again the wire was relieved from stress 
and after a few minutes the resistance and length of the wire were redetermined. In 
this way an alteration of length not exceeding 50^00^ ^ of the whole could be readily 
measured, but as it was ascertained that in the case of certain wires it was necessary 
to remove entirely even the slightest constraint, such for instance as would be caused by 
the small weight of the pulley or of the sliding piece, before they would, attain in a 
suflBciently short time their ultimate resistance, a third method was adopted as 
follows : — 

The length of the wire to be examined having been measured as in the first method, 
it was placed, together with the comparison-wire, at full length in a long wooden box 
made for the purpose, the two wires having previously been wrapped as usual in paper 
or surrounded by caoutchouc tubing, and after a sufficient time bad elapsed, usually 
about 15 minutes, to enable them to assume their ultimate ratio of resistance, this 
latter was determined. The wires were then removed from the box, and the one to be 
tested stretched as in the first method to a certain extent ; they were then replaced, 
and after the proper time their resistance ratio redetermined. At each removal of the 
wires firom the box the connexions with the other parts of the bridge had to be 
disturbed ; but it was ascertained, as indeed might have been expected from the mode 
of experimenting,* that this did not in the least afiect the value of the ratio of the 
resistances of the two wires. A few examples will suffice to show the nature of the 
results obtained. 

* I baye frequently removed and replaced the connexions of the wires withonb causing any alteration 
of resistance which would amount to rv^rnr^ ^^ ^^^ whole. 
MDCOCLXXXin, O 
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Experiment XX VII I. 

A wire of annealed silver^ 8 feet in length and '085 oentim. in diameter^ stretched 
by loading. 



Loadio 
kOogs. 


ToUlincMMeoflaDgtb 

per cent, prodnoed by 

tbelotd-A. 


ISpUI inemw of tptdfie 

renataiice per eent 

pradnoed bj (he load 


lUaoof 
B:A. 


5 
6 

7* 


115 
3-64 
7-28 
9-38 


+•034 
+•274 
+•246 


•0094 
•0376 
•0262- 



Experiment XXIX. 

A wire of annealed copper^ 8 feet in length and *095 centim. in diameter, stretched 
by hand. 



Tofad inereMe of length 

per eent prodnoed bj 

Btre(ebiog>iu 


Total inereaae of epedfic 

reeiatanoe per eent 

prodnoed byatrotehing 

-B. 


. Batioof 
B:A. 


2-42 
4-84 

11-as 

23-36 


+0-396 
+0-649 
+0-373 
+0-296 


•163 
•134 
•030 
•013 



Experiment XXX. 



t 



A wire of annealed iron, 8 feet in length and '092 centim. in diameter, stretched 
by means of a lever, the stress produced by the weight of the lever being allowed to 
remain after the permanent extension had been completed. 



Total inereaae of length 

per cent prodnoed by 

BtretoUng-A. 


Total inereaae of apeoifie 

reaiatance per cent 

prodnoed by atreteUng 

-B. 


Batioof 
B:A. 


3-75 

7-96 

11-86 

16-74 


+ •129 
•224 
•384 
•640 


-034 
-028 
-032 
-041 
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Expefriment XXXI. 

A wire of annealed iron, 8 feet in length and '092 centim. in diameter, stretched 
by hand. 



Total iscreue of length 

p«r cent, prodaeed by 

■tretehing-iu 


Total locreMo of apedfie 

ledatanee per cent, 
produced by atretcbing 


Batioof 
B:A. 


6^74 

7-51 

9-49 

11-66 

16-36 


-•105 
-143 
-156 
-177 
-•160 


--0183 
--0190 
--0164 
-•0163 
-•0091 



Experiment XXXII. 

A wire of annealed nickel, 8 feet in length and 106 centim. in diameter, stretched 
by loading. 



Load in 
kUoga. 


Total increase of length 

per eenk prodaeed by 

the load -A. 


Total increaae of specific 

resiiitance per cent 

produced by the load 

-B. 


Batioof 
B:A. 


12 
18 
20 
22 
24J 


0^32 
1-67 
3^06 
4-82 
714 


-0-757 
+ 1-260 
+ 1-514 
+2052 
+3-634 


-2-366 
0-755 
0-494 
0-426 
0-509 



It will be observed that of the four metals — silver, copper, iron and nickel — ^the 
two former are at first increased in specific resistance, and that the increase only 
continues up to a certain amount of stretching when, having reached a maximum, 
it begins to decrease ; whUst with the two latter the first alteration of resistance is 
in the way of a decrease, which also after attaining a maximum begins to diminish, 
and with nickel there is soon a comparatively large increase. Of nine metals which 
have been examined, iron and nickel are the only two which in the first instance 
show a decrease of specific resistance, whikt the remaining seven are Bimilar to copper 
and silver in respect to the change of specific resistance due to permanent extension. 
In the following table the efiects of difierent amounts of permanent longitudinal 
extension on the specific resistance of copper, zinc, German-silver, nickel, platinum, 
iron, aluminium and silver are shown by a series of curves. The abscissae of these 
curves represent the percentage alteration of specific resistance, and the ordinates the 
percentage alteration of length, the former on a scale of '0125 percentage alteration to 
the millimetre, and the latter on a scale of '25 percentage alteration to the millimetre ; 

o 2 ? i -V/ 
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with nickel, however, the alteration of resistance is so very much larger in proportion 
to increase of length than is the case with the other metals, that the abscissae are 
represented on a scale of '05 percentage of alteration to the millimetre, and the 
ordinates on a scale of '0625 percentage alteration to the millimetre. 

Table XV. — Curves showing the permanent alteration of specific resistance pro- 
duced by permanent longitudinal extension. 
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Remarks on Table XV. and Experiments XXVI I L to XXXII. inclusive. 

It should be stated that before making any observation of the resistance or length, 
the wire was stretched about 2 per cent, of the original length in order to render it 
BuflSciently straight, and that the resistance and length after this stretching are 
taken as the starting points from which the percentage alterations are measmred; 
in the cases, however, of German-silver and nickel this was not done, as thej were 
deemed to be suflSciently straight without stretching, and, moreover, not capable of 
much extension before breaking. 

The curves are evidently of parabolic shape, except perhaps in the case of nickel, 
whose behaviour seems to be quite abnormal. With this metal the curve after 
passing to the left, showing that the specific resistance is diminished by extension, 
takes a sharp turn round to the right, and, after passing almost vertically upwards, 
makes another bend afterwards, proceeding almost in a straight line. Experi- 
ment XXXII., as well as the curve for nickel also, show how much larger is the 
alteration of specific resistance, whether decreasing or increasing, in comparison to 
the alteration of length, than is the case with any of the other metals. 

By comparing Experiment XXX. with Experiment XXXI., we see the eflPect of 
leaving a load on the wire after the extension has taken place ; the decrease of specific 
resistance of iron produced by a moderate amount of extension is in this case replaced 
by an increase. Now we have seen in Part I. that the wire will not quite assume the 
length which it would have if entirely relieved from stress, but the change in resistance 
is much larger than can be accounted for by any change of dimensions, and in some 
instances the efiect of a much slighter restraint than was produced by the stress of the 
lever sufficed to make a very appreciable difference in the specific resistance. The 
silver wire formed a remarkable example of the kind; with this wire the specific 
gravity was determined after each stretching, and the resistance was measured both 
before and after the former operation, the only load left on the wire being that of 
the pulley, which produced a stress of a quarter of a kilogramme on each half of the 
wire. The specific resistance after the different amount of stretchings recorded in 
Experiment XXVIII. was decreased '03, '27, '28 and '2 per cent, by uierely removing 
the pulley and taking the wire down for the purpose of weighing it in water. These 
alterations are, it is true, not absolutely large, but if we compare them with the total 
alteration of specific resistance given in the third column* of the experiment, we see 
that they are relatively very considerable. Moreover, in this case not the slightest 
alteration in the length of the wire caused by the removal of the pulley could be 
detected ; neither was the change brought about by the weighing in water, since 
a similar alteration was caused when the pulley was simply removed and replaced 
without any such weighing ; nor, again, was it due to the restitution of conductivity, 

* The Yftlaes given in this column are calculated from the resistance determined after fhe pulley had 
been removed and then replaced. 
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which we shall learn presently that rest causes after strain, since the resistance was 
decreased by the removal and replacing of the pulley in one experiment 14 hours after 
the permanent extension had been made ; a much longer time, of course, elapsing in 
this case than was required in the above mentioned operations. 

Again, though the curves are not capable of showing any sudden changes in the 
ratio of the alteration of the specific resistance, and the extension at the two critical 
points before alluded to, inasmuch as with most metals these points occur when a 
comparatively small amount of extension has taken place, yet it will be seen from 
Experiment XXVIII. that with the increase of length caused by the load of 6f kUogs. 
there is a sudden increase of the ratio B ; A, and this load corresponds very closely 
with that at the second critical point of silver. 

Hammering. 

W. Thomson, in 1857, experimented on the effects of hammering and permanent 
extension on the electrical conductivity of copper, and though no actual numbers are 
given in his paper, states* that " the greatest degree of brittleness produced by tension 
does not alter the conductivity of the metal by as niuch as one-half per cent." He, 
moreover, adds : " A similar experiment showed no more sensible effect on the con- 
ductivity of copper wire to be produced by hammering." The foregoing experiments, 
it wiU be seen, fairly bear out Thomson's statement with reference to the small amount 
of alteration produced in the specific resistance of copper by longitudinal extension, and 
show a still smaller change in the resistances of silver and platinum. But since these 
experiments at the same time showed that the alteration after increasing to a maximum 
in one direction began to decrease, and in certain cases finally set in in the opposite 
direction, it seemed desirable to ascertain whether hammering would produce like 
effects on the specific resistance. 

The third of the methods used in determining the change of specific resistance by 
extension was here employed, except that tbe wires were now lengthened by hammer- 
ing them transversely. The last process was accomplished rather by a great number 
of comparatively small blows than by a less number of large ones, so as to hammer the 
wire as uniformly as possible throughout its whole length. The following are examples 
of the results arrived at : — 



• Proc. Roy. Soc, vol. viii., p. 663. 
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Eocperiment XXXIII. 

A wire of annealed copper, 8 feet in length and '095 centim. in diameter, hammered 
transversely throughout its entire length. 



Total increase of 

length per cent, prodaeed 

by hammeilng 

-A. 


Total increase of 

ipeeifle reaietance per cent. 

prodaeed by hammering 

-B. 


BaUoofB:A. 


1-89 
311 
595 
9-66 
1676 


+ 017 
+ •174 
+ •009 
-•209 
-•530 


•009 

•056 

•002 

-022 

-032 



Experiment XXXIV. 

A wire of annealed iron, 8 feet in length and '092 centim. in diameter, hammered 
transversely throughout its entire length. 



Total inerease of 

length per cent, prodnoed 

by hammering 

-A. 


Total inerease of 

specific redstanee per cent. 

produced by hammering 

-B. 


BatioofB:A. 


204 

3-94 

10-27 

1231 


-0^082 
-1035 
+0-554 
+1283 


-040 
-•263 
+ 054 
+ 105 



In the next table will be found a series of curves showing the change of specific 
resistance produced by hammering on the metals iron, copper, zinc, aluminium, German- 
silver, and platinum-silver. The abscissae showing the percentage alteration of specific 
resistance are on a scale of '05 per cent, for 1 millim., and the ordinates representing 
the increase of length per cent, are on a scale of '25 per cent, for 1 millim. 
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Table XVI. — Curves showing the altemtion of specific resistance produced 

by hammering. 




Observations on the curves in Table XVL 

Experiments XXXIII. , XXXIV., and Table XVI. show that the eflPect of hammer- 
ing on the specific resistance is of a somewhat similar character to that of permanent 
extension. With all the metals, except iron, the specific resistance is at first increased, 
and this increase, after reaching a maximum, begins to diminish, but with iron the 
first effect is decrease of resistance which also, after attaining a maximum as the 
hammering is carried to a greater and greater extent, begins to diminish until finally 
there is a comparatively large increase of specific resistance. 

The changes produced, however, by hammering, though similar in kind to those 
produced by longitudinal extension, are very different in amount, and a comparison of 
the two sets of curves and the scales on which they are formed shows that the altera- 
tions in the former case are very much greater than those in the latter. 

The neutral points also, i.e., the points where the curves cut the axis of ordinates, 
are different in the two tables, being for copper and iron much higher for the extension 
than for the hanmiering, but with zinc and German-silver lower for the extension than 
the hammering. 

Torsion. 

As it seemed desirable to supplement the observations of extension and hanmiering 
with others on torsion, with the view of ascertaining whether the strain caused by 
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twisting a wire beyond the limits of elasticity would at all resemble the eflPect 
produced on the specific resistance by strain set up by the two former processes, a 
few experiments were made in which the wires having been secured at one end and 
stretched suflficiently to make them tight, were twisted more and more until they^roke. 

Experiment XXXV. 
A wire of annealed zinc, 8 feet in length and '095 centim in diameter, twisted. 



Amount of torsion ; 

the' torsion of a complete 

reroUition in a length 

of 1 centim. taken aa 

unit ->A» 


Total increase of 

specific resistance per 

cent produced 

by the torsion »B. 


Ratio of B: A. 


'083 
•167 
•250 


+ •269 
+ •546 
+ •376 


3-24 
327 
1-27 

1 

1 



Experiment XXXVI. 
A wire of annealed iron, 8 feet in length and "092 centim. in diameter, twisted. 



Amoniit of tordon; 

the torsion of a complete 

revolation in a lengtli 

of 1 centim. taken as 

nnit -A. 


Total increase of 
specific resistance per 

cent, produced 

by the torsion «B. 

— signifies decrease of 

specific resistance. 


• 
Ratio of B: A. 


•080 

• -160 

•240 

•320 

•800 

1-200 

l-tfOO 


+ -394 
+ -195 

- 053 

- -076 
+ ^413 
+ ^928 
+ 1-454 


+ 4-93 
+ 1-22 
-0-22 
-0-24 
-0-52 
-0-73 
-0-91 



In Table XVII. are drawn a series of curves showing the changes produced by 
permanent torsion in the specific resistance of zinc, iron, copper, and platinum-silver. 
The abscissae in these curves represent the percentage alteration of resistance on a 
scale of '0125 to 1 millim., and the ordinates representing the torsion in terms of the 
torsion of a complete revolution in a length of 1 centim. of the wire taken as unit on 
a scale of '015 to 1 millim. 
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Table XVII. — Curves showing the permanent alteration of specific resistance 

produced by permanent torsion. 




Remarks on Table XV TI. 

The effect of torsion on the specific resistance is evidently of a similar nature to 
that of the effect of permanent extension and hammering, but the amoimt of alteration 
shown at the turning point of the curves is in all cases much less than that observed 
at the turning points of the curves exhibiting the results of hammering and extension. 
In the case of iron, the first torsion applied increases the specific resistance, but further 
torsion acts in the same direction as the strain caused by hammering and extension, 
t.e., diminishes the specific resistance up to a certain point, but beyond this point 
increases it. It may be that the increase produced in iron by the first few turns is due 
to magnetic influence on the resistance, for as Thomson has observed,* the electric 
current instead of flowing rectilineally along the wire would flow in helical lines, and 
would therefore increase the resistance by longitudinal magnetization.t 

• W. Thomson, " Electrodynamic Qualities of Metals," Phil. Trans. 1879, Part I., § 229. 

t W. Thomson, " Electrodynamic Qualities of Metals," Phil. Trans. 1866. Bakerian Lecture, § 146, 
and H. Tomld(son, Proc. R07. Soc, June 17, 1875. [Note added May, 1882. — I have since found that 
very alight extension increases the specific resistance of iron, and am therefore inclined to reject the 
above hypothesis, and to believe that very slight strain of any kind increases the specific resistance.] 
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It will be noticed also that the curves like those of Tables XV. and XVI. are of 
parabolic shape. 

The Alteration of Specific Gravity produced by PERMAfcTENT Extension, 
Hammering, and Permanent Torsion. 

In calculating the values of the specific resistance after the wire had been subjected to 
any one of the above-mentioned processes, it was in the first instance assumed that there 
was no change in the specific gravity of the substance, and afterwards a correction applied 
for such change. The specific gravity of the wires in the annealed condition having been 
determined, the change wrought by extension, hammering, or torsion carried to an extent 
which was about three-fourths of that which the substance would bear without rupture 
was determined by a, very delicate balance, and though it was not possible to dislodge 
any air bubbles which might be attached to the metal when immersed in water by boiling 
for fear of partially annealing the specimens, these bubbles were brushed off very 
carefully and considerable pains were taken in the weighings. A very fine platinum 
wire was used for the purpose of suspending the substances in water, and the vessel 
employed for holding the water was of considerable size so as to avoid the necessity of 
bending the wire to any great extent. The coils in which the wire under examination 
was wound, when weighed, were kept together by fine copper wire, and the weight of 
this in air and water together with that of the fine platinum wire was from time to 
time determined. The next experiments show that the change in specific gravity is 
roughly proportional to the amount of strain, provided this strain is not continued up 
to the point of rupture. 

Experiment XXX VIL 

Wire of annealed silver, 8 feet in length and '090 centim. in diameter, stretched 
by loading- 



Tncreaae of length 
percent. 


Decrease of ipecifie 
graTity per cent. 


Bfttio of B : A. 


115 
3-64 
7-28 
9-38 (broke) 


•0124 
•0461 
•0892 
•1465 


•Oil 
•013 
•012 
•016 
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Expeniiient XXXVIII. 
A wire of annealed copper, 3 feet in length and "095 C5entim. in diameter, twisted. 



Number of complete 
reroIaUoDS of torsion 
■ -A. 


Deciea«e of specific 
gravitj per cent. 


Batio of B : A. 


400 
600 
800 


116 
166 
213 


•0029 
•0028 
•0027 



In Table XVIII. will be found the extent of change in the specific gravity of the 
different metals produced by a given amount of stretching, hammering, and twisting. 

Table XVIII. 



Name of m^etal. 


Percentage alteratioii of 

specific gravity attending a 

permanent increase of 

length of 1 per cent 

produced by stretching. 


Percentage alteration of 

specific gravity attending a 

permanent increase of 

length of 1 per cent. 

produced by hammering. 

+ signifies increase of 

specific gravity. 


Percentage alteration of 

specific gravity attending a 

permanent torsion equal to 

that of 1 complete revolution 

in a length of 1 centim. 

i- signifies increase of 

specific gravity. 


Platinum .... 


-•0620 






German-silver . . 


-•0612 


-•0136 




Nickel . . . . 


-•0510 






Zinc 


-•0509 


-•0146 


-01212 


Iron 


- -020.3 


-•0215 


-•00283 


Silver 


-•0156 






Alumininm . . . 


-•0082 


-•0183 




Copper .... 
Platinum- silver 


-0178 


+ •0065 
+ •0159 


-•00252 
+ 00190 



In the last table a — sign signifies a decrease and a + sign an increase of specific 
gravity. 

The specific gravity of all the annealed metals here examined is decreased by 
permanent extension.* 

Hammering also decreased the specific gravity of all the metals subjected to this 
process except copper and platinum-silver ; with these metals the specific gravity was 
slightly increased. 

Permanent torsion decreased the specific gi^avity of copper, zinc, and iron, and 
increased that of platinimi-silver. 

Of the three processes, torsion produced the greatest maximum change in the 
specific gravity, thus it will be seen from Experiment XXXVIII. that the specific 

* This apparently is not always the case, as Sir W. Thomson mentions in his article on *' Elasticity/' 
' Brit. Encyc./ p. 1, that a certain specimen of copper wire annealed in hot sand had its density vnoreased 
more than 1 per cent, by longitudinal extension. 
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gravity of copper was decreased by the torsion more than 2 per cent. — a large amount 
considering the small alteration* which extension and hammering can produce. 

The results recorded in the last table enabled the previously mentioned correction 
for change of specific gravity to be made in calculating the specific resistance. 

For if Ai and Ao be the specific gravities respectively before and after stretching, 
hammering, or twisting, and S and x be respectively the specific resistances un- 
corrected and corrected for change of specific gravity, x=S X -j^ 

Now the table furnishes the means of determining 



A3- 



and 



since a is very small. 
Therefore 



A,-Ao 
-^=a say ; 

— '=Y3^=l+a very nearly. 



^=Sx(l+a). 
The correction though small was applied in all cases. 

Effect of Cooling Suddenly on the Specific Resistance of Steel. 

We have seen in Part I. that the eflfect of suddenly chilling steel heated to a high 
temperature produces a somewhat similar effect on the elasucity to that of excessive 
permanent extension, and it was concluded to be highly probable that whether the 
distance between the molecules be increased by mechanical strain or by the strain 
caused by sudden cooling, the elasticity in the direction of the line of separation of 
the molecules diminishes to a minimum as the separation increases, and then begins to 
increase. Now BABUst has proved that .the specific resistance of steel increases 
continuously with its hardness, but Barus's experiments were made with steel 
heated at or above a visible red, and as the strain produced by extension, ham- 
mering, and torsion had been shown to produce up to a certain point decrease of 
resistance, it seemed a matter of some interest to ascertain whether heating the steel 
to a lower temperature than that of dull red and then cooling slowly would not also 
have the effect of decreasing the jspecific resistance. The following experiment was 
therefore tried : — 



• Not so much as 1 per cent, in any case which I have examined, 
t Phil. Mag., November, 1879. 
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Experiment XXXIX. 

A piece of annealed piano-steel wire, 8 feet in length and -083 centim. in diameter, 
cooled suddenly by plunging it into cold water after it had been heated to various 
temperatures. 



Condition. 


Nnmber proportional to 
specific resistinoe.* 


Soft. 


•91168 
•91095 
•91094 
•91118 
•91891 


1 Heated and cooled, hiss not audible 

Heated and cooled, hiss jnst andible 

Heated below dall red but hiss very audible on cooling . 
Heated to dull red and cooled 







In this last experiment the wire was tempered when coiled, the coils being held 
together by wrapping fine iron wire round them, and passing a burner rapidly round 
the coils until it was supposed that the requisite temperature had been applied, when 
the wire was suddenly plunged into water at a temperature of 10° 0. 

This experiment, though rough as regards the mode of tempering, shows plainly that 
the specific resistance is decreased by the sudden cooling until the tempering is per- 
formed at some temperature under dull red, when the specific resistance begins to 
increase. It will be shown also in Part IV. that the thermo-electric properties of steel 
are aflPected in precisely the same manner, that is, that tempering beyond a dull red 
temperature produces opposite eflfects to tempering under a dull red temperature. 

The Recovery of Electhical CoNDUcnvrrY produced by Time in Wires 

WHICH ARE IN A StATE OF STRAIN. 

In all the experiments described in this Part it was observed that when the wires had 
been subjected to stresses of any kind, whether purely mechanical or otherwise, which 
sufficed to produce permanent strain, they invariably gained in electrical conductivity 
when allowed to rest. The amount of decrease of resistance produced by rest varied 
however considerably with diflferent metals, being very conspicuous in German-silver 
and hardly perceptible with platinum-silver. 

Table XIX. shows the influence of rest in restoring the electrical conductivity of 
wires of German-silver, copper, iron, zinc and platin'um-silver after hammering so as to 
increase the length about 15 per cent. ; the observations being commenced 20 minutes 
after the hammering had been completed. 

The abscissae of the curves represent the decrease of resistance on a scale of '0085 
per cent, to 1 millim., and the ordinates on a scale of one hour to the millimetre. 

* The resistance of the comparison^wire is here taken as nnit. 
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The tables also show a curve representing the restitution of torsional rigidity in 
German-silver after hammering, the abscissae representing the increase of rigidity on 
a scale of '0085 per cent, to 1 millim. and the ordinates on the same scale as for the 
other curves. 

Table XIX. — Curves showing the recovery of electrical conductivity and of torsional 
rigidity produced by time in the case of wires which have been hammered transversely. 




This table shows the marked difference between German-silver and platinum-silver 
in respect to the restitution of conductivity produced by rest on these metals when in 
a state of strain, and this lai'ge difference is not confined to strain produced by 
hammering, but was found to exist also in strain produced by extension, torsion, and 
wire-drawing, and when taken in combination with the results given in Tables XV., 
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XVT., and XVII. on the alteration of specific resistance produced by strain, shows 
most conclusively the superiority of platinum-silver to German-silver in making 
standard resistance coils. 

We have seen also in Part I. that rest, materially in some cases and to a certain 
extent in all, increases the elasticity of metals ; now German-silver wire furnishes a 
conspicuous example of this ; and the curve in the table representing the increase of 
torsional rigidity produced by rests, shows plainly that the restitution of elasticity and 
electrical conductivity go hand in hand. And this circumstance, when taken in con- 
junction with the fact that there is no change in the dimensions of the wire which 
would at all account for the increase of elasticity or conductivity, evidently teaches 
us that when we can increase the elasticity without altering the mean molecular 
distance, we at the same time increase the electrical conductivity. ' 

Thb Influence of Permanent Strain on the Change of Electrical 
condxjctivtry produced by alteration of temperature. 

Permanent extension^ hammenng, and torsion. 

The previous observations on the change of specific resistance produced by extension, 
hammering, and torsion having given rise to the suspicion that these processes caused 
the wires to alter their susceptibility to change of resistance from change of tempera- 
ture, and that this alteration of susceptibility bore a marked relation to the alteration 
of the thermo-electrical properties which are also caused by stress and strain, it was 
considered very advisable to further investigate the matter. 

In the first few trials the large air chamber previously described was employed, but 
the changes wrought in the coeflScient of increase of resistance from rise of tempera- 
ture by the various strains were found to be so small that special precautions had to be 
taken to secure reliable results. Accordingly the following apparatus was made use of. 
In the figure Z Z is an air chamber made of two concentric brass tubes 12 inches in 
length. The diameter of the wider tube is 4^ inches, and. of the inner tube 2i inches, 
so that the two enclose between them a layer of air 1 inch thick. The two tubes are 
connected at the top and bottom by brass rings soldered to them, and two pieces of 
brass tubing soldered into the outer cylinder, one near the bottom and the other near 
the top, communicate by means of indiarubber tubing with a boiler, W, and a vessel 
of cold water, K, respectively, so that steam from the boiler can fill the entire space 
between the two concentric cylinders and be condensed in K. Three stoat wires of 
copper, S S S, 4 inches in length, pass through a cork which fits tightly the inner 
cylinder, and their upper ends are connected with the resistance coils and galvanometer, 
whilst to their lower ends are attached three clamps, A A and B. To the clamps are 
soldered silk-covered copper wires, which, passing through the cork, are connected with 
the poles of the battery. The ends of the wire to be tested, X, and the comparison- 
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wire, Y, are secured to the clamps at A A and B, the two wires having previously to 
clamping been enveloped in cotton tubes of the same lengths as the wires. As a 
further precaution, the clamps A were well wrapped up in silk, and with the wires 
were enclosed in a cardboard cylinder which fitted neatly into the inner brass cylinder. 
When it was necessary to heat the wires, jackets of several folds of baize were placed 
round the outside of the air chamber and also completely covered the top. 

Fig. 17. 




The connexions with the resistance coils of 100 ohms and the galvanometer were 
exactly as in previous experiments, so that from the disposition of the wires as shown 
in the figure, it will be seen that the influence of change of temperature on the 
connexions would be entirely neglectable. Moreover, the boiler and air chamber, 
which were some distance from the box of resistance coils, were screened from the 
latter, which was covered on the outside with tin foil, and only opened at the moments 
of actual testing for the balance between X and Y. The wires X and Y were in all 
cases 50 centims. long, and so disposed that they occupied the central portion of the 
chamber ; whilst a thermometer, T, served to indicate the temperature. The air 
chamber stood upright on a table, and the lower portion of it, R, was packed with 
sawdust on which the base of the cardboard cylinder rested.* 

* It would have been better to nse a cylinder of copper foil instead of the cardboard, as thereby the 
temperature would have been rendered more uniform throughout the length of the wire. 

mixx:jolxxxtii. q 
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The mode of experimenting adopted was as follows : X and Y having been placed 
in position and the air chamber covered with its baize jackets, the balance between the 
two wires was observed, and the thermometer having been pulled suflBciently far out 
of the cork to enable one to take the reading of the temperature, was afterwards 
replaced. The water in W was then boiled, and in about half an hour the air in the 
chamber was found to be at 100° C, and was allowed to remain so for another half an 
hour, when X and Y were again balanced. The burner was next taken from under W, 
when a vacuum was foimed in the upper part of the boiler by the steam condensing ; 
this vacuum was at once filled by the atmospheric pressure forcing water from K, and 
when the space between the two brass cylinders had in a short time become filled 
with the water from K, the cork E was removed from the boiler, and a siphon action 
allowed to continue from K which was kept supplied with cold water. The jackets 
were then removed, and the cork E having been replaced, the whole arrangement was 
suffered to rest for two hours, when the thermometer indicating the temperature of 
the air chamber to be within a degree or so of the original temperature, the balance 
between X and Y was once more determined. As the processes of hammering and 
stretching by increasing the length of X might possibly have caused an error by 
making the lower portion of the wire to occupy a lower position in the chamber than 
the corresponding portion of Y,* the former wire was from time to time shortened to 
the same length as the latter. Also, since with aU the wires it was found impossible, 
even by using the greatest care in annealing, to find two pieces of the same wire 
which would agree exactly in their co-efficients of increase of resistance, these were 
compared before X was subjected to strain of any sort. The following experiments 
illustrate the nature of the results obtained : — 



Experiment XL. 

An annealed copper wire, '095 centim. in diameter, was stretched by hand per- 
manently to different extents, and after each stretching tested for alteration of 
resistance from change of temperature. 





Percentage of ayerage temporaiy 


Percentage of average 




saperior increase of reaiatanoe 


permanent decrease 


Percentage 


of stretched wire oyer unatreiched 


of reaistance for 1* C. 


inerease of length. 


for l"" C. between 20** C. and 100<> C. 


between 20"" C. and 




+ dgnifiea saperior increase of 


100** C. of 




stretched wire on rise of tempersiare. 


stretched wire. 


5-83 


-•00046 


•00104 


11-40 


-•00074 


•00107 


22-27 


-•00045 


•00354 


3273 


-1- -00378 


•00190 



* I have found ifc very difficult even with sach an arrangement as the above to get an exacUy uniform 
temperature, except in the central portion of the chamber. 



Digitized by 



Google 



AND STRAIN ON THE ACTION OF PHYSICAL FORCES. 

Experiment XLI. 
An annealed iron wire, '0065 square centim. in section, stretched by hand. 



115 



Percentage 
inereaae of length. 


Percentage of average temporary 
anperior inereaae of reaiatance 

for r C. between SO'* C. and 100^ C. 

+ aignifioB Buperior increase of 
atietched wire on riae of temperature. 


Percentage of average 

permanent decrease 

of reaiatance for 1** 0. 

between 2<f 0. and 

100° 0. of 

stretched wire, 

— signifies permanent 

increase. 


60 
120 


+ •0071 
+ 0056 


-•00165 
+ •00230 



Eocperiifrient XLIL 
An annealed copper wire, '095 centim. in diameter, hammered. 





Percentage of arerage temporary 


Percentage of average 




superior increase of resistance 


permanent decrease 


Percentage 


of hammered wire over unhammered 
for 1*^ C. between 20« C. and 100* C. 


of resistance of 


increase of length. 


hammered wire for 




+ signifies superior increase of 


rC. between 20^*0. and 




hammered wire on rise of temperature. 


100*^ C. 


1-74 


-•00340 


•00836 


5-81 


+ •00117 


•00603 


1106 


+ •00122 


•00447 


21-36 


+ •00139 


•00072 



Experiment XLIIL 
An annealed iron wire, *063 centim. in diameter, hammered. 



Percentage increase 
of length. 


Percentage of ayerage temporary 

Buperior increase of resistance of 

hammered wire over unhammered 

for V 0. between 20° and 100° 0. 

+ signifies superior increase of 

hammered wire on rise of 

temperature. 


i 

Percentage of average 
permanent decrease 

of resiBtance of 

hammered wire for 

1° C. between 

20° and 100° 0. 


613 
1072 


+ •0009 
+ 0000 


•0033 
•0056 



Experiment XLIV. 
An annealed copper wire, '095 centim. in diameter, permanently twisted. 



Torsion in terms of a 

unit taken as the 

torsion in a wire 

1 centim. long 

when twisted through 

one revolution. 


Percentage of average temporary 

superior increase of resistance 

of twisted wire over untwisted 

for 1° G. between 20° and 100° C. 

+ signifies superior increase of 

twisted wire on rise of 

temperature. 


Percentage of average 
permanent decrease 

of resistance 

of twisted wire for 

1°C. between 

20° and 100° C. 


0-652 
1087 
3-261 
6-520 


-•000797 
-•000824 
-•000977 
+ •002097 


•06603 

•00015 

-•003074 



9 2 
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Experiment XLV. 
An annealed iron wire, '063 centim. in diameter, permanently twisted. 



Torsion in iemiB of a 

unit taken as the 

torsion in a wire 

1 centim. long 

when twisted through 

one revolution. 


Percentage of average temporary 

superior increase of resistance 

of twisted wire over untwisted 

for 1" C. between 20<> and 100<> 0. 

+ signifies saperior increase of 

twisted wire on rise of 

temperature. 


Percentage of average 
permanent decrease 

of resistance 

of twisted wire for 

!• C. between 

20'' and 100" C. 


0-260 
1-090 
2^180 


+ •00474 
+ -00421 
+ •00092 


•00025 
•00050 
•00100 



The effect of permanent extension, of hammering, and of torsion on the alteration of 
resistance produced by change of temperature in the case of copper, of iron, and of 
other metals is shown in Tables XX., XXL, and XXIT. 

Table XX. — Curves showing the effect of permanent extension on the temporary 
alteration of electrical resistance produced by change of temperature. 



■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■I 

■■■■■■■■■■■■■■■■^(■■■■■■■■■■■■■■■■■■■■■■■n 



mil 



J^JJCNFIESlUFEROR irJCRi ASE OF ST RE CUED W RE F0« JUSt OF \ 



BSE^ffiHRBfisnlBSHIbl 








BBB 




•^ERAttE 'superior iNchrAsE 



TfREjTClhED FOR;( O BiTWEEt* 20C*.l'OOC 



In Table XX. the curves have their abscissae representing the average superior 
increase of resistance for a rise of 1° C. of the stretched wire on a scale of '000075 
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percentage of superior increase for each millimetre, and in Table XXI. the curves are 
drawn with their abscissae representing the average superior increase of resistance of 
the hammered wire for a rise of 1° C. on a scale of '000025 percentage of superior 
increase for each millimetre. In both sets of curves the ordinates represent the 
percentage of permanent increase of length on a scale of '25 percentage of increase of 
length for 1 millim. 

Table XXI. — Curves showing the effect of hammering on the temporary alteration 
of electrical resistance produced by change of temperature. 



4- SIGNIFIE S JUPkR lbRj IN :R6ASk OT IJIAK MERErfSv^lRI 

: 1 I i I I I I i I I I I 



R A Risl: OF 

itEMPER^T^RE 





■■■■■■■■■■■■I 

laaaaaaaanBBBB 

BBBBBBBBlBBflfl 







A ^EfJAC^ S U PERI^R INch Ei ^SE] PER CE] iT 
OF k/^Mi|ER|EO VSn|RE^OVER |uN HA>>iMERi D ^ 

^~T° c ~e ETfwE i:n ! zopc , a nId 1 00° CI ' ' " 

T I r I I 1 _J J L 

' -OOIS 



For zinc the abscisssB represent 10 times as much alteration of resistance as thej do for the other metals. 



In Table XXII. the abscissae of the curves represent the superior increase of resis^ 
tance of the twisted wire on a scale of '0005 percentage of superior increase for each 
millimetre, and the ordinates the amount of permanent torsion in terms of a unit taken 
as the torsion of a complete revolution in a length of 1 centim. on a scale of '025 unit 
for 1 millim. In all the tables a + sign before an abscissa signifies that the strained 
wire increases most on rise of temperature, and the values of these abscissae were deter- 

A A' 

mined as follows : — ^Let :^ and — represent the ratios of the wire to be tested, and 

the comparison- wire at any two temperatures t and f; then the average percentage 
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(±|t|)xioo 

superior change of resistance is ^^ r — , t' being the higher of the two 

(e'-Oxf 

temperatures, which were about 100° C. and 20° C. 

Table XXII. — Curves showing the effect of permanent torsion on the temporary 
alteration of electrical resistance produced by change of temperature. 




Remarks on the last experiments and tables. 

The first point to be noticed is that the metals examined may be divided into two 
classes. In the firat of these classes, which includes iron, zinc and platinum-silver,* 

• In some experiments made by H. A. Taylor (see " Report of Electrical Standards Commission," 
Appendix II., Brit. Ass., York Meeting, 1881), the effect of drawing platinnm-silyer wire to finer and 
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the strained wire is most increased in resistance by rise of temperature up to a certain 
limit of straining ; whilst beyond this limit further strain diminishes the first effect. 
In the second class, which comprises copper, silver, platinum and German-silver, the 
strained wire is least increased in resistance by rise of temperature, but that, here 
again, after a certain limit of strain has been reached the first effect begins to 
be diminished. " Now it will be shown in Part IV. that the metals of the first class, 
when subjected to a moderate amount of strain, whether the latter be produced by 
peimanent extension, hammering, or torsion, or by other than purely mechanical means, 
are thermo-electrically positive to pieces of the same metal unstrained, and that the 
first effect is ultimately reversed if the strain be carried to excess ; whilst the metals 
of the second class are, when moderately strained, thermo-electrically negative to 
unstrained pieces of the same metal, but when subjected to excessive strain become 
thermo-electrically positive. We are therefore led to the conclusion that there must 
be some close relationship between the thermo-electrical properties of metals, and their 
temporary alteration of resistance from change of temperature, and that strain renders 
a piece of metal thermo-electricaUy positive or negative to a piece of the same metal 
unstrained according as the strained piece is caused to he less or more increased in 
electrical resistance hy rise of temperature. 

Another point to be considered is that the metal which is increased in specific 
resistance by the strain is not always rendered less susceptible to change of resistance 
fi:om alteration of temperature, for, as we have seen, zinc and platinum-silver are 
increased in specific resistance by moderate strain, and are yet at the same time 
rendered more susceptible to alteration of resistance from variations of temperature. 
With the former of the above-mentioned metals, the alteration of susceptibility to 
change of resistance fi:om change of temperature is comparatively much larger than 
is the case of any of the other metals ; whilst with platinum-silver the effect of 
strain in this respect is comparatively slight, and of the opposite kind to that which is 
produced on its two constituents. 

Again, the third column in the experiments shows that the permanent effect 
produced by the change of temperature is not of the same nature with iron as with 
copper ; with the former metal the resistance is in some cases actually increased by the 
annealing when the strain is moderate, and in those caaes where a permanent decrease 
of resistance is caused this increases with increased strain ; with the latter, on the 
contrary, permanent decrease of resistance after moderate straining is the result of the 
annealing, and this decrease after increasing to a maximum begins to become less with 
further strain. The difference between iron and copper in the above-mentioned respect 
is readily intelligible when we remember that these metals differ as regards the kind 
of alteration of specific resistance caused by strain, as we have seen that with iron the 

finer gauges was fonnd to be to diminish the temperature coefficient, but it seems that Mr. Tatlob 
annealed the wires after the process of drawing. 
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specific resistance is decreased by moderate strain but increased by excessive strain ; 
whilst with copper, moderate strair^ effects increase, and excessive strain, decrease of 
resistance. 

The Effect of Temporary Stress on the Alteration of Electrical 
Kesistance produced by Change of Temperature. 

As permanent strain had been proved to alter the susceptibility to change of 
resistance from change of temperature in a manner which suggested an intimate 
relationship between this susceptibility and the thermo-electric properties of metals, 
some attempts were made to determine the effect of such temporary stress as could be 
caused by longitudinal traction, on the alteration of resistance produced by change of 
temperature, partly with a view of establishing a still closer relationship between the 
above-mentioned physical qualities, and partly with the object of ascertaining whether 
the increase of elasticity which Wertheim's experiments* seemed to have proved to 
be produced in iron and steel when the temperature is raised from 20° C. to 100° C, 
would be rendered manifest in experiments on the influence of stress on the electrical 
resistance. The difficulties here encountered seemed at first sight to be so great as to 
render it an almost impossible task to measure with any approach to accuracy the 
effect sought, unless this effect should be something very appreciable compared with 
the percentage alteration of resistance produced by stress at ordinary temperatures ; 
for, as we have already seen, the increase of resistance produced by raising the tem- 
pei-ature to 100° C. would be some hundreds of times greater than any change of 
resistance which can be produced in most metals by mechanical stress. After several 
failures, however, these difficulties were overcome, and I succeeded in measuring with 
almost the same accuracy the comparatively minute alterations of resistance produced 
by temporary longitudinal traction at the temperature of 100° C. as at the ordinary 
temperature of the room. 

To accomplish the desired object the large air chamber used in the first part of 
the enquiry was provided with two tubes, one near the bottom and the other near the 
top ; these tubes served the purpose of conveying steam into the bottom of the outer 
of the two cylindrical chambers of which the vessel consisted, and out again, near the 
top of the vessel, into a tub of cold water, a hole at the top of the chamber which 
had been used previously for the purpose of filling the chamber with water having 
been corked up after the water had been emptied out. The air chamber was wrapped 
round with several layers of baize, and these in turn surrounded with several layers of 
paper tied round with string. The top of the air chamber was also well covered in the 
same manner with baize and paper, and the table on which the air chamber rested was 
surrounded on all sides with like material with the exception of a small aperture 

♦ Ann. de Chimie et de Phjs., 3"»e eerie, 1844, p. 431. 
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through which the experimenter was enabled to adjust the weights on the scale-pan 
attached to the wire to be tested. The scale-pan was suspended from the pulley, 
which was 6 inches from the bottom of the chamber, by a wire sufficiently strong to 
bear the weights employed, and this wire passed through a hole in the table only just 
large enough to allow of free motion. The doors and windows of the room were kept 
shut during the testing at the higher temperature, and the usual precautions were taken 
to avoid any risk of permanent set or any liability to change of elasticity from testing 
too soon after permanent extension. In about an hour after the first entrance of the 
steam into the air chamber the temperature of the air at the top and bottom was 
nearly, if not quite, at 100° C, but it was found necessary to allow the steam to enter 
for three or four hours before the wire to be experimented on and the comparison- wire 
had assumed a sufficiently stable resistance-ratio, and even after this time there 
would be slow and very minute variations of this ratio first in one direction and 
then in the opposite. Any errors, however, which would result from slow and minute 
variations were got rid of in the following manner : — Let a^, h^ ; a^ 62* *^*» ^® ^^® 
apparent alterations produced by putting on and taking off the load several times 
in succession ; then the true alterations due to the load will be very nearly 



4 ^ ^ , &C. 



The following experiment will show how accurately the measiurements could be made 
even at the temperature of 100° C. 

Experiment XLV. 

An annealed iron wire, 7 feet in length and '067 centim. in diameter, was loaded 
and imloaded several times with a weight of 3 kilogs. ; this weight was then removed 
and a rest of 48 hours allowed, when, on again testing with 3 kilogs., the recovery 
was found to be quite perfect. The wire was then heated to 100° C, and having been 
maintained at this temperature for several hours was again tested. Afterwards the 
air chamber was suffered to cool down to the original temperature of 13^ C. and after 
a rest of 24 hours the elasticity was redetermined with the same load as before. 
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Nnmber of triaL 


Altention of reaistuce 

in termi of the diriaioiia of 

the platino-iridiom wire 

prodaoed by 8 kiloga. at 18* 0. 


Altention of reristance 

in tenna of the diviaiona of 

the platinoiridiam wire 

at 100* C. 


AltenUon of reaiatanee 
after cooling again to IS* 0. 


1 
2 
8 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 


61-86 
51-85 
61-88 
61-98 
5202 
. 51-80 
51-82 
51-73 
52-38 
62-08 
51-85 
51-92 

• • 


51-13 
61-25 
50-25 
49-80 
61-65 
6316 
62-00 
51-75 
60-33 
50-22 
50-75 
51-15 
52-43 
52-43 


61-25 
51-33 
61-27 
51-18 
61-08 

• • 

• • 

• • 

• ■ 

• • 

• • 

• • 


Meaa 


61-93 


61-30 


61-23 


Probable error per cent. 


-06 


-16 


-03 



It will be observed that even at 100® 0. the probable error does not amount to 
'2 per cent., and, moreover, besides the set of readings recorded in the experiment 
two others of a similar kind were made afterwards, giving mean values of 61*21 and 
51*26, and a total mean of 51*28 as the alteration of resistance caused by a load of 
8 kilogs. at 100^ 0., as against 51*23, the alteration produced on cooling again to 13® C. 



Experiment XLVI. 

The same wire was again heated to 100® C. and tested with loads of 1, 2, and 3 
kilogs., and afterwards, having cooled down to 16® C, the effects of the same loads 
were redetermined. 



Nmnherof 

kiloga. in the 

load. 


Alteration of redatanee 

prodnoed b j 

the load at 100° C. 


Arerage alteration 
per Ulog. at 100* C. 


Alteration of reaiatanee 

after cooling for 

24 honn to 10* C. 


Arerage alteration 
perkllog.atlO'C. 


1 
2 
3 


16-89 
36-82 
54-99 


16-89 
17-91 
18-33 


17-40 
34-33 
51-62 


17-40 
17-17 
17-21 
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Experiment XLVII. 

The same wire was treated with a load of 6 kilogs. in exactly the same way as it 
had been treated when 3 kilogs. were employed, and afterwards tested with loads from 
1 to 6 kUogs. 



Kmnberof 
kilogikiiithe 


Altontionof 
rMigtenM»tl2*0. 


Aretage 
•Iteration p«r 
kUog.»tWO. 


Altention 

of resinanoe at 

lOO'O. 


ATeiage 

alteialion per 

Ulog. at 100° C. 


Alteration 
of resistance after 

eooling for 
24 houn to 12* C. 


Arerage 
alteration per 
Ulog. at 12*0. 


1 
2 
3 
4 
5 
6 


16-96 
33-81 
61-97 
69-98 
'86-03 
102-84 


16-96 
16-92 
17-32 
17-50 
17-21 
17-13 


18-60 
87-25 
55-92 
75-02 
92-84 
111-95 


18-60 
18-63 
18-57 
18-76 
lS-57 
18-66 


17-42 
35-53 
52-50 
70-80 
88-45 
106-10 


17-42 
17-77 
17-60 
17-70 
17-69 
17-68 


Mean values 




17-17 


•• 


18-63 


• • 


17-63 



Experiment XLVII I. 

The same wire after having been heated to 100° C., and kept at this temperature 
for several hours with a load of 6 kUogs. on it, was allowed to cool, and in 24 hours 
the alteration of resistance produced by the cooling observed. 

Similar processes were employed with loads of 5 kilogs. and of 3 kilogs. 



Number of kilogs. 

left on the wire when 

cooling. 


Saperior alteration of resiatance 

of stretched wire produced by 

the cooling from lOO"" C. to IS*" C. 

— signifies saperior decrease of 

resistance of stretched wire 

on cooling. 


6 
5 
3 


-8-8 
-80 
-6-6 1 



B 2 
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Ex^riment XLIX. 

An annealed copper wire, 7 feet in length and '095 centim. in diameter, treated in 
a manner similar to that in which the last iron wire had been treated, and tested at 
12'* C. and 100' C. with a load of 5 kiloga 



Temperaiare in degrees 
Centigrade. 


AltenUon of iMitianee in tenu 

of the dlTWons of the ptotino- 

iridium wire piodaced bj 

6 kiloga. 


12 
100 

12 
100 


42-13 
45-34 
44-81 
45-14 



Experiment L. 

A piece of the same nickel wire, which had been .previously broken by testing for 
alteration of resistance at the ordinary temperature of the room, was annealed again 
and adjusted in the air chamber in the manner previously described. A load of 
18 kilogs. was then suffered to remain on the wire for several minutes, and after its 
removal the nickel was allowed to rest unloaded for 24 hours. The wire was now 
tested with loads up to 12 kilogs. at the temperature of 13® C, then after heating to 
100° C, and again, 24 hours afterwards, when cooled to 10° C. 





AlteisUoD of reaiatance at 18° C. 








in teima of tb« diviaiona of the 


AlteiaUon 


Alteiation of 


Load in kiloga. 


platino-iridiiun wire. 


of reaietauce 


reaiitanee after 




- aigniflea deeraaie of reaiatanee 


at 100" C. 


cooling to 10* C. 




ofatretebedwire. 






2 


- 58-3 


-36-1 


- 60-6 


4 


-114-0 


-62-8 


-110-0 


6 


-148-4 


-68-2 


-137-7 


8 


-1691 


-62-5 


-155-9 


10 


-151-3 


-49-6 


-160-7 


12 


-123-8 


-33-8 


-149-4 



The effect of change of temperature on the temporary decrease of resistance 
produced by loading is also shown in Table XXIII. 
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Table XXIII. — Curves showing the temporary alteration of electrical conductivity 
of nickel produced by longitudinal traction at temperatures of 10® C, 13° C, and 
100® C. 
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Remarks on the last experiments and on Table XXIII. 

Experiment XLY. teaches us that though the alteration of resistance of the iron 
when loaded with 3 kilogs. is greater at 13° C. he/ore heating to 100° C. than at 100° C; 
yet, after cooling again to 13° C, the alteration is very slightly less than it had been 
at 100° C, and, on the whole, there is a permanent decrease of the temporary alteration 
of resistance produced by the loading. From Experiment XLVI. we learn that the 
second heating to 100° C. still further increases the difference of the effect of loading 
with 3 kilogs. at the lower and the higher temperatures ; the alteration at the higher 
temperature being now more than 6*5 per cent, greater than at the Urwer temperature; 
but when the load employed is only 1 kilog., the alteration seems to be greater at the 
lower temperature than at the higher. Experiment XL VII. shows that when the 
wire was treated with 6 kilogs. there was a permanent increase of elasticity produced 
by the loading, and it sho]ald at the same time be noted that 6 kilogs. when first put 
on the wire, barely produced a permanent increase of length — an increase certainly not 
amounting to more than i^th per cent. By comparing also columns two and six we 
can see that the slight annealing caused by raising to 100° C.^ and cooling again has 
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diminished the elasticity, and therefore we have evidence here that very slight extension 
permanently increases the elasticity of iron ; whilst in Part I. we have seen that 
moderate permanent extension decreases, and excessive permanent extension increases 
the elasticity of iron. It is evident, therefore, that we have three critical points in 
iron wire, and that the elasticity is first increased to a maximum, then decreased to a 
minimum, and finally begins to increase again as the permanent extension is gradually 
increased from exceedingly small amounts to the breaking point of the wire. 

Again, the alteration of resistance produced by all the loads is now greater at 100^ 
than at 12^ by amounts varying from about 5 to 6 per cent. 

Experiment XL VIII. also shows that when loads from 6 to 3 kilogs. are left per- 
manently on the wire when cooling from 100° C. to the temperature of the room, the 
alteration of resistance decreases as we decrease the load, and bears out the previous 
observations that the elasticity is less at the higher than at the lower temperatures. 

In Experiment XLIX. we have evidence that the slight annealing caused by raising 
the temperature of the copper to 100° C. permanently decreases the elasticity, and that 
the alteration of resistance at 100° C. is for the load employed about 2 per cent, 
greater than at 12° C. It is, however, when we come to Experiment L. that the most 
noticeable changes are seen to be produced, and when we consider the results recorded 
in this experiment and in Table XXII. we are led to the conclusion that the tem- 
porary alteration of -susceptibility to change of resistance from changes of stress 
efiected by raising to 100° C. is, with nickel, as remarkable as we have seen this 
susceptibility itself to be. The curves are drawn on the same scale as the curves for 
nickel at 22° C, and it will be observed that not only is the maximum diminution of 
resistance lessened by raising to 100° C. to an amount which is less than one-half of the 
maximum diminution at the lower temperature, but that also the load at which this 
maximum diminution occurs is much less ; and it may well be that at a sufficiently 
high temperature the decrease of resistance which is observed to be produced by 
moderate loads at the lower temperatures would be changed to an increase. In fact, 
I am inclined very strongly to believe that there exists with all metals a critical 
temperature below which temporary stress wUl produce temporary decrease of resist- 
ance, and that above this temperature there is an opposite efiect caused by the stress. 

The value of " Young's modulus " was determined for this piece of nickel by the 
method of static extension, in a manner to be presently described, and was equal to 
2480 X 10^ at the temperature of 16° C. and to 2280 X 10^ at the temperature of 100° C. 
It will be observed that the maximum decrease of resistance as shown iq Table XXIII., 
is appreciably greater than the maximum decrease observed with the other specimens,* 
and still ftirther shows how the amount of this decrease depends upon the elasticity. 

As regards the question whether the thermo-electric properties of the metals, as 

• These two specimens were received at different times from Messrs. Johnson, Matthet, & Co., and the 
latfcer shows still more remarkably than the former the large elasticity which can be obtained from nickel 
even in a well-annealed condition. 
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affected by temporary stress, be related to the susceptibilities of alteration of resistance 
from change of temperature in the same way as' the corresponding qualities seem to be 
where permanent strains are concerned, it may be said to remain at present open, and 
only to be decided by further experiments on the effects of stress on the thermo-electric 
qualities of iron ;* but as far as copper and nickel are concerned, the above question 
seems to be answered in the aflfirmative. 

The Effbct of Slight Mechanical Strain and of the Strain caused by 
RAISING Iron to 100** C. and afterwards Cooling, on the Torsional 
Kigidity of the Metal. 

The above experiments had shown such an astonishing influence to be produced on 
the longitudinal elasticity of annealed iron by merely raising the metal to 100° C. and 
then cooling, that it seemed advisable to test whether or not a similar effect would be 
produced on the torsional rigidity of iron^ by a like cause, and if so, whether we can 
imitate the strain resulting from heating and afterwards cooling by mechanical means. 

Experiment LI. 

A piece of annealed iron wire was vibrated at a temperature of 13® C, and the 
time of a single vibration, as determined by counting the vibrations for five minutes, 
was found to be TOOO second. The wire was then heated in an air chamber to 
100° C, and after having been maintained at this temperature for one hour was 
suffered to cool, and the time of vibration found to be 0*989 second 12 hours after 
cooling. 

Experiment LIL 

A second piece of the same wire, when suspended ready for vibrating, was heated 
slightly by passing the flame of a Bunsen burner rather quickly up and down it 
several times, the vibrator being at the same time supported, so as to take off stress 
from the wire. The time of vibration before heating was 1*154 second, and in five 
minutes, 35 minutes, and 245 minutes after cooling was 1*147, 1*142, and 1*136 
second respectively. 

The wire was then heated to redness and cooled, when the time of vibration after 
five minutes was 1*156 second, and after 22 hours became 1*143 second. 

Experiment LIII. 

A third piece of the same wire was vibrated after different slight amounts of 
permanent extension had been produced ; the length before stretching was 82*0 
centims., and the time of vibration 1*621 second. After slightly stretching, so as 
to increase the length to 82*2 centims. and 84*3 centims., the time of vibration 
became respectively 1*614 second and 1*714 second. 

* Tliifi point will be fnlly considered in Part IV. 
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Experiment LIV. 

A piece of annealed pianoforte steel was vibrated after different slight amounts of 
permanent extension. 



Length of win, 
ineentima. 


TimeofTibntioD, 
inMcondf. 


89-00 
8905 
8910 
89-20 


■984 
•976 
•968 
•968 



These experiments* speak for themselves, and prove that the torsional rigidity is 
affected in a precisely similar manner to the longitudinal elasticity by raising to 100° C, 
and then cooling, and moreover that the strain produced by slight mechanical traction 
acts in a similar manner on both iron and steel to the strain produced by tempering. 
We see also how very quickly the increase of elasticity is changed into a decrease when 
the extent of strain is widened either by heat or by mechanical means. Evidently 
then there are for iron three critical points as regards its torsional rigidity as 
well as regards its longitudinal elasticity — very slight strain increasing, moderate 
strain decreasing, and excessive strain again increasing both these physical properties. 
Further, it would be interesting to determine whether cold would not produce the 
opposite effect on the elasticity to heat, and it seems highly probable that cooling 
below the temperature of the room wUl peimanently decrease the elasticity of iron ; 
this point, however, I hope to be in a position shortly to decide. 

Further Discussion of Wertheim's Experiments on Elasticity, t 

We have seen that the temporary alteration of resistance produced by any load is 
permanently decreased in the case of annealed iron wire by merely raising the tempera- 
ture of the metal to 100° C. Now Wertheim's experiments seem at first sight to 
prove that the elasticity of iron and steel is greater at 100° C. than at the ordinary 
temperature of the room ; but if M. Wertheim had examined the elasticity after the 
wire tested at the* higher temperature had again cooled down to the lower one, he 
would have found that this apparent temporary increase of elasticity was really a per- 
manent one, and if the wire had been tested several times, first at the higher and then 
at the lower temperature, he would have also foimd, provided sufficient rest after 

* All these ezpenments were repeated several times with different specimens of iron, but invariably 
with the same result as regards the nature of tbe change, 
t Ann. de Ghimie et de Phys., 3^® s6rie, 1844. 
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cooling had been allowed, that the elasticity of both iron and steel is temporarily 
diminished by raising the temperature to 100° C. 

From Weetheim's researches* we gather that in the case of iron and steel there is 
the following increase of elasticity between 15® to 2(f C. and 100° C» 

Table XXIV. 



Metal. 


Increase per cent, of 

elasticity between 

16* to 20'' and 100* C. 


Annealed iron 

Annealed iron wire 

Annealed cast steel 

Annealed English steel wire . . . 
Steel tempered blue 


4-90 
6-91 
279 
23-20 
518 



The increase of elasticity of the steel wire seemed so remarkable that it was deter- 
mined to retry Wertheim's experiments by direct observations of extension, using the 
same scale and vernier as have been already described in Part I., and placing the 
wire and the comparison-wire in the same air chamber as had been used in measuring 
the alteration of resistance produced by loading at different temperatures. The length 
of wire between the clamp, which rested on a wooden support on the top of the 
chamber, and the vernier was 4 feet 4 inches, and of this length 2 inches or rather 
more would be, roughly speaking, at the temperature of the room when the rest of the 
wire was heated by steam to 100° C. We must therefore multiply any observed effect 
on the elasticity caused by raising the temperature of the wire to 100^ C. by a number 
which is about 4 per cent, of the apparent alteration. The air chamber rested 
(fig. 18) on a piece of wood, A A, 8 inches long, 6 inches broad, and \ inch thick, and 
this in turn on two stout bricks, B B, which were supported by a wooden table, D D. 
The wire to be examined, X, and the comparison-wire, Y, were, as usual, secured at one 
end of each to the same clamp, C, which rested on a piece of hard wood, E E, placed 
at the top of the chamber. The wires, X and Y, passed through two small holes made 
in E E, and also through a hole in the table, and to their lower ends were attached, in 
the one case, a scale-pan, and in the other a cross-bar of wood, H H, carrying constant 
equal weights. Exactly the same precautions were taken as have been already 
fully described in Part I., and, as in experiments on the alteration of resistance pro- 
duced by loading, the air chamber was well covered with baize and paper. 

Under these circumstances it was possible to maintain a very constant temperature 
of 100® C, and even had the temperature varied slightly it will be seen that no 
appreciable error would have been introduced, as the variation would have altered 
the lengths of X and Y to the same extent. 



JtfDCCCLXXXm, 



♦ Ann. de Chimie et de Phys., 2^ s^rie, 1844, p. 431. 
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Fig. 18. 
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Experiment LV. 

An annealed pianoforte-steel wire, "085 centim. in diameter, was loaded for some hours 
with a weight of 10 kilogs. ; this was then removed and a rest of 24 hours allowed, 
when a weight of 4 kilogs. was left permanently on the wire and the elasticity 
determined at the ordinary temperature of the room, and at 100° C, by putting on and 
taking off a load of 6 kilogs., the recovery being quite perfect for the load at both the 
higher and the lower temperatures.* 



Knmb«r of trial. 


Altention of 

length produced 

by 6 kilogs. at 

12°C.in 

half-mil Urns. 


Altention of 

lenftth prodnced 

by 6 kUogB. at 

100° C. 

1-49 
1-49 
1-60 
1-48 
1-48 
1-48 


AlteraUon of 
length prodaced 

by e kilogi. 

after cooling to 

12° C. 


1 

2 
3 
4 
5 
6 


1-48 
1-50 
1-51 
1-51 
1-51 


1-45 
1-46 
1-44 
144 
1-46 


Mean 


1-502 


1-487 


1-450 


Probable percentage 1 
of error ... J 


•40 -27 

i 


-30 



* At the higher temperature after the first loading, which was not taken into consideration in estimating 
the elasticity. 
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Experiment LVI. 

The same iron wire as had been used for Experiment LV. was loaded for some time 
with 8 kilogs. ; 4 kUogs. were then removed and the wire allowed to rest for 24 hours, 
when the eflfect on the length of the wire produced by putting on and taking oflf 
2 kilogs. was found to amount to an alteration of '940 half-millim. at 100° C. After 
the action of the steam had been stopped for two hours and the temperature was about 
20° C, the alteration produced by the same load amounted to '985 half-millim., and 
after 20 hours rest at the temperature of 13° C. was found to be "945 half-millim. 
The wire was now tested with 4 kilogs., when the alteration of length produced by this 
new load was 1910 half-millim. at 13° C, and after heating for some hours to 100° C, 
1*9 11 half-millim. The source of heat having been removed and the wire allowed to 
cool slowly for 20 hours, the alteration caused by the same load was 1'880 half-millim. 
at 13° C. 

Experiment LVIL 

An annealed nickel wire, 09213 centim. in diameter, was loaded for several hours 
with a weight of 18 kilogs.; 10 kilogs. were then permanently left on the wire for 
24 hours, and the alteration of length effected by a load of 8 kilogs. at a temperature 
of 16° C. amounted to 1*250 half-millim. The wire was heated to 100° C, and the 
alteration was now found to amount to 1*360 half-millim. After cooling down for 
the next five hours to a temperature of about 20° C. the alteration became I '350 half-^ 
millim., and after three days at a temperature of 15° C. proved to be 1*250 half- 
millim. 

Experiment LVIIL 

The same copper wire as had been used in Experiment XLIX. was loaded for some 
hours with a weight of 11 kilogs.; 7 kilogs. were then allowed to remain on permanently 
and the wire suffered to rest for two days. It was then raised to the temperature of 
100° C. with the weight of 11 kilogs. on, and cooled again to the temperature of the 
room. These operations were repeated each four times during a space of four days, 
and on the last of these the alteration of length produced by a load of 4 kilogs. was 
found to be 1*374 half-mUlin[i. at 100° C. ; on cooling to 15° C. the alteration caused 
by the same load proved to be 1*310 half-millim., and this, or nearly the same 
alteration, had been found to be produced by the load at the temperature of the room, 
which temperature varied from 15° C. to 16°0. on each of the previous days. 

The following table exhibits the difference of the alteration of electrical resistance 
and of length at the temperature of the room and at 100° C. 
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Table XXV. 



• 

Metal. 


Percentage temporary alteration of elasticity 
canaed by raising the temperature from 
' 1 5« C. to 100* C. + signifies increase of elasticity 
produced by rise of temperature. 


Percentage increase of 

alteration of resistance caused 

by raising the temperature 

froml6-C. tolOO°C. 

- signifies decrease of 

alteration. 


WSBTHSIM. 


TOMUHSON. 


'English steel wire . . 

Iron wire 

Copper 

Nickel 


+ 23-20 
+ 6-91 
- 6-69 


-2-58 
-1-64 
-474 
-8-41 


+ "570 
+ 1-87 
-60-00 



Remarks on Experiments LV.-LVIII., and on Table XXV. 

It appears from the last experiments that there is really a permanent increase of 
elasticity produced in annealed iron and steel by merely raising the temperature to 
100® C; and what is still more remarkable, there was in the case of one specimen of 
iron wire, which was so ductile as to lengthen by 24 per cent, before breaking,* such a 
large loss of ductility that its maximum permanent elongation barely reached IZ per 
cent after it had been heated to 100® C. and allowed to cool again. As the last 
discovery was made when experimenting on the eflfect of permanent extension on the 
susceptibility of the resistance of iron to change of temperature, it was thought at 
first that the passage of the current used in determining the electrical resistance might 
have some influence on the ductility, but on heating three other pieces of the same 
wire to 100° C, and afterwards allowing them to cool without permitting any current 
to flow through them, almost exactly the same change was observed ; and yet in all 
these cases the rate of cooling was slow ; so much so, indeed, that with the last specimen 
employed, in which special precautions had been taken to surround the small air chamber 
in which the wire was heated with several coatings of baize, the chamber was sensibly 
warm to the touch 12 hours after the cooling had commenced. How far other kinds of 
annealed wrought-iron might show a change of ductiUty from like cause I know not, 
but it seems evident that changes comparatively enormous can be produced in the 
elasticity and ductUity of this metal by small alterations of temperature. 

It has also been shown by Experiment XXXIX. that the electrical conductivity of 
annealed steel is increased by heating slightly and then cooling quickly, and it will be 
proved in Parts III. and IV. that there is a correspondingly large effect on the magnetic 
mductive capacity and on the thermo-electric properties of steel produced by the same 
process. It would appear, therefore, that researches of this kind might lend valuable 

♦ This wire I received through the kindness of Mr. J. T. Bottomlet, and was espedallj prepared for 
experiments on magnetic induction carried on in the physical laboratory of Sir W. Thomson. 
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aid in investigations on the liability of wrought-iron axles to fracture produced by 
sudden changes of the temperature of the air. 

Again, it will be observed from Experiment LVI. that shortly after the iron has 
been heated and then cooled there is less elasticity than when a considerable rest has 
been allowed ; and in fact we have in this case exactly the same kind of restitution of 
elasticity in iron as we have seen takes place after the wire has experienced mechanical 
extension. With nickel the increase of elasticity produced by rest after cooling is still 
more remarkable. Equally remarkable also is the temporary change of elasticity 
produced in nickel ; and a comparison of the loss of elasticity produced by raising the 
temperature to 100° C. with the change of susceptibility to alteration of resistance 
from change of stress as shown in Table XXIII. aflfords a still further proof that stress 
and strain act in the contrary direction as far as electrical conductivity is concerned. 

It will also be noticed in Table XXV. that the alteration of susceptibility to change 
of electrical resistance from change of stress is greater in iron in proportion to the 
alteration of elasticity when the temperature is raised to 100° C, and that the converse 
is the case with copper, so that there is a greater or less alteration of specific resistance 
for the loaded wire than for the unloaded, caused by rise of temperature to 100^ C, 
according as the metal is iron or copper; and we have seen that a similar state of 
things occurs where the strain is that left after the removal of the stress. 



The Alteration of Electrical Conductivity produced bv Magnetization. 
History of the subject and description of apparatus. 

This subject has, in the case of iron, received the attention of several observers, who 
have in some instances differed not only as regards the amount but also as regards 
the nature of the change produced by magnetization on the electrical resistance. Sir 
W. Thomson, in 1856,* was I believe the first to show that magnetization affected the 
electrical conductivity of iron and steel, longitudinal magnetization causing in these 
metals increase, and transverse magnetization decrease of resistance, and this with 
steel was found to be the case whether the metal was hard or soft. Shortly after- 
wards experimenting on nickel, Thomson foundt with this metal also an alteration of 
resistance similar in kind to that of iron, but greater in amount for the same magnetiz- 
ing force. With brass, on the contrary, he failed to detect any change whatever. 

Subsequently Beetz,J Chwolson,§ and myself || pursued similar investigations. 

♦ Phil. Trans., " Blecirodynamic Qualities of Metals," Part IV. 

t Proc. Roy. Soc, vol. viii., 1867. 

t POGG. Ann., vol. cxxviii., p. 202 (1866). 

§ Oael's Rep., vol. adii., p. 232 (1877). 

II Proc. Roy. Soc., Jnne 17, 1876, vol. xxiii., p. 633. 
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Beetz and Chwolson both confirmed the results of Thomson as far as longitudinal 
magnetization was concerned ; but with the former of the two first observers an experi- 
ment where transverse magnetization was employed, ended in giving purely negative 
results. The values obtained in my own experiments difiered considerably from those 
of Thomson as regards amount and in the case of hard ^teel also in nature. Moreover, 
it appeared that the circular magnetization which ensues when a current is passing 
through an iron wire caused an increase of resistance, and as we might perhaps expect 
circular magnetization to cause a similar effect, as regards nature, on the conductivity 
to transverse magnetization,* these results were not in accordance with those of 
Thomson. Unfortunately I had not at the time read Sir W. Thomson's paper, and 
investigations made in later years convinced me that the observations recorded in my 
" Preliminary Notice " were not reliable, partly because alteration of resistance from 
change of temperature had not been sufficiently guarded against, and partly because of 
a "Peltier effect," which I have since found would, with the large battery-power 
employed in the circuit of the " Wheatstone's bridge" arrangement, vitiate the 
results. To my astonishment, Auerbach, three years afterwards, published an essayt 
" On the Passage of the Galvanic Current through Iron," in which my own observa- 
tions both as regards the magnitude and nature of the changes produced in iron and 
hard and soft steel by longitudinal magnetization were apparently fully confirmed. 
Moreover, it appeared that he also agreed with me that circular magnetization caused 
increase of resistence in iron ; and ingeniously reasoning that, this being the case, feeble 
longitudinal magnetization should decrease the resistance of iron, brought forward a 
series of experiments which seemed fully to bear out his views. Under these circum- 
stances it seemed to be advisable to retry some of my old experiments on iron and steel 
rodsy and further to extend the enquiry to wires of iron and steel. 

As several of the instruments used in this part of the investigation have also been 
employed in several experiments yet to be described in the other parts of this paper, 
it seems advisable to give here some description of them, as well as certain data which 
will be required for converting the measurements taken into absolute units. 



Tlie tangent galvanometer. 

This was of the usual Helmholtz-Gaugain pattern, made by Elliott Bros., where 
there are two stout copper rings for measuring currents where it is desirable that the 
resistance of the galvanometer should be small, and three pairs of coils of finer wire 
for other purposes. In these investigations the former only were employed, and 
therefore we may consider the resistance of the galvanometer itself to be neglectable. 

* This, however, is not, I believe, the case. 

t Phil. Mag., July, 1879, vol. viii., p. 1. Translated from the original essay (Leipzig, 1878), com« 
municated by the author* 
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The short needle was as usual provided with an aluminium index, and by means of 
this, readings on a graduated circle traversed by the ends of the index could be 
depended upon to within i^(yths of 1°. The needle was suspended by a platinum wire 
XcKfoth of an inch in diameter and 12 inches in length, the upper end of the wire being 
secured to a torsion-head provided with a vernier, which moved over a graduated 
circle ; by means of the vernier a torsion amoimting to six minutes could be measured. 
The fine platinum wire hung in the axis of a brass tube which was provided near its 
lower extremity with a small glass window, so that the illuminated image of a 
vertical wire focussed by a lens could be received on a small mirror and reflected back 
on a scale placed at a distance of 1000 of its own divisions from the mirror. The 
mirror was attached to a piece of stout brass wire which was connected at its lower 
extremity with a needle, and at its upper extremity was clamped to the lower end of 
the platinimi wire. 

The effect of the torsion on the deflection was determined by a series of careful 
observations made by turning the torsion-head through different angles, first in one 
direction and then in the opposite, and noting the corresponding deflection of the 
needle. Thus, in one experiment, the torsion-head having been turned through 100 
degrees from left to right, there was produced a deflection of 57° 6', and when the 
head was turned from right to left, the deflection was 56° 46' on the opposite side of 
the zero point; the mean of the two deflections of the needle is 57°, and therefore the 

force of 1° of torsion of the suspension wire woidd=— r^r^y--^^='0195 XH ; where H 

is the horizontal force of the earth's magnetic action on the needle. 

In order to be able to determine in absolute units the value of the deflections of the 
needle, a new Daniell's cell of large size was charged with a saturated solution of 
sulphate of copper and a semi-saturated solution of sulphate of zinc. This cell was 
allowed to rest for two hours after having been charged, and was then short-circuited 
for half an hour. After this time the cell was* connected up with the thick copper 
wires of the galvanometer, and the deflection of the needle produced, observed by 
means of the mirror and scale, when external resistances of ohm, 10 ohms and 
20 ohms were successively introduced. The deflections were reversed in each case by 
reversing the battery-current and the mean values of the two deflections in the 
different directions were for ohm, 324 divisions of the scale; for 10 ohms, 110 
divisions; and for 20 ohms, 30 divisions; these deflections corresponding to 8° 59', 
3° 8^ and 0° 52' respectively. By comparing the deflection with ohm and 10 ohms 
in circuit, the internal resistance of the battery, together with the resistance of the 
connecting wires, was found to be 1*055 ohm, and by comparing the deflections with 
10 ohms and 20 ohms in circuit, this same resistance was calculated to be 1*058 ohm ; 
therefore, 1*057 ohm was assumed to be the true resistance. Again, taking the 
electromotive force of the Daniell thus charged to be 1*12 volt, or 1*12x10^ 
electromagnetic units, and the resistance of 1 ohm to be 10® of these units, the formula 
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for converting the readings of the galvanometer into electromagnetic miite was deter- 
mined to be 

y=-3l58 (tan ^+'00839^ sec ^), 

where ^ equals the deflection of the needle in degrees, and y is the value of the 
current strength in absolute measure. 

The magnetidng coils. 

During a considerable part of these investigations two magnetizing coils were 
employed, of which descriptions are now given. 

The larger of the two coils, which will be designated as the coil A, was made of 
about 1000 feet of cotton-covered copper wire, -^th of an inch in diameter ; the whole 
piece was divided into seven equal portions, and these, after having been well soaked in 
melted paraffin wax, were placed side by side and bound together by tape wound 
spirally along the whole length of the compound strand thus formed. This strand, 
after a ftirther soaking in paraffin, was wound on a stout glass tube having an internal 
diameter of 1 inch and a length of 13 inches. The glass tube was provided at its 
two extremities with discs of hard wood ^ inch thick and 6 inches in diameter, 
and surrounding the whole of the coil was a zinc cyHnder concentric with the glass 
tube, which being closed at its two ends by discs of the same metal served when filled 
with water to keep the coil cool (fig. 19). The ends of each of the seven portions into 
which the whole wire was divided were connected with separate terminal screws so 
that the seven coils could be used either in " series " or in " multiple arc." When 
arranged in " series,*' in which form they were employed in this particular branch of 
the enquiry, the total resistance of the coils at 15° C, was 4'464 ohms. The com- 
pound strand was distributed along a length of 30 centims. in layers of five deep, 
so that the total number of turns amounted to 2100. The inner diameter of the coil 
was 3 centims. and the outer 7 centims. ; therefore the magnetizing force at the centre 
and the two extremities would be respectively 47r X cx 70 x '986 and 47r X cX 70 X "498 
absolute units, where c denotes the current strength, and the average force throughout 
the whole length would be 4irXcX 70x742. 

The smaller of the two coils, the coil B, was constructed as follows : — A thin tube 
of polished brass, with a slit running throughout its entire length, 1^ inch internal 
diameter and 4^ inches long, was covered with vulcanised caoutchouc to a depth of -j^th 
of an inch, and on this was woimd 3 lbs. of cotton-covered copper wire, ^th of an inch 
in diameter, followed by 3 lbs. of wire, Vo^h of an inch in diameter. Inside the first 
tube was placed a second of similar kind, 1 inch in internal diameter, and connected 
with rings of ebonite with the first at the two ends. The second tube was concentric 
with the first, and of the same length, so that between the inner tube and the outer 
there was interposed a layer of air nearly |^th of an inch in thickness. This arrange- 
ment was employed to prevent the heat from the magnetizing coil reaching any wire 
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or rod placed inside. The wire forming the coil had a resistance of 1782 ohm at the 
temperature of 1 5^ C, and was distributed in 8 14 turns in a length of 9 '7 centims. The 
inner diameter of the coU was 3 centims. and the outer diameter 9 centims., so that 
the magnetizing force at the centre would be 47rXcx90"4x*851, and that of the 
two extremities 47rX cX 90*6 X '478 absolute units; consequently the average force 
throughout the coil would be 47rXcX90'4X'664. As with coil A, the whole of the 
wire was well soaked in parafl&n wax before winding, and the insulation between one 
layer and another was, by determining the resistance before and after winding, 
ascertained to be quite perfect in both A and B. 

The Effect of Temporary Stress on the Alteration of Electrical 
Eesistance produced by Magnetism.* 

In order to test the effect of temporary and permanent extension on the change of 
electrical resistance produced in iron wire by magnetism, the following arrangement 
was adopted : — The wire, which had a total length of from 4 to 5 feet, was firmly 
secured at one end (%. 19, C) to a strong upright, and was then slipped through two 

Fig. 19. 




glass tubes of small diameter about 13 inches in length ; the glass tubes were placed 
inside two copper vessels, S S, of the same length as themselves. These vessels each 
consisted of two concentric cylinders connected by soldering at the two extremities by 
copper rings and provided with smaU pipes, so that cold water could be kept runnicg 
through the 8]>ace between the cylinders. The outer of the cylinders was 1 inch nearly 
in external diameter, and the inner ^ inch in diameter ; one of the copper vessels was 
placed inside the magnetizing cx)il, A, whilst the other was supported on the table. 

* It should be mentioned here that in all these experiments the magnetizing coils were placed in a 
direction perpendicular to the magnetic mericUav. 

MDCOCLXXXin, T 
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The wire passed over a krge wooden ptdley, P, and to the other end of it was attached 
a scale-pan for holding weights. The light clamps a, 6, c, having been well secured to 
the wire, were connected up in the usual manner, as shown in the figure, with the 
galvanometer, battery and resistance-coils, the connecting wires in this case being for a 
distance of 2 feet of rather fine silk-covered copper, in order to avoid the strain which 
would probably have ensued from the comparatively heavy caoutchouc-covered wires 
ordinarily employed. The whole arrangement was then carefiilly covered over with 
baize, and water allowed to trickle from a small cistern through S, S for about an hour, 
the space B having been previously filled with water. After a sufficient time had 
elapsed to render the parts of the wire of the same temperature, the effects on the 
resistance of magnetism alone or magnetism combined with strain were deteimined. 
The tangent galvanometer was placed in the circuit of the coil A* for the purpose of 
measuring the current passing through the coil. 

Uxperiment LTX. 

An annealed iron wire, '09 3 centim. in diameter. B.C. produced by one LECLANCHifc. 
M.C.t by 10 Grove cells with adjustable resistances in the external part of the 
circuit. 



If nmber of Ulogs. 

on Um wire, Male-pan 

weighing 2 kiloga. 

not included. 


Tangent of deflection 
galvanometer 

-tMIO. 


Altenttlonof teaiatance 

in terma of the 

platinnm-ailrer wire - d ; 

one divliion— an alteration 

of <00081 per cent. 


tana 




8 

4 
6 


•123 
■249 
•249 
•105 
•105 
•105 


48-6 
660 
400 
400 
270 
220 


395 
261 

881 



Experiment LX, 

Another piece of the same wire was loaded and unloaded several times with a 
weight of 12 kilogs., and was afterwards allowed to rest for several days unloaded. 
The changes of resistance were then determined by noting the position of the light on 
the scale, the B.C. being produced by a large Daniell's cell, the circuit of which, as 
well as that of the galvanometer, was kept closed as soon as the balance had been 

* In the figure the manner in which the componnd strand of the coil is arranged in ^'series" is not 
shown. 

f The current in the circuit of the " Wheatstone's bridge " will be denoted by B.C. and that in the 
magnetizing circuit by M.C. 
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established. The effect of magnetization on the resistance was tested when loads of 
0, 6, 10, and 12 kilogs, were on the wire. The M.C. was produced by five 
Grove cells. 



Tuigent of the 

deflection of the needle 

of the tangent galyanometer. 


Load in kiloga. on 

the wire when ander 

magnetization, the scale 

pan weighing 2 kiioga. 

not included. 


Alteration of lesiatance 
produced by magnetialion 

in dirislon* of the 

galvanometer-acal« ; one 

diTision repreeentiog 

an alteration of -0006 per cent. 


•247 




6 

10 

12 


27 
19 
25 
25 



Both these experiments show that the mcrease of resistance which was produced by 
the longitudinal magnetization is lessened by temporary stress up to a certain limit of 
the latter, and several other experiments of a similar kind proved that after the 
diminution of alteration of resistance caused by magnetization had reached a maximum, 
further temporary stress began to reverse the first effect, sometimes only just before 
the " breaking-load " of the wire had been reached. In no case, however, was dimi- 
nution of resistance caused by longitudinal magnetization for the highest stress which 
could be put upon the wire without breaking it,* and this, too, when strengths of 
current of very different degrees were tried. 



Experiment LXL 

An annealed nickel wire, '105 centim. in diameter, was arranged in the same manner 
as the iron wire in the last experiment ; but the clamps a and c (fig. 19) were placed 
nearer together, and just inside the coil A, so that the whole of the nickel experimented 
on would be under the influence of the magnetizing force. In this case the coolers, S S, 
were dispensed with, and, instead, the wire to be tested was provided with a solenoid 
of fine silk-covered copper wire, wound in two layers on a glass tube of the same 
length as that of the nickel wire under examination, and of a diameter such that the 
latter could be easily slipped inside it. This solenoid served, when required, to give 
the relative amounts of magnetism imparted to the steel by the different magnetizing 
forces. The alterations of resistance produced by the magnetism were first determined, 
then the galvanometer having been disconnected from the '* bridge" and joined up with 
the solenoid, the induced currents caused by the magnetization were measured by the 

* This was rather unexpected ; since Jottli has shown (Phil. Mag., 1847, vol. xzx., pp. 76, 225) that 
whilst iron free from stress is increased in length by longitudinal magnetization, jet when loaded beyond 
a certain limit its length is diminished by the same canse. 

T 2 
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" throw " of the needle, both with and without the B.C. flowing through the nickel. A 
preliminary set of observations had given the means of determining the amount of 
current which would be induced when the nickel was not in the coil, and, therefore, by 
subtraction the induced currents due to the nickel only could be determined. The 
glass tube and the fine silk-covered copper wire on it would have served to shield the 
nickel from any change of temperature likely to be caused by the magnetizing current ; 
but as a further precaution, the solenoid was well wrapped up in paper so that it 
would just fit inside the coil A. The comparison- wire was also surrounded with glass 
and caoutchouc tubing, and, as with the iron, the whole arrangement was well covered 
over with baize. 

The following values (Table XXVI.) of the alterations of resistance are the means of 
five or six trials with each of the various magnetizing forces employed. 

Table XXVI. 



M.O. 

in divisions of 

the scale of 

the tangent 

galvanometer 

cu 


Throw of the 

galvanometer 

needle dae to 

induction carreut 

caused by 

magnetization 

of the nickel when 

the load on the 

wire « kilog. 

p. 


Increase of 
resistance in terms 

of division of 

the platino-lridittm 

wire when the 

load on the wire 

-» kilog. 


a 


r 


Inereaae 

of reaiaUnce 

ealcalated 

from 

. the fonnnU 

y—a.a + b^ 

a--2992 

b^-UU. 


Inereaae 

of reaistance 

caoaed b7 

magnet iam 

with 

2kUoga.on 

thewite. 


Inereaae 

of rewatance 

canaed by 

magnetiam 

with 

« kUogs. on 

the win. 


Inereaae 

of lesiatanee 

canaed by 

magnetiam 

after the 

removal of 

the 8 kiloga. 

and after 

areatoftwo 

days. 


19 
36 
63 
69 
86 
169 
279 


87 
16-2 
26-6 
310 
36-8 
66-4 
81-5 


7-0 
12-4 
191 
24-6 
31-3 
670 
95-8 


-368 
-354 
•360 
•356 
•364 
•358 
-343 


-805 
-765 
•746 
•781 
-851 
1-011 
1175 


7-00 
12-92 
19-73 
25-30 
31-30 
56-10 
95-80 


6-0 

24-5 

53-0 
991 


20 

19-8 

46-0 
85-2 


8-6 

33-1 

80-0 
1310 



It is evident from the last experiment that the increase of resistance which can be 
produced by magnetizing nickel wire longitudinally is diminished by temporary longi- 
tudinal stress not carried beyond a certain limit, provided the magnetizing force does 
not exceed a certain critical value depending upon the amount of stress applied. 
Thus we see that when the value of a is somewhere between 159 and 279, the load of 
2 kilogs. begins to increase the alteration of resistance caused by the magnetization. 
Now, Sir W. Thomson has proved* — and in the case of this particular wire I have been 
able to verify the factt — that with nickel the magnetism induced by any magnetizing 
force is increased or diminished by stress according as the magnetizing force does or 
does not exceed a certain critical value. With iron, on the contrary, the induced 

♦ " Blectrodjnainic QnaUtiee of Metals "—Part VII., Phil. Trans., Part I., 1879. 
t I shall have occasion to refer to this experiment in Part III. of my paper. 
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magnetism is increased by stress, provided the magnetizing force does not reach a 
certain critical value, which however is very much less, other circumstances being the 
same, than is the case with nickel It is possible, therefore, that if much smaller 
magnetizing forces had been employed in Experiment LIX., the increase of resistance 
caused by magnetism would be found to be heightened by the loads employed in that 
experiment. 

The Effects of Permanent Longitudinal Extension of Torsion and of 
Tempebing on the Alteration of Electrical Resistance produced by 
Magnetizing. 

The last experiment shows that moderate permanent logitudinal strain largely 
increases in the case of nickel the susceptibility to alteration of resistance from longi- 
tudinal magnetization. A similar effect is produced on iron, but as the whole point 
will be more fully discussed in Part III., it will suflSce here to state that several 
experiments made according to the above plan, and also others where the comparison- 
wire and the wire to be tested were placed together in the magnetizing coil, proved, 
undoubtedly, that moderate permanent strain increases the susceptibility, but that 
this increase, after reaching a maximum, begins to decline, so that in some cases after 
the wire had been broken by the stress applied, the susceptibility appeared to be 
less than it was before the wire had been subjected to any strain. The above- 
mentioned maximum point depends upon the amount of magnetizing force in a 
manner to be hereafter described. 

The eflFect of permanent torsion up to a certain point was to diminish the suscepti- 
bility to alteration of resistance from longitudinal magnetization, and the amount of 
diminution was independent of the direction either of the M.C. or the B.C. 

The following experiment shows that in hard steel longitudinal magnetization 
increases the electrical resistance. 

Experiment LXIL 

A piece of a steel knitting-needle, 7*62 centims. in length and '23 centim. in 
diameter, was hardened by heating it to a bright red and then plunging it into cold 
water. The piece was connected up with another of similar dimensions and similarly 
prepared, and both having been well covered with caoutchouc and silk, were made to 
form two branches of a " Wheatstone's bridge." The coil B was used to impart 
magnetism, and with a large Leclanch^ for the B.C., and four Grove's cells for 
the M.C., an increase of resistance represented by 30 divisions of the iridio-platinum 
wire was obtained. The brass clamps used to connect the pieces of steel with each 
other, and with the other branches of the " bridge," were so massive that even in this 
case their resistance is neglectable ; and since 30 divisions of the iridio-platinum wire 
would show an alteration of resistance of '010 per cent., we may assume that this last 
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number represents approximately the extent to which the conductivity of the steel 
was diminished by the longitudinal magnetization. 

Moreover, the steel under examination was well within the coil, the comparison- 
piece being, of course, outside, and also at right angles to the coil ; and it was 
calculated that the increase per unit of resistance would for unit magnetizing force be 

•00010 X 97 
814 X -68 X 4 =69*8x 10^, since c, the strength of the magnetizing current here, 

approximately amounted to '2 absolute unit. 

It will be observed, by comparing this last result with the corresponding one in 
Experiment LXVIIL, that the alteration of resistance produced by a given magnetizing 
force is very much less with the hardened steel than that caused by the same magne- 
tizing force in a steel rod of the same diameter, but in the same condition as it was 
when received from the makers. Several other trials were made with the same piece 
of steel, in which smaller and smaller amounts of M.C. were employed, but in no case 
could any alteration of the nature of a decrease of resistance be observed. 

A similar experiment had been tried with pianoforte steel wire, hardened in the 
same way, and with various amounts of M.C., but the results were of the same nature, 
though much less in amount, as voth the knitting-needle. It may be added that both 
the knitting-needle and the wire were made so hard that they were quite brittle, and 
with both there was a permanent as well as a temporary increase of resistance 
produced by the magnetization. 

An attempt to determine Relations between the Alteration of Electrical 
Resistance produced by any Magnetizing Force, the Force itself, and 
THE Magnetism induced by the Force. 

On consulting the fourth, fifth, and sixth columns of Table XXVI., it wiU be 
observed that the increase of resistance ensuing from magnetization depends not only 
upon the magnetism induced, but also upon the magnetizing force itself; and, in fact, 
we may say that if y denotes the increase of resistance, whilst a and fi represent the 
magnetizing forces and the magnetism induced respectively, y=a.a+6.)8, where a, 6 
are two constants. In the case of the nickel wire, a and fi were meas\ired in terms of 
the divisions of the scale of the tangent galvanometer, and of the scale of the Thomson^s 
reflecting galvanometer respectively ; whilst a and b were calculated from the observa- 
tions made with a=279 and a=86. The agreement between the observed and 
calculated values of y is good, and certainly quite equal to that between the different 
observations made with the same values of a. Columns 4 and 5 show clearly that the 
alteration of resistance depends in this case more on the value of the magnetiziog force 

than on the magnetism induced, and from the fact that ~ is nearly constant throughout, 
whereas ^ rapidly increases for the higher values of a, we are led to infer that the 
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alteration of resistance would go on increasing as the magnetizing force increased, even 
when there might be no appreciable advance in the value of the magnetism induced. 

A glance at the curves in Table XXVII. will serve to confirm the above view. 
These curves have their abscissae representing both the induced magnetism and the 
alterations of resistance produced by the various magnetizing forces, which latter are 
measured by the ordinates of the curves. The induced magnetism* is represented on 
a scale of 1 millim. to one division of the scale of the Thomson's reflecting galvano- 
meter, and the alteration of resistance on a scale of 1 millim. to one division of the 
platino-iridium wire. The ordinates are on a scale of 1 millim. to two divisions of the 
scale of the tangent galvanometer, and each of these latter divisions represents a cur- 
rent of '00023 absolute unit. Each division of the iridio-platinum wire represents 
an alteration of resistance ='000034 per unit; if therefore we take the average of the 

first six values of - , namely, '360, as representing the average alteration of resistance 

effected by a magnetizing current producing a deflection of one division on the scale of 

the tangent galvanometer, we find that the increase of resistance per unit produced in 

,,.,,., .^ X- • i* -sex -000034x30 

the nickel wire by unit magnetizmg force = ^^^oo — ^rr;;;^ — ^ — a - 
^ ^^ ^ -00023 X 2100 X -75 X 47r 



= 8070X10^1 



Table XXVIL — Curves showing the increase of resistance and the amount of induced 
magnetism produced in nickel wire by different magnetizing forces. 




* There was no appreciable difference between the induced magnetism as determined with the B.C. 
flowing and that without. 
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Experiment LXIII. 

An annealed iron wire, '094 centim. in diameter, was arranged with the same pre- 
cautions and in the same manner as the nickel wire in the last experiment; but as it 
was found diflficult to make observations in the ordinary way in consequence of the 
ViLLARi's " shock-currents" being very pronounced, the B.C., for which one Grove's 
cell was employed, was kept flowing until the wire and the comparison-wire had 
assumed a sufficiently stable resistance-ratio which was very nearly equal to unity. 
The alteration of resistance produced by various magnetizing forces was measured by 
the deflection of the image of the illimiinated wire on the scale, and the mode of 
taking the readings and the nature of the corrections to be applied for the direct 
action of the magnetizing coil on the galvanometer are described in Experiments 
LXIX. and LXXI. 

The following table contains the results of this experiment : — 

Table XXVIII. 





Throw of the 


Throw of the 












M.O. in 

diYiaionB of the 

Bcale of the 

tangent 

gftlvanometer. 


galranometer 


galvanometer 


Increaae 








Increaae of 


needle dne to the 


needle doe to the 










reeiatanoe 


indoetion comnt 


indnction current 


intennaof 






^ 

r 


calculated from 


cauiied by the 


eauaed by the 


diTiaiona of the 


V 


y 


the forfflola 


magnetization of 
the iron. 


magnetization of 
the iron. 


galranometer 
acale. 


a 


f>' 


a --0397 


n. 


B.C. flowing. 

p. 


B.O. not flowing. 


y- 








6 --106. 


21 


20 


17 


1-9 


•091 


•095 


118 


2-9 


43 


66 


42 


50 


•116 


•090 


133 


7-7 


82 


107 


71 


131 


•160 


1220 


1-51 


14-6 


130 


134 


91 


19-3 


•148 


1440 


1-47 


19-4 


203 


153 


103 


23-9 


•118 


1-562 


149 


239 


383 


200 


, , 


36-9 


•096 


1845 


, , 


36-4 


519 


220 


172 


43-9 


•085 


2000 


128 


43-9 



Table XXVIII. shows that with iron as with nickel the increase of resistance can be 
represented by the formula y=a.a+6.^,* and, here again therefore, it seems as if the 
alteration of resistance would go on increasing as the magnetizmg force increased even 
when there would be no perceptible increase of induced magnetism. The cases of iron 
and nickel, however, difier considerably in one respect, namely, that whereas with the 
latter metal the magnetizing force played the more important part in altering the 

* The discrepancies between the obsenred and calctLlated yalnes of 7 for the first three magnetizing 
forces is, I believe, almost if not entirely due to the fact that, unfortunately, before any exact measurements 
had been made with the lower values of a, the full magnetizing force had been employed. This would 
not perhaps have affected the result, as far as the agreement between observation and calculation is 
concerned, had the induced magnetism been measured at the same time as the alteration of resistance, 
but this was not the case. 
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resistance, with the former, for moderate values of the M.C. the greater part of the 
alteration is effected by the induced magnetism. 



Table XXIX. — Curves showing the increase of resistance and the amount of 
induced magnetism produced in iron wire by different magnetizing forces. 




..1-^ 






60 













— 














— 


— 


















IINOUCEO MAGNETI51 



!rhe curves in Table XXIX. showing the amount of magnetism induced and of the 
alteration of resistance are constructed on the same lines as those in Table XXVIII., 
except that in consequence of the alteration of resistance being much less and the 
induced magnetism greater with iron than with nickel, the alteration is represented on 
a scale of 1 millim. to *3 division of the scale and the induced magnetism on a scale 
of 1 millim. to 1^ divisions of the scale. Each division of the scale represents an 
alteration of resistance amounting to '000023 per unit, and if we take the mean of 

MDOOCLXXXm. u 
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the third and fourth values* of -, which may perhaps be assumed to represent approxi- 
mately the average alteration of resistance for a given moderate magnetizing force, we 
find that with this wire the increase per unit of resistance produced by an absolute 
electromagnetic unit of magnetizing force would be 2335 X 10"®. 

It is desirable to draw attention also to the fact that with both iron and nickel there 
is no change of resistance of the nature of a decrease produced by magnetization, but 
that starting with a current from one Ghova's cell through a total external resistance 
of about 15 ohmst and with a magnetizing force not greater than 26 times the earth's 
horizontal magnetic force at the place, we find a continuous increase of resistance as 
the magnetizing force is increased. 



The Effect of altering the STRSt^aTH of the B.C. on the Change of 
Kesistancb produced by any Magnetizing Force. 

The results recorded in the last two experiments are so far at variance with 
Auerbach's views already alluded to, that it seemed advisable to still further test 
these views by altering the strength of the B.C. wliilst that of the M.C. is maintained 
constant. 

Expeiiment LXIV. 

A piece of the same annealed nickel wire as that used in Experiment LXI. was 
tested with one Grove's cell and a total external resistance of 15 ohms for the M.C, 
and with from one to three Grove's cells with no external resistance save that offered 
by the " bridge " and its connexions for the B.C. 



Deflection of the needle of the 

tmngcnt gBlvanonieter, showing 

the alrength of the aC. 


Increase of resisUDce eaoBed 

by the magnetization in terms 

of the diyisiona of the 

iridio-platinum wire. 


12 
15 
17* 


101 
10-3 
10-9 



The numbers given in the second column are the means of several observations, and 
agree very fairly with each other, the difference between them being within the errors 
of observation, and what difference there is would show that we have a slightly 
greater increase of resistance for large values of the B.C. than for small ones. 

* The first two valaes of - are not included, for the reason preyionslj mentioned. 

a 
t That is, 10 ohms in addition to the resistance of the coil and its connecting wires. 
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Eocperimetit LXV. 

A piece of the same iron as had been used in Experiment LXII. was tested with 
one Grove's coll and no external resistance save that of the magnetizing coil for the 
M.C., and three Grove's cells with adjustable external resistance for the B.C. 



B.G. in terms of the diyiaionB 

of the scale of the tangent 

galvanometer. 


Increaae per unit of resistance. 

M.O.-109diT)Bion8ofthe 

scale of the 

tangent galTsnometer. 


130 

940 

1521 


•000300 
•000316 
•000353 



In this experiment, which was conducted in the same manner aa Experiment LXII., 
there is evidently a greater alteration produced by magnetism when the B.C. has a 
high value than when it has a low one, and the differences between the different 
values in the second column are certainly larger than could be attributed to errors of 
observation. Now in Experiment LXVIII. it will be shown that with unannealed 
steel, and in Experiment LXL it has been shown with annealed nickel, that there is 
little or no difference in the amount of alteration of resistance eflTected by magnetism 
when the B.C. is made to vary in amount ; and the reason is apparent, for with the 
nickel and the steel there was no* appreciable difference between the induced currents 
caused by the magnetization of these metals when the B.C. was flowing and when it 
was not, whereas, if we turn to the second, third, and seventh columns of Table XXVIIL, 
we see that there is a very appreciable difference in the case of the annealed iron wire, 
between the induced currents with and without the B.C. 

All these experiments are in direct contradiction to those of Auerbach, but yet it 
was thought lit to try others with annealed pianoforte-steel wire. 

ExpeHment LXV I. 

A piece of annealed pianoforte-steel wire, 10 centims. long and *085 centim. in 
diameter, was tested with various battery-power from one to four Grove's cells for the 
B.C., and battery-power varying from one Grove's cell with a resistance of 10 ohms 
in the external circuit besides the resistance of the coil A, to seven Grove's cells with 
no external resistance save that of A for the M.C. 

In no case was a diminution of resistance produced by magnetization. With one 
Grove's cell for the B.C., and seven Grove's cells for the M.C., an increase of 
resistance of '0585 per cent, was observed : lower values of the M.C. gave smaller 
and smaller results as the M.C. diminished. The alteration of resistance produced 
by unit magnetizing force was estimated in the usual manner to be 1500 X 10"® per 
unit. 

* That is, no difference of snch an amount as to make it seem worth while at the time to record it. 

V 2 
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Experiment LXVIL 

A strand of four pieces of the same length and of the same steel as that used in 
the last experiment was tested with one Grove's cell in the B.C., and seven in the 
M.C., and the alteration of resistance, which, however, could not be accurately 
measured, was certainly not greater than that of the single wire when the same 
battery-power was employed for both the M.C. and the B.C. The change of resistance 
of the compound strand under the above-mentioned conditions was measured at 
•040 per cent, with a probable error of 25 per cent. 

The Effect of Longitudinal Magnetization on the Electrical Eesistance 

OF A Bar of Steel. 

As my earliest investigations recorded in the previously-mentioned "Preliminary 
Notice " had seemed to show that the alteration of the electrical resistance of iron and 
steel which can be produced by magnetization is very much greater, for the same 
amount of magnetizing force, when the metals are in the form of comparatively thick 
rods than in that of wires, the following experiment was made. 

Experiment LXVIIL 

A steel knitting-needle, taken in the ordinary condition, 23 centims. in length and 
•233 centim. in diameter, was provided with two copper terminals, 14 centims. in 
length and '410 centim. in diameter, holes having been bored l^ centim. in depth at 
one end of each terminal so as to admit the ends of the needle. A similar and 
simUarly-fiirnished needle served as the comparison-piece, and the two were connected 
with each other and with the other parts of the " bridge " in the same manner as the 
wires in the last experiments had been. The clamps used, however, were more 
massive and the whole of the steel to be magnetized was well within the coil A, 
whilst the comparison-piece was outside the coil and at right angles to it. The 
amount of magnetism mduced was measured as before, but the resistance introduced 
into the circuit of the galvanometer employed for this purpose had to be made veiy 
considerably greater than was the case with the iron wire. In order that the " throw " 
of the needle might be reduced to the proper extent. The B.C. was produced by four 
Grove's cells, and the M.C. by seven Grove's cells, each with adjustable external 
resistance. The following are the results obtained : — 
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Table XXX. 



M.O. 
in dirisions 
• of the 
scale of the 

tangent 

galvanometer 

— o. 


"Throw "of 
the galvanometer 

needle doe to 

induction current 

by magnetization 

of the steel 


Inerease of 

resistance when 

Ra-194° 

of tangent 

galvanometer, 

the Inerease 

measured 

in divisions of 

platino-iridium 

wire. 


Increase 

of 
resistance 

when 
B.C.-2»^ 


Increase 

of 
resistance 

when 
B.C.-88^ 


Mean 
increase 

of 
resistance 

-y. 


Increase 
of retistanee 

calculated 
from formula 
7'=-0386xa 

+ •0688 x/3. 


a 


V 


23 
108 
152 
267 
347 


7 

32 

48 

82 

102 


1-35 
6*48 
8-83 

18-88 


8-50 
1500 
20-30 


8-75 
1900 


1-35 

6-48 

8-69 

1600 

19-39 


1-30 

605 

8-69 

1613 

19-39 


-31 
•80 
•32 
•31 
•30 


•193 
•203 
•181 
•183 
•190 



From this experiment we learn that the magnetism induced in the steel is, for the 
magnetizing forces employed, very nearly proportional to .these latter, and also that the* 
alteration of resistance is nearly proportional to the induced magnetism, and therefore 
to the magnetizing force. Still more closely can the alteration of resistance be cal- 
culated from the formula y=a.a+6.A where the constants a and &, given as 'OSSG 
and '0588, are determined from the alterations of resistance caused by values of the 
M.C. equal to 347 and 152 divisions of the scale of the tangent galvanometer. 

Alteration of the strength of the B.C. seems to have little or no influence on the 
change of resistance produced by a given amount of magnetizing force, and therefore we 

may assume that the product of the mean values of - and ^ will fairly represent the 

alteration which would be wrought by a current in the magnetizing coil which would 
suffice to deflect the needle of the tangent galvanometer through one division of the 
scale. 

This product ='0589, and since a division of the iridio-platinum wire corresponds to 
an increase per unit of the resistance of the steel = '000032,* and, since also one 
division of the scale of the tangent galvanometer represents a current of '00023, whilst 
the average magnetizing force due to unit current would in the present instance be 

— > we see that the maximum increase of resistance obtained by the mag- 
netization was '062 per cent., and that the increase of resistance per unit for unit 
magnetizing force would be 1137 X 10"®. 



* Of course correction is here, and in all similar cases, made for the resistance of the terminals, which, 
however, with these rods was very small. 
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The Effect of LoNarruDiNAL Magnetization on the Electrical Resistance 

OF A Bar of Nickel. 

Eocperivfient LXIX. 

A bar of nickel, 8 '3 centims. long and 70 centim. in diameter, was soldered to two 
stout copper terminals, whilst a similar bar, similarly provided, served as a comparison 
piece. The bars were arranged in the same manner as the steel bars in the last experi- 
ment, but the magnetizing coil B was used instead of A. Before placing the nickel in 
B it was covered with several layers of stout caoutchouc, and the comparieion piece having 
been furnished in like manner, the usual precautions of well covering both bars were 
taken. The B.C. was furnished by two Grove's cells and the M.C. by eight Grove's 
cells with adjustable external resistance. The circuit of the B.C. was kept closed, and 
the alteration caused by magnetization in the resistance of the bar was measured by 
the deflection of the image of the illuminated wire on the scale.* 

As the resistances to be compared are in this case very small, it is advisable to show 
how far any measurements of alteration of resistance can be depended upon, and for 
this purpose the first set of readings with the smallest M.C. are given : — 



Total deflection caowd by 




pawing the M.C. in tenna of 




diTiaiona of tfae gatvanometer- 


Number of trial. 


acale. + aigniflea inereaae 




of reai8tance.t 




+ 8-50 


1 


+8-25 


2 


+ 7-00 


3 


+625 


4 


+ 7-75 


5 


+8-60 


6 


+8-00 


7 


+ 9-00 


8 


+ 8-25 


9 


+ 7-75 


10 


+ 7-25 


11 


+ 7-9 


Mean. 



* In this, and in every other instance in which such a mode of measuring alteration of resistance was 
adopted, the direct action of the magnetizing coil and of the included metal core on the galvanometer 
when the latter was not in circuit was always determined by a separate set of experiments, as though such 
action was small, it could never be entirely avoided. The distance (several yards) of the coil from the 
galvanometer was however such that no perceptible difference in the sensibility of the latter was introduced 
when the M.C. was closed. Similar remarks apply to the tangent galvanometer, and the readings given 
are in the case of both instruments always corrected for the above mentioned direct action. For the mode 
of taking the readings see Experiment LXXI. on Bismuth. 

t Each number is calculated from three consecutive readings in the manner described in 
Experiment LXXT, 
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The deflection due to direct action of the electromagnetic solenoid and included 
core when the galvanometer was disconnected from the " bridge " = +2'9. 

Therefore the deflection due to alteration of resistance = +5*0. 

Immediately after taking the above readings the eflfect of altering by '1 ohm the side 
of the " bridge " adjacent to the side containing the bar was found to be a deflection 
of 190 divisions on the scale, and since the ratio of the resistance of the bar and its 

12*2 
copper terminals to that of the comparison piece was — -, it was assumed that the 

increase of resistance amounted to -rrz — i^ P®^ ^^^*- ^"^^ deflection of the needle of 

the tangent galvanometer was in this case 4^ and a similar set of observations was 
made when the M.C. produced deflections of 6'25°, 8-25°, 1075°, and 13°, with the 
results recorded below. 

Table XXXL 







Inereaae of reoBtanee 






Defl«etion of tangent 


Tan # + -0081^ MO ^•«. 


due to magnetintion in 


a 


a 


gmlTUkometer •f. 


termi of divisiona of the 


c' 


■?• 






galTanometer scale -a. 






4-00 


•104 


50 


481 


462 


6-26 


•163 


9-8 


601 


369 


8-25 


•215 


170 


791 


368 


10-76 


•284 


240 


846 


298 


1300 


•343 


325 


944 


275 



It would seem that the increase of resistance produced by the magnetization varies 
in this case more nearly as c^ than as c ; if, however, we take the mean value of the 

numbers for - we shall probably obtain a sufficiently close approximation to what can 

only be regarded as a rough measurement of the eflfect of magnetization on the resis- 
tance. This mean value is 73*2. The resistance of the nickel only was to that of the 
nickel and the connexions in the ratio of 3*8 to 12*2, and since the value of c must 
be multiplied by '316 in order to obtain the value of the current in C.G.S. units, 
and since moreover a unit current would produce an average magnetizing force in this 

case of —X 7 X 47r, we see that the increase per unit of magnetizing force would on 

the whole be -rri — t-z — z-rz — -zr-. — = — j- , or 4343 X 10"^ The bar was cast^ and used 
'316 X 3'8 X 190 X 814 x '7 x 47r 

in the same state as sent by the makers;^ when annealed the value given above 

would be considerably greater, as it was afterwards ascertained that annealing very 

largely increased the capacity for induction from moderate magnetizing forces. 

* For this bar and for the bars of cobalt and bismuth used in the next experiments I am indebted to 
Messrs. Johnson, Matthbt, and Co. All the bars here mentioned were very nearly chemically pure. 
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The Effect of Longitudinal Magnetization on the Electrical Resistance 

OF A Bar of Cobalt. 

ExpeHment LXX. 

A bar of cobalt, 8*5 centims. long and 75 centim. in diameter, was provided with 
stout copper terminals, and balanced against a similar bar. The precautions taken 
and the mode of experimenting were exactly the same as with the nickel bar. 

Table XXXII. 



Defleedon of 
ttngent galyanomeier 


TaD^ + -0084^860^ 


Increase of resiBianoe 

dae to magnetifl^ 

tioii in terms of 

divisions of galvano- 
meter scale » a. 


a 
e 


a 


400 

6-26 

1300 


•104 
•163 
•343 


140 
3-90 
8-50 


13-5 • 

240 

24-8 


130 
147 

72 



In this case the values of - agree quite as well as -^, and if we take the mean of 

the former, namely 21'1, we obtain an increase of resistance per unit attending mag- 
netization by a unit force =628X10"®; a number, it will be noticed, only about 
one-seventh of that obtained in the case of the nickel. The cobalt was, like the nickel, 
unannealed, and annealing would have caused the effect of a moderate magnetizing 
force to be greater, though not so much greater as would be the case with nickel. 

In both the nickel and cobalt bars there was a permanent increase of resistance 
produced by magnetization, the maximum alteration amounting in nickel to about 
•125 per cent., and in cobalt to '025 per cent. ; so that the maximum permanent 
alteration of resistance which is caused by magnetization is much greater with nickel 
than cobalt. 

With both bars the M.C. was found to produce very nearly the same alteration of 
resistance, whether passed in one direction or the other through the coil. 

The Effect of Longitudinal Magnetization on the Eleotmcal Eesistancb 

OF A Bar of Bismuth. 

Experiment LXXI. 

As it seemed desirable to ascertain whether diamagnetic substances would have 
their resistances altered in the same direction as paramagnetic ones, some experiments 
were made with bars of bismuth, but as the magnetization which can be imparted by 
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an electromagnetic solenoid to bismuth is very much smaller than is the case with 
iron, nickel, or cobalt, it is proper that rather fuller details should be given in 
describing the results obtained so that the trustworthiness of these results may be 
duly estimated. 

A bar of bismuth, 25 centims. in length and '330 centim. in diameter, was provided 
with copper terminals of the same diameter, and connected up with a similar bar to 
the " bridge," as shown in fig. 20. In this figure the relative dimensions of the bismuth 
bars and their copper terminals, as well as the mode of establishing the *' bridge," are 
sufficiently shown. To the binding screw, a, a silk-covered copper wire, c, was soldered 
to connect the bars with the galvanometer, whilst the two binding screws, h 6, were 



Fig. 20. 



RES. COILS 



RES .COILS (W 



provided with silk-covered copper wires leading to the poles of one Grovels cell and to 
two resistance coils of 100 ohms each in the usual manner. The coil A was employed, 
and the bars were arranged in the same manner and with the same precautions as the 
iron wire used in Experiment LIX., except that now it was necessary to dispense with 
the glass tubes in order that the bismuth bars could be slipped into the copper vessels 
through which the water flowed. The bars were, however, well varnished and covered 
with tissue-paper so as to ensure thorough insulation. The B.C. was kept closed and 
the alteration of resistance observed in the same manner as with the nickel and cobalt 
bars. The M.C. was produced by 13 Grove's cells, and the deflection of the needle of 
the tangent galvanometer was 22*5°. The readings given below are determined in 
each case as usual from three consecutive readings ; thus, ab c being three consecutive 

readings the recorded number is r — . 



Numb«r of trial. 


Deflection of gslnnoineter- 

needle in scale divisiom. 

+ Bignifies apparent increase of 

reBiitance on magnetization. 


1 
2 
3 
4 
5 
6 
7 
8 


1000 + 
10-00+ 
9-50+ 
10-25+ 
11-00+ 
10-50 + 
10-25 + 
10-75 + 


Mean 


10-23+ 



MDCCCLXXXin. 



X 
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The B.C. was now taken off and the direct action of the magnetizing coil on the 
galvanometer was found to produce a deflection of 8*00+. Therefore there seemed 
to be an increase of resistance caused by magnetization represented by 2*23 scale 
divisions. The B.C. was again put on, and by taking out and putting in *! ohm 
several times it was ascertained that this caused a movement of the image of the 
wire through 74'0 divisions. Moreover, when the M.C. was flowing, putting in or 
taking out '1 ohm caused the same effect, and therefore the M.C. did not affect the 
sensibility of the galvanometer. In this case • 1 represented an alteration of resistance 
amounting to '001 per unit, and therefore the increase of resistance from magnetiza- 

2*23 X *001 
tion would be — per unit= '000031 per unit and '0031 per cent 

The B.C. was now reversed and the following observations taken : — 



Number of Uiti. 


De&ecUon of g»Inwometer- 

needle In aoale-diTiaiong. 
+ signifle* •pparent ineram. 
— aignifies sppuent decrease. 


1 
2 
3 
4, 
5 
6 


7-60- 
8-00- 
8-00- 
775- 
7-75- 
8-25- 


Mean 


7-88- 



The B.C. was again taken off and the direct action of the coil on the galvanometer 
appeared to be now 9'5— .* Here, therefore, there would be an increase of resistance 
equal to that represented by 1'62 scale divisions, and the amount of increase woidd be 
'0022 per cent. Again, the resistances of 100 ohms on two sides of the bridge were 
replaced by 10 ohms, so that now the arrangement having become more sensitive, a set 
of observations similar to the above gave an increase of resistance equal to 3'88 divisions 
of the scale, corresponding to an increase of '0029 per cent. From the three sets of 
observations it was concluded that the electrical resistance of bismuth is increased by 
longitudinal magnetization by '0027 per cent, for the amount of magnetizing force here 
employed. The increase per unit of resistance for a unit magnetizing force would be 
21x10-8. 



• For some reason the direct action of the magnetizing coil on the galvanometer was never quite the 
same for both directions of the M.C. 
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The Effect of Longitudinal Magnetization on the Electrical Resistance 

OP Zinc Foil. 

Experiment LXXII. 

A piece of commercial zinc foil, 14 inches in length and '040 millim. in thickness, was 
wrapped lengthwise round a soft iron bar of circular section, \ inch in diameter and 
15 inches in length, which had previously been coated with two layers of brown paper. 
The width of the foil was such that when .wound round the bar the edges just over- 
lapped. The foil was secured in position by fine yet strong twine, and having been 
covered with two folds of brown paper the whole was placed centrally in the coil A. 
At the two ends the foil was cut so as to allow of these ends being clamped in the 
usual manner in brass blocks, and a strip of foil of similar dimensions served as the 
comparison-piece. The same mode of experimenting and the same precautions were 
taken as with the bismuth bar. Seven Grove's cells were used for the M.C., and 
these produced a deflection of 15° of the needle of the tangent galvanometer. Several 
trials which accorded very fairly with each other showed a mean increase of resistance 
represented by 3*8 divisions of the scale. The M.C. was reversed, and again several 
trials showed an increase of resistance, the mean value of which was represented by 
3*5 divisions. From the data obtained it was calculated that the increase of resist- 
ance amounted to '0148 per cent. The iron core having been removed no appreciable 
change in the resistance of the zinc foil could be detected on passing the M.C. 



The Effect of Longitudinal Magnetization on the Electbical Resistance 

OF Copper Wire. 

Experiment LXXIII. 

A piece of silk-covered copper wire, 12 feet in length and -iroth of an inch in 
diameter, was doubled backwards and forwards so as to form a bundle 1 foot in 
length. The whole was then well coated with shellac varnish, and when dry inserted 
into one of the copper coolers (fig. 19), which was placed in the coil A. A similar 
bundle served as the comparison-piece, and the two bundles were connected up in the 
usual manner with the bridge. One Grove's cell was used for the B.C., and the 
deflection of the tangent galvanometer produced by the M.C. was 16°. The B.C. was 
kept on for 10 minutes, and whilst stiU on the following readings were taken : — 



X 2 
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Apparent alteration 




of rcMntance caoaed by 


KamlMr of trial. 


magnetization. 




— aigoifiea apparent decrease 




of resistance. 


1 


60 - 


2 


4-5 - 


3 


6-5 - 


4, 


6-5 - 


5 


6-6 - 


6 


7-0 - 


7 


7-0 - 


8 


6-5 - 


9 


7-5 - 


Mean 


6-44- 



The B.C. was now taken off, and the direct action of the coil on the galvanometer 
was found to be 6*50. There would therefore, on the whole, appear to be an increase 
of resistance of 0*6. The B.C. was again put on, and a similar set of observations to 
the above produced when the the M.C. w£is reversed, an apparent increase of 7*80 
divisions ; whilst the direct action of the coil on the galvanometer caused a deflection 
of 8*00 in the same direction, so that now, on the whole, there would appear to be a 
decrease of resistance represented by '20 division of the scale. The mean result 
of the two sets of observations would give a decrease of resistance represented 
by "07 division of the scale. Now, in this case, the galvanometer had been made 
so sensitive by proper use of the adjusting magnet that an alteration of '1 ohm on 
one of the two sides of the bridge, containing each 100 ohms, caused a deflection 
of 300 divisions of the scale ; accordingly 1 division of the scale would represent 
an alteration of resistance amounting to sQQQ(io P®r unit, and '07 an alteration 
of less than one in four millions. It is needless to say that this experiment shows 
that there is no reliable change of resistance to be detected even with the com- 
paratively large magnetizing force employed in this case — a force which would be 
more than 480 times that of the earth's magnetic horizontal force at the place. The 
copper in this case was the ordinary copper wire usually employed for electrical 
purposes, but other experiments were made with chemically pure copper, and these 
all yielded results quite as negative as those just recorded. There is no doubt that 
the electrical resistance of copper is altered by magnetization ; but in order to detect 
such alteration we should, in all probabiUty, require the aid of a very powerfiil 
electromagnet* and a galvanometer in a very sensitive condition. Such change 
of resistance must be exceedingly small even with the most powerfiil magnetizing 
force that we can at the present time bring to bear — much smaller than would seem to 

* One might, perhaps, by adopting the same plan as that used with the ssinc foil, sncceed in obtaining 
evidence of alteration of resistance in the case of copper foil. 
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follow from Stewart and Schuster's experiments, some of the details of which will 
now be discussed* 



Discussion of Stewart's and Schuster's Experiments on the Altera.tion 
OF THE Electrical Resistance of Copper by Magnetization.* 

Stewart and Schuster, in a preliminary -notice, bring forward the results of certain 
experiments which in their opinion seemed to prove that the electrical resistance of 
copper wire is altered by magnetization ; but a glance at their mode of operating 
serves to show that the effects observed by them cannot be relied upon. In fig. 21 
(copied from Phil. Mag., 1874) A B C D is a caoutchouc-covered copper wire several 
yards in length wound round the armatures of an electromagnet, and R is another 
resistance against which the copper wire is approximately balanced. The alteration of 
resistance was observed from the " throw" of the needle of the galvanometer G, caused 
by closing the B.C. by means of the contact-breaker E, first when the electro- 
magnet was actuated by six Grove's cells and then without any current in the M.C., 
or vice-versd. The galvanometer was in such a position with reference to the electro- 
magnet that the latter produced very little direct effect on the former, and since they 
obtained momentarily an increase of potential at D compared with the potential at H 
when the M.C. was passing, they inferred that the magnetization imparted by the 
electromagnet to the wire decreased the resistance of the copper. 

Fig. 21. 




These experimenters, however, seem to have entirely overlooked the fact that the 
powerful magnetization imparted by the magnet to the armatures would alter the 
capability of the latter to receive fresh magnetism. Now, when the B.C. is closed at 
E, the current in the coil of wire wrapped round the armatures would induce magnetism 
in the latter, and this would in turn send an induced current through the caoutchouc- 
covered wire in the opposite direction to that of the original ; if, then, the capability of 

* Phil. Mag., May, 1874. 
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receiving fresh magnetism is lessened in the armatures by previous powerful magnetiza-^ 
tion this induced current would be lessened^ and thus, if their mode of experimenting 
was adopted, the resistance of the wire would seem to be decreased. The following 
experiment was tried with a view of testing the eflFect of previous magnetization 
on the capability of receiving fresh magnetism in the case of the armature of an 
electromagnet. 

Experiment LXXIV. 

A bar of soft iron, 12 inches long ^ inch broad and \ inch thick, was placed across 
the cores of a small electromagnet, and separated from them by a piece of tissue paper. 
The cores of the electromagnet were 1 inch in diameter and 5 inches in length, and 
were wound round with the cotton-covered copper wire -j^th of an inch in diameter, 
and having a resistance of nearly 1 ohm. A battery of six Grove's cells was employed 
with the electromagnet, and in order to test the change of susceptibility to magnetiza- 
tion, some 200 turns of rather fine silk-covered copper wire were made round one end 
of the bar of soft iron and distributed over a length of 4 inches. The coil thus formed 
was connected with the galvanometer, and was further insulated from the iron core by 
two layers of paper. The coil was then placed inside the coil B, which itself could be 
placed in the circuit of one large Daniell's cell by means of a mercury- cup. The 
current induced by the magnetization imparted by the coil B to the soft iron bar 
was measured by the " throw " of the galvanometer-needle, produced when the circuit 
of the Daniell's cell was closed, first without exciting the electromagnet and then 
with this magnet in action. The electromagnet was at such a distance from the 
galvanometer that no error of importance caused by the direct action of the former 
would be introduced. The following experiments were then made : — 
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Difference effected 








in the deflection 




Condition of 


Deflection of the 


by the action of tho 




electromagnet. 


image of the 


electromagnet. 




•'On" signifies 


illaminated wire on 


4- dgnifles increase. 


Number of trial. 


magnet excited ; 


the acale. 


— ugniflee decrease 




"off" not excited. 




produced by exciting 
the electromagnet. 




■ 

r 


227 




1 


Off ^ 


226 


, , 


2 


I 


227 


•■ 


3 


^ 


270 


43+ 


1 




223 


. , 


2 


On - 


186 


41- 


3 




186 


.. 


4 


L 


186 


•• 


5 


f 


212 


26- 


1 


Off I 


202 


16- 


2 


\ 


202 




8 


f 


233 


31+ 


1 


On { 


187 


15- 


2 


I 


187 


• • 


3 


r 


212 


25- 


1 


Off * 


200 
198 


11- 


2 
3 


- 


198 


•• 


4 



The current through the electromagnet was then reversed. 



Condition of 
electromagnet. 


Deflection of the image 
of the wire. 


Difference eflbcted in 

the deflection by the 

action of the 

electromagnet. 


Komber of trial 


On i 
Off i 
On i 


198 
192 
192 

250 
212 
212 

'204 
202 
202 


68- 
20- 
20- 

8- 
10- 
10- 


1 
2 
3 

1 
2 
3 

1 
2 
3 



It will be noticed that for both directions of the M.C. the induced cuiTent is less 
with the electromagnet excited than when not. 

Several phenomena connected with the experiments in the paper above alluded to 
can be explained by referring the apparent alteration of resistance to the permanent, 
sub-permanent, or temporary alteration of the magnetic susceptibility of the soft iron 
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armatures employed; and, on the whole, when we consider that, as stated by them, 
the electromagnet had no apparent effect to make a piece of the wire set either 
axially or equatorially, we must regard their results with great suspicion.* 

I myself seven years ago tried the effect of an electromagnet on a copper wire coiled 
several times round a flat piece of hard wood, and placed between the poles of a 
powerful electromagnet actuated by 12 Grove's cells, but in no ca3e could I detect 
the slightest real alteration of resistance. The galvanometer then employed was only 
able to detect an alteration of 1 in 50,000 of the resistance, and I look forward with 
some interest to renewed experiments in the same direction with the much more 
sensitive instrument which I have at present. 

The Effect of Annular Magnetization on Electrical Kesistance, 

Fig. 22. 




Let A B C D, fig. 22, be a thin slice of iron (in the plane of the paper), through 
which an electric current is passing in the direction of the arrows. The molecules at 
the upper part, A B, will tend to take up positions such that their axes are perpendi- 
cular to the plane of the paper and with their north ends above it. The magnetization 
imparted to the molecules will diminish from A B to the axis E F, where it will be 
zero, and below this axis the molecules will be impelled to place their south poles 
above the plane of the paper. If now H K be an independent current passing below 
A B C D, it will tend to reverse the magnetism of the molecules at C D and 
strengthen that of the molecules at A B ; but since the lower molecules are nearer 
to H K than the upper ones, the total effect would be a partial diminution of the 
annular magnetism imparted by the current flowing through A B C D. If, on the 
contrary, the current below the wire flows from K to H, the annular magnetism would 
on the whole be increased. 

Now, some years ago, when making attempts to discover whether the resistance of 
an iron wire could be altered by passing a current above or below the wire, I was led 
to believe that such was the case. Among sevei-al other experiments, a knitting- 
needle provided with copper terminals was placed upon a strip of copper 16 inches 
long, 3 inches broad, and -g^-th of an inch thick; the strip was well varnished, and 
the needle was laid upon it in such a position that the axis of the needle was 

* It seemed to be the more desirable to test these results, as Auerbach twice allodes to them in his 
paper (Phil. Mag., July, 1879, pp. 15-17), and should they not be correct, as I cauuot help feeling is 
probably the case, others might be misled, owing to the well-deserved reputation of these experimenters. 
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coincident in direction with a line drawn from end to end of the strip and bisecting 
the two ends. On passing a current through the strip the resistance of the wire was 
altered in such a manner as would make it appear that circular magnetization decreased 
the resistance. I cannot, however, place reliance on these experiments, which at the 
time seemed conclusive, as I have in my recent attempts not been able to verify their 
results when suflSpient precaution was taken to avoid change of resistance from change 
of temperature. The following are two experiments made with the above-mentioned 
object : — 

Eocperiment LXXV. 

An annealed iron wire, 4 feet in length and '085 centim. in diameter, was firmly 
bound by tape for a distance of 2 feet with a caoutchouc-covered copper wire i^th 
of an inch in thickness. The two parts of the wire were arranged as usual to form 
two sides of a ** Wheatstone's bridge"; and whilst the B.C. was varied in diflfe- 
rent trials to very different extents and the current through the copper wire was 
increased from almost 0*^ to 50° of the tangent galvanometer, no trace- whatever could 
in any case be detected of alteration of the resistance of the wire by passing a current 
through the copper wire, though the arrangement was sufficiently delicate at times to 
show an alteration of one in one million. At one time, indeed, it was suspected that 
there was an alteration, but this was afterwards traced to a slight direct action of the 
M.C. on the galvanometer. 

Experiment LXXV I. 

A strip of annealed iron foil, 8 inches in length 2 inches broad and -g^th of an 
inch thick, was placed upon a copper strip 12 inches long 3 inches broad and i^-th 
of an inch thick, the two being separated from each other by two folds of a sUk 
handkerchief. Another strip of iron of similar dimensions served as a comparison 
piece, and the two iron strips were arranged as usual in the ** bridge." Though the 
currents through the strips of both iron and copper were altered to the same extent 
as with the iron wire, there was still no trace of alteration of resistance caused by the 
current in the copper strip. It is hardly necessary to say that such arrangements as 
these are not favourable for bringing out the effect sought, inasmuch as the distances 
of the copper wire and copper strip conveying the current were both greater than the 
thickness of the iron itself;* but, on the other hand, if we make the iron thicker we 
diminish the sensitiveness of the arrangement, and we certainly cannot well diminish 
the distance of the copper from the iron without laying ourselves open to error from 
changes of resistance caused by heating. 

Several attempts were now made to ascertain whether variation of the B.C. itself 

* With the wire twice as great and with the strip nearly eqnal. 
MDOOCLXXXIII. Y 
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would C5a\ise any variation in the resistance of iron wire, of whicli the next experiment 
will furnish a sample. 

Experiment LXXVIL 

An annealed iron wire, 14 inches long and '85 millim. in diameter, was balanced 
against a platinum wire -j^-th of an inch in diameter, and of nearly equal resistance. 
The B.C. was varied by interposing different amounts of resistance in the external 
circuit of one Grove's cell, and this could be done very quickly by a suitable arrange- 
ment of mercury cups. Resistance coils of 10 ohms each were used in the two branches 
of the bridge, where 100 ohms resistances were generally employed.* As it was found 
impossible to allow the current to flow for even two or three seconds without unduly 
heating the wire, and as ViLLARfs '* shock-currents" would cause the resistance of the 
iron to appear greater than it should be when the B.C. was closed, and less than it 
should be when the B.C. was opened, the following plan was adopted : — The B.C. 
was, at intervals of 30 seconds, closed and immediately afterwards opened; and in this 
way it was found possible to obtain the value of the resistance-ratio of the iron and 
platinum so nearly, that on moving the sliding-piece to points on the iridio-platinum 
wire 20 millims. above or below the supposed balancing-point, a deflection of several 
divisions could be obtained in one direction or the other. As the contrary ** shock- 
currents '' produced by closing and immediately opening the B.C. would not quite 
neutralise each other's impulsive effects on the galvanometer-needle, it is obvious 
that the effects on the galvanometer, due simply to the fact of the sliding-piece 
being equal distances above or below the true balancing-point, would not produce 
equcd deflections, but that, by taking the mean of these deflections, the true point 
might by easy calculation be determined. As a sample of the mdde of experi- 
menting we will take the following case: — The true balancing- point seemed to be 
55 millims. to the right of the zero of the iridio-platinum wire, and 3 ohms were at 
this time in the circuit of the B.C. ; on moving the sliding-piece to 75 a deflection, 
on closing and immediately afterwards opening the B.C., of five divisions to the left 
was obtained (a left deflection would here indicate that the sliding-piece should be 
moved to the left in order to get the true balance). The shding-piece was now moved 
to 35, and a deflection of six divisions to the right was obtained on closing 
and opening the B.C. From this we learn that the true balancing-point would be 

354- ^^ =57 nearly. The resistance of 3 ohms was then removed, and similar 

observations gave 58 as the balancing-point. Immediately afterwards, the 3 ohms 
resistance having been again introduced, the point appeared to be 56. The true 

balancing-point when 3 ohms were in was therefore assumed to be — - — , and when 

* It may be perhaps as well to state here that when small resistances were being compared, 10 ohms 
instead of 100 ohms were generally employed, though this fact has not been always mentioned. 
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the 3 ohms were removed to be 58. In this way the following results were arrived 
at as the means of several trials : — 



SeiiBtance in 

the external ciicnlt 

of B.C. 


PoBltion of 

eqnUibrinm of the 

diding-pleee. 


Kamber 

proportional to 

the B.O. 


10 
3 



56-7 
56-8 
66-7 


10 

2-8 

110 



Now when we bear in mind that one division of the iridio-platinum wire only 
represents an alteration of resistance of '0033 per cent., it appears evident that 
alteration of the strength of the B.C. can have but very small effect on the resistance, 
and even if there is any alteration it is of such a nature as to show that circular 
magnetization produces deci'ease^ not increase of resistance. 

Discussion of Auerbach's Experiments.* 

The results recorded in the last few experiments are so completely at variance with 
my own former ob8ervations,t and with those of Auerbach that it is very desirable to 
attempt to account for the discrepancies. I cannot help thinking that Atjerbach 
experimenting, as it would seem, in almost precisely the same manner as I did in 
1875, may have been misled in the same way as I now believe myself to have been^ 
We both employed copper terminak to our iron wires whose resistances were in some 
cases even greater than that of the wire itself, and therefore necessarily not very thick, 
and moreover balanced this compound wire of copper and iron against a wire of German- 
silver. Now when a current is passing through a wire compounded of two metals placed 
end to end, a " Peltier effect " is produced such that an electromotive force is developed 
which sends a current in the opposite direction to the original ; so that, if we attempt 
to find the resistance of the compound wire in the usual manner by closing the battery 
circuit and shortly afterwards that of the galvanoineter, we shall obtain an apparent 
value for the resistance which will depend upon the battery-power employed, upon the 
length of time that the battery circuit has been closed, upon the medium surrounding 
the wire,t and upon the thermo-electric power of the two metals forming the compound 
wire whose resistance we wish to determine. Nor is the " Peltier effect " necessarily 
confined to the two junctions, for since no wire can be made perfectly homogeneous 

* Plul. Mag., July, 1879. 

t Ibid., June, 1875. 

X That is whether this piedium tends to preserve the inequality of temperature at the two junctions or not. 

T 3 
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throughout, there must be unequal heating wherever two dissimilar parts of the wire 
join, and therefore consequently there must be developed at each such junction an 
opposing electromotive force. Indeed, may not the large resistance of such alloys as 
German-silver and platinum-silver be in a great measure due to a similar imequal 
heating at the junctions of the molecules of the several metals forming the alloy : 
with this difference, however, that here there would be an equalization of tempe- 
rature the rapidity of which would be more and more approached in the case of a 
compound circuit made up of several pieces, say of iron and copper, as the distances 
between the consecutive junctions of these pieces became less and less ? 

Further, besides the error likely to arise from the "Peltier effect," we must 
expect to encounter another, inasmuch as the heat generated in a wire by the passage 
of a current by no means necessarily produces the same alteration of potential at the 
two junctions. This may be from two causes : either different rises of temperature 
may be produced because the terminal at one end carries off more heat than that at 
the other, or because the metals which appear to be identical at the two jimctions are 
not so. 

That the " Peltier effect " does come largely into play sometimes, we can convince 
ourselves by passing a current from a single cell of Daniell for five or ten seconds 
through a thermopile, and then, after disconnecting the cell from the pile, putting 
the latter in circuit of a galvanometer ; in such case a very considerable deflection can 
be obtained with a delicate instrument, and, indeed, we can even make the warmth of 
the hand, pressed against the face of one thermopUe, generate such a "Peltier 
effect " in a second pile connected with the first, that on disconnecting the two from 
each other, and then connecting the second with a reflecting galvanometer, a deflection 
may be obtained which can be rendered visible at a considerable distance. The 
following experiments will show that such errors as those above-mentioned are by no 
means merely theoretical. 

ExpeHment LXXVIII. 

• 

A silk-covered German-silver wire, -^th of an inch in diameter, was soldered at its 
two extremities to two copper terminals, i^th of an inch in diameter and 6 inches in 
length, the whole forming a fairly accurate resistance coil of half an ohm. The coil 
was put for 20 seconds in the circuit of one Grove's cell, and then, after the cell 
had been disconnected, and when a further period of five seconds had elapsed, 
connected by a mercury cup with a galvanometer; a deflection of 200 divisions was 
obtained, whereas, previously, there had been no perceptible deflection. After a rest 
of five minutes there was only a deflection of some 20 divisions. The battery was 
now reversed, and after a connexion with the coil for 20 seconds, a deflection of 
170 divisions was obtained in the opposite direction. 
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Experiment LXXIX. 

A piece of annealed iron wire with copper terminals, both of similar dimensions to 
those of the wire and terminals in the last experiment, was treated in the same 
manner as the German-silver, and deflections of 50 and 25 divisions, both on the 
same side, were obtained. The wire and its terminals were in this case well wrapped 
up in paper, and, as in the previous experiment, there was no sensible deflection 
before the Grove's cell was used. These experiments, which are only two out of 
several which were made with different pairs of metals, show that with the German- 
silver the electromotive force generated by the " Peltier effect " was so far greater 
than that due to any other cause that the deflections were nearly the same on both 
sides ; whereas with the iron the current produced by the unequal heating of the two 
junctions from other causes than the " Peltier effect " predominated, and this was 
found to be the case with several specimens of iron and copper. 

In my experiments of 1875 I balanced iron wires or iron rods against wires of other 
materials, and using rather powerful electromotors (from one to six Grove's cells) 
proved, as I thought, that the electrical resistance of iron increases with the intensity 
of the current employed in the " bridge ; " but in these later investigations, in which, 
having a much more delicate galvanometer, I could obtain a measure of the resistance 
of the substance within 1 in 50,000 with, a battery-power one-tenth of the smallest 
then used, I have been unable to detect with certainty any such change. 

As for the discrepancies which exist between my present and former observations on 
both soft iron and hard steel, I can only attribute them to errors caused by the 
magnetizing coil being too close to the iron or steel to allow of sufiicient protection 
from errors caused by heat radiated or conducted from the former, and which might 
increase the resistance of the metal as a whole, or cause apparent increase or decrease 
by unequal change of potential at the junctions of the two copper terminals with the 
iron or steeL At any rate, using both steel and iron of the same quah'ties as used then, 
but adopting more perfect thermal insulation and a more accurate mode of experi- 
menting, I have been unable to detect any such considerable increase of resistance in 
the case of soft iron or soft steel, or any decrease of resistance of hard steel, as I did 
then. Now Auerbach, with some of his specimens of iron and steel wires, obtained 
apparent alterations of resistance of 1, 2 and even 3 per cent. — alterations of decrease or 
increase which would have, in the case of specimens of a similar nature used by myself, 
sent the reflected image of the illuminated wire flying off the scale, whereas, instead of 
this, I found nothing but variations of resistance which never, with wires of a similar 
diameter, reached even to '1 per cent., and this, too, with magnetizing forces which 
must have equaUed those employed by Auerbach. 

Auerbach, again,* seems to concur with Beetz and others that the mere mechanical 
pull connected with magnetizing would have caused an apparent decrease of resistance 

* Loc. eiL, p. 151. 
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in Thomson's experiment on the effect of transverse magnetization on the electrical 
resistance of iron;^ but when one considers the small effect of even a far larger stress 
than could have been produced by magnetization on the electrical resistance of iron, as 
shown in Table I., these objections must, I think, vanish ; and iurther, with nickel 
whose resistance Thomson has proved to be altered similarly to iron,t ^he effect of 
mechanical stress is of an opposite nature to that produced by magnetization^ 

Remabks on the Nature of the Alteration op Resistance which is 

Produced by Magnetization. 

It will be observed in Table XXXIII.^ in which are given the values of the increase 
of resistance produced by unit magnetizing force, that of all the metals examined 
annealed nickel is the most affected,! and that next in order come soft iron, soft steel, 
cobalt, and bismuth. Evidently the condition of the metal may lai-gely affect the 
susceptibility to alteration of resistance, and from what we have previously learned 
the thickness may do so also, but in a direction opposite to that which was at first 
expected, namely, that thick wires would be less affected than thin ones when the 
same B.C. and M.C. were employed. 

Table XXXIIL 



KaBM of metals. 


Condition. 


Diameter 
in millimetiei. 


InereaM of leaiataaee 

per nnit produced 

by unit magnetising 

force. 


Iron . 
Steel . 
Steel . 
Steel . . 
Nickel 
Nickel 
CJobalt 
Bismath 








Annealed . 
Annealed . 
Unannealed 
Very hard 
Annealed. 
Unannealed 
Unannealed 
Unannealed 




0-94 
0-85 
2-33 
2-33 
106 
7-00 
7-60 
3-30 


2335x10-* 

1500x10-* 

1137x10-8 

70xl0-« 

8070xlO-« 

4343x10-* 

628x10-* 

21x10-* 



Had the nature of the change of resistance been the same for mechanical longi- 
tudinal stress as for longitudinal magnetization in the case of all metals, there is nothing 
in the actual amount of alteration that might not lead us to suppose that the change 
of resistance from the latter cause is due to mere rotation of the molecules, as mole- 
cules, without regard to the electric currents, which, according to Amf^be's hypothesis, 
are constantly circulating round these molecules. But when we find that with nickel 

* Phil. Trans., 1856, p. 741. 
f Proc. Roy. Soc, vol. viii., 1867. 

:t It is remarkable that the yalne of the "rotational coefficient" of nickel should also e;cceed that of 
the other magnetic metals. 
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longitudinal mechanical stress, which must cause rotation of the molecules to a certain 
extent, but without magnetic polarity, actually, unless carried to a very great excess, 
produces decrease of resistance, we are probably right in conjecturing that the change 
of resistance resulting from magnetization is in a great measure due to the fact that 
the current used in the "bridge" is encountered by a set of molecular currents 
circulating all more or less in the same direction, and in planes more or less at right 
angles to tJie direction of the former current as the induced magnetism is greater 
or less. 



Relation bbtpween the "Rotational Coefficient" of Metals and the 
Alteration of Resistance produced by Mechanical Stress. 

E. H. Hall has discovered that when a strip of metal along which a current is 
passing is placed between the poles of an electromagnet in such a position that the 
lines of magnetic force are perpendicular to the plane of the strip, an electromotive 
. force is developed in a direction at right angles both to the plane of the strip and the 
lines of force, and that thus the current is deflected. This deflection varies in amount 
and also in direction with different substances, and Professor BLall has recently read 
before the British Association a paper* on this subject, in which he gives a table 
showing the extent and direction of the deflection produced in several metala The 
extent of the deflection in any substance depends among other things upon a certain 
constant designated by Professor Hall as the " rotational coefficient." In this table 
the sign + or — is prefixed to the number representuig the coefficient according as 
the current is deflected in the same direction in which the conductor itself tends to 
move, or the opposite. Below is given Hall's table, and appended to it the numbers 
representing the increase of specific resistance per unit temporary increase of length 
when this latter is produced by mechanical stress. A + sign prefixed to the numbers 
denotes an increase, and a — sign a decrease of specific resistance. 



* ' Nature,* Nov. 10, 1881. (Abstract of a note on the above subject read by Professor E. H. Hall at 
tbe meeting of the British Association at York.) 
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Table XXXIV. 



Name of metal. 




Tempotuy altenUoii of speclfie 

reaictance per ui^t prodaeed 
by temporary incraww of length 

pernnil. 

+ rignifiea increase of reaiitanee 

on application of atreis. 


Iron 

Zinc 

Lead 

Tin 

Brass 

Platinum 

SQver 

Copper ...... 

Alumininm .... 

Nickd 


+ 78 
+ 15 

+ " "0-2 

- 1-3 
. -- 2-4 

- 8-6 

- 100 

- 50-0 
-120-0 


+2-618 
+2-113 
+1-613 
+1-630 

+2-239 
+1-617 
+ 1-005 
-0-420 
-8-860 



Considering that Hall himself is doubtful about the order of the metals in the 
centre of the list, there seems to be a well-marked relation between the *' rotational 
coefficient" and the ^Iteration of specific resistance from temporary mechanical stress. 
This relationship is strikingly apparent in the case of the metals iron, zinc, copper, 
aluminium, and nickel, and there can be but little doubt that results of extreme 
interest might be obtained by observations of the eflFect of mechanical stress and strain 
on the " rotational coefficient." 

The Belation between Electbical Resistance and "Viscosity." 

Whilst endeavouring to find a relation between the electrical resistances of sub- 
stances and their other physical properties, I was struck with the failure which I 
experienced in finding any in the case of those properties which have been already 
examined, except one, and that is one which as yet I have not had time to examine 
with anything like the care which I hope at some future period to be able to bestow 
upon it, namely, that which has been called by Sir W. Thomson, in the case of metals, 
their "viscosity." The experiments, however, which have been made show clearly 
that there is in all probability a very close relationship between molecular friction and 
electrical resistance. It is proposed to make extended observations of the diminution 
of amplitude of vibration of wires of considerable length whilst the oscillations of very 
small amplitudes are magnified by a mirror attached to the vibrator; so that small 
vibratory molecular displacement may be obtained, and further to examine the change 
of "viscosity" produced by change of temperature. It suffices, however, for the 
present to say that of the pure metals already examined, copper, silver, aluminium^ 
zinc, and tin, the order of their " viscosity " is the same as that of their specific 
electrical resistance. 



Digitized by 



Google 



AND STRAIN ON THE AC3TI0N OF PHTSIOAL FORCES. 169 



Summary of Part II. 

1. The electrical resistances of iron, steel, platinum, German-silver, copper, platinum- 
silver, brass, zinc, silver, aluminium, tin, lead, and carbon are temporarily increased 
by temporary longitudinal stress, the amount of increase being nearly, but not quite, 
proportional to the stress. 

2. The specific electrical resistances of all the above metals, except aluminium, is like- 
wise temporarily increased by temporary longitudinal stress ; with aluminium, however, 
the specific resistance is decreased. The total resistance and the specific resistance of 
nickel are both decreased by temporary longitudinal stress not exceeding a certain 
limit, whilst beyond this limit further increase of stress begins to produce increase of 
resistance. The alterations, both increase and decrease, are very considerably greater 
with this metal than those of any of the other substances examined. 

8. The temporary alteration of specific resistance caused by stress is much less with 
the alloys German-silver, platinum-silver, and brass than with the several components 
of these alloys ; this would suggest an apparent relation between the change of resistance 
caused by alteration of temperature and that due to mechanical stress; the former 
effect, however, is very much greater than the latter, if we regard the alterations of 
resistance attending the same amount of expansion in each case, and there is no doubt 
that the increase of resistance ensuing on rise of temperature is due almost entirely to 
other causes than mere expansion. 

4. The elasticity of carbon rods varies considerably with different specimens, even 
firom the same maker, and is nearly proportional in this case to the eighth power of the 
density. Thick rods have generally a less density than thin ones, and less elasticity. 

5. The specific resistance of carbon also varies considerably with different specimens 
from the same maker, but there is no apparent relationship between specific resistance 
and elasticity. 

6. The increase of resistance caused by longitudinal stress is with different specimens 
of carbon as with different specimens of other substances very nearly proportional to 
the amount of temporary elongation produced by the stress, and though with the 
exception of tin and lead, the total alteration of resistance resulting from a given 
amount of stress is less with the metals which have been examined than with carbon, 
this is not so with regard to the alteration of specific resistanca 

7. Compression produces on the electrical resistance of substances an effect of a 
contrary nature to extension. 

8. Stress applied in a direction transverse to that of the current produces botTi 
temporary and permanent alteration of resistance of a nature opposite to that resulting 
firom longitudinal traction. 

9. Stress applied equally in all directions diminishes the total and the specific 
resistance of most metals. 

MDOCCLXXXm. z 
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10. The alteration of the melting-point temperature of ice can be readily and 
accurately determined by observations of the change of resistance prodaced hj fluid 
pressure on metal wires placed in the ice. 

11. Elxperimentfi on the permanent alteration of resistance of metal wires produced 
by stress furnish valuable information respecting the '^ limit of elasticity " of metals. 

12. There are two " critical points" in every metal at which sudden changes occur in 
the ratio of the permanent extension produced by any load and the load itself, when 
the latter is gradually and carefully increased* The first of these two points fixes the 
true " limit of elasticity," and the second the true " breaking-point " of the metal. 
With iron there are three, and perhaps more " critical points." 

13. The " critical points" are evidently in most cases closely related to the moduli of 
elasticity. 

14. The total resistance of most metals is permanently increased by permanent longi- 
tudinal extension, but with nickel the total resistance is permanently decreased, 
provided the extension does not pass a certain limit ; beyond this limit further exten- 
sion produces increase of resistance. 

15. The rate at which a wire is "running down" under the influence of a load can 
be very advantageously studied by observing the permanent increase of resistance 
produced by the load. 

16. If P be the " breaking-load " of a metal wire, and p be the load actually on the 
wire, the decrease per imit of the velocity of the increase of resistance is inversely 
proportional to P-^ : so that the actual ** breaking-load " of a wire can be calculated 
from observations of the rate of increase of resistance when a loaded wire is " running 
down." 

17. The above-mentioned proportion holds good not only for one and the same metal 
but for diflerent metals. 

18. The result of experiments on the influence of permanent extension on the tem- 
porary alteration of resistance which can be produced by temporary longitudinal stress 
verifies the statement made in Part I. that " the elasticity of a wire is diminished by 
permanent extension not exceeding a certain limit, but beyond this limit increased." 
The effect of permanent extension on the alteration of resistance which can tem- 
porarily be produced in nickel by traction is very remarkable. 

19. Permanent extoDsion, hammering and torsion produce, even when carried to 
excess, very small changes in the specific electrical resistances of metals. Most metals 
have their specific resistances increased by strain caused by the above-mentioned pro- 
cesses, provided the strain does not exceed a certain limit : beyond this limit further 
strain decreases the specific resistance. In the case of iron and nickel, on the contrary, 
the specific resistance is at first decreased and afterwards increased. 

20. The strain caused by heating annealed steel to a temperature slightly and very 
much in excess of that of the room produces effects on the specific resistance of the 
metal of a kind similar to those caused respectively by small and great mechanical 
strains. 
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21. The change of density which can be effected m metals by permanent extension, 
hammering, or torsion is small. 

22. The amount of recovery of electrical conductibility which is produced by time 
in all metals which are in a state of strain varies considerably with the nature of the 
metal ; with platinum-silver the amount of recovery in a given time is very small, and 
with German-silver comparatively very large. 

23. The recovery of electrical conductivity is in all cases attended with increase of 
longitudinal and torsional elasticity. 

24. Metals may be divided into two classes, as far as the influence of permanent 
stiuin on the susceptibility to temporary change .of resistance from change of tem- 
perature is concerned. In one class the strained wire is most increased in resistance 
by rise of temperature up to a certain limit, whilst beyond this limit further strain 
diminishes the first effect. In the other class the converse takes place. 

25. There is a close relationship between the thermo-electric properties of strained 
and unstrained metals and their susceptibiHty to change of resistance from change 
of temperature. 

26. The elasticity of annealed iron or steel is not temporarily but permanently 
increased by raising the temperature of these "metals to 100° C. The ductility of 
annealed iron may also be very considerably and permanently diminished by the same 
process. Mechanical strain influences the elasticity in the same manner as the strain 
caused by tempering, and we may say of both kinds of strain that in the case of iron 
and steel there are three '* critical points " — very sUght strain increasing, moderate 
strain diminishing, and excessive strain again increasing both the torsional and the 
longitudinal elasticity. 

27. The temporary alteration of elasticity which is effected in the case of nickel by 
raising the temperature to 100° C. is very noticeable. Still more remarkable is the 
temporary alteration of susceptibility to change of resistance from change of stress 
which is produced by the same means. 

28. The electrical resistances of annealed iron, annealed steel, very hard steel, 
nickel, cobalt, bismuth and zinc are all increased by longitudinal magnetization. 
The alteration of resistance produced by the magnetization of annealed nickel is 
very remarkable. 

29. The amount of increase of resistance produced in iron and nickel by longitudinal 
magnetization depends not only upon the magnetism induced, but also upon the 
magnetizing force, in such a manner that increase of resistance will be produced by 
increasing the magnetizing force, even when the latter does not cause any appreciable 
increase of magnetism. 

30. The increase of resistance which is produced by magnetization is probably not 
merely due to the rotation of the molecules of the magnetized substance as molecules, 
but to the electrical currents, which according to Amp4:re's hypothesis are constantly 
circulating round the moleculea 

z 2 
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31. The " circular '' magnetization which is produced when a current flows through a 
wire of iron does not appreciably alter the electrical resistance of the wire. 

82. The effects of temporary stress and of permanent strain on the alteration by 
magnetism of the resistance of an iron or nickel wire are of a similar nature to those 
on the alteration of the magnetic susceptibility of these metals. 

33. There is a very striking relationship, both as r^^ards amount and direction, 
between the alteration of specific resistance, which can be produced in a substance by 
longitudinal traction and the " rotational coefficient " of the substance. 

34. There is evidently an intimate relationship between the " viscosity " of a metal 
and its spedfic electrical resistance. 



Digitized by 



Google 



C 173 ] 



11. On ike Specific Resistance of Mercury. 

By Lord Batleigh, F.R.S., Professor of Experimental Physics in the University 
of Cambridge^ and Mrs. H, Sidgwick. 

Beoeived April 24— Bead May 4, 1881. 

OuB experiments on the determination of the British Association unit of electrical 
resistance in absolute measure are detailed in two memoirs communicated to the 
Society.* The conclusion to which they led us is that 

1 B.A. umt=-9865 !?£*S5^', 

flecond 

but this result differs considerably from that obtained by some other experimenters, 
the original Committee included. Although in the present state of the question it 
is not desirable that the B.A. unit should fall into disuse, there can be no question as 
to the importance of connecting it with the mercury unit introduced now more than 
twenty years ago by Siemens. It will then be possible, as recommended by the Paris 
Conference, to express our absolute measurements in terms of mercury, by stating 
what length of a column of mercury at 0^ of 1 square millimetre section has a resist- 
ance of 1 ohm. Accordingly the experiments about to be described relate to the 
expression in terms of the B.A. unit of the resistances of known columns of 
mwcury at 0°. 

This inyestigation was the more necessary, as the principal authorities on the 
subject. Dr. Werneb Siemens and Dr. Matthiessen, had obtained results differing 
by as much as '8 per cent. 

The earlier determinations of Siemens were vitiated by the assumption .of an 

erroneous value (13 5 57) for the specific gravity of mercury, a constant which it is 

necessary to know in order to infer the mean section of a tube from the weight 

of contained mercury. The error, pointed out by Matthiessen, was afterwardst 

admitted by Siemens, who gives as the corrected expression of the relation between 

the two units, 

1 mercury unit='9536 B.A. unit. 

On the other hand, the independent measurements of the resistance of mercuiy by 
Matthiessen and Hockin]: gave 

• Proceedmgs, April 18, 1881; Phil. Trans., 1882, Part II. 

t Phil. Mag., zzxi^ 18G6. 

X Reprint of British Association Reports, p. 114. 
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1 mercury unit='96l9 B.A. unit, 

the mercury unit being defined as the resistance at 0° of a column of mercury 
1 metre long and 1 square millimetre in section. 

Our own experiments lead us to a value not differing much from that of Siemens. 
Wefind 

1 mercury unit=*95418 B.A. unit. 

If we assume that the B.A. unit is '98651 ohm (in accordance with our deter- 
mination), we find 

1 mercury unit=*94130 ohm, 

the ohm being 10® C.G.S. The same result may be expressed in another way by 
saying that the ohm is the resistance of a column of mercury at 0°, 1 square millimetre 
in section, and 1062 '4 millims. in length. 

Through the kindness of Dr. C. W. Siemens we have had an opportunity of 
comparing with the B.A. units a standard mercury unit (No. 2513) issued by 
Messrs, Siemens and Halsele. At the proper temperature (16^7) we find that its 
resistance is 

•95365 B.A. unit, 

agreeing very closely with previous comparisons of Siemens' mercury measurements 
with the B.A. unit 

The determination of the specific resistance of mercury is simple enough in principle, 
though the execution is somewhat tedious, and the calculation of the results is com- 
plicated in practice by the necessity of introducing various temperature corrections. 
In a first sketch of the method it will be convenient to omit these corrections, which 
is tantamount to supposing that all the measurements are made at zero. If L be the 
length and s the section of the column of mercury, B, its resistance, r the specific 
resistance of the metal, 

R=^, or r=Rf 

8 L 

The length L can be measured directly, but s can only be found with the necessary 
accuracy from the contents. Thus if /> be the specific gravity of mercury, and W the 
weight of the whole column in grammes, /)L5=W, whence 5=:W//)L, and 

Apart from the temperatiure corrections already referred to, the simplicity of the 
formtila is disturbed by the inevitable departure from the truly cylindrical form of the 
glass tubes used to contain the mercury. It is true indeed that to a first order of 
approximation the formula stands unaltered, as we may see if we understand by s the 
mean section of the tube. The volume is still truly expressed by ^L, and the resist- 
ance is approximately expressed by tLJs. If, however, the squares of the variations 
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of section cannot be neglected, the actual resistance is greater than the formtda would 
lead us to suppose, as is evident if we imagine the section to become at one place verj 
smalL 

In general we must regard ^ as a function of the position (x) along the tube at 
which it is taken. For the purposes of the present paper we may assume with 
suflScient approximation (see Lord Rayleigh's * Theory of Sound/ § 308) 

Cdx 



B=4- 



The necessary data with respect to s are obtained by a calibration of the tube. " If 
a small quantity of mercury is introduced into the tube and occupies a length X of the 
tube, the middle point of which is distant x from one end of the tube, then the area s 
of the section near this point will be 5=C/X, where C is some constant. The weight 
of mercury which fills the whole tube is 



W=p\sdx^pCx[^)l 



where n is the number of points at equal distances along the tube, where X has been 
measured, and p is the mass of unit of volume. 
" The resistance of the whole tube is 



Hence 



Is G ^ ^n 
WR=rpX(X)s(^)g 



and 

WR n^ 
r= — 
pV 



2(X)x(i) 

gives the specific resistance of unit of volume" (Maxwell's 'Electricity/ § 362). 
In the sequel 



hM^ 



is denoted by /x ; it is a numerical quantity a little greater than imity. 

Another correction is required in our method of working to take account of the 
resistance offered by that part of the mercury in the terminal cups, which is situated 
just beyond the ends of the tube. The question is identical with that of the correc- 
tion necessary in calculations of pitch for the open ends of organ pipes (see ' Theory of 
Sound,' § 307, and Appendix A), and it scarcely admits of absolutely definite solution. 
We cannot, however, be far wrong in adding to the actual length of the tube '82 of 
its diameter, which corresponds to the supposition that the diameter of the mercury 
column suddenly becomes infinite. Since, in our experiments, the whole correction 



Digitized by 



Google 



176 LORD RATLBIGH AUD MRS. SIDGWICK 

only amounts to about a thousandtli part, even a ten per cent, error in our estimate 
would scarcely be material 

Let r = resistance of a column of mercury 1 metre long and 1 square millimetre 

in section, at 0^ expressed in B.A. imits. 
R = resistance of the tube full of mercury at 0® in B.A. imits. 
L = length of the tube at t^ in centimetres as measured with brass rod. 
I = length of a thread of mercury of nearly the length of the tube at f as 

measured with brass rod. 
W = weight of the same thread in grammes. 
ft = coefficient correcting for oonicality of tube. 
SL = correction to L on account of the connecting rods not being close up to 

the ends of the tube =-82 X diameter of tube. 
p = specific gravity of mercury at 0*^ == 13 "59 5. 
y = cubic expansion of mercury per degree = '0001795. 
5r = „ „ glass „ = -000025. 

6 = linear expansion of brass „ ='000018. 

^0 = temperature of brass measuring rod to which the lengths are corrected 

= 17^-2. 

Then the volume of the thread at 0*" = W/p 

Mean section of the tube at f = .., rr. . xV 
Mean section at 0° = „.. ^^^\Tl .^, 

Length of the tube at 0° = (^^^^){Ma'-Q} 

^-^^ •'^f'- 1^^ • W(l+7^) 

The value of /> is that used by the Committee of the British Association in reducing 
Dr. Matthibssen's experiments (see reprint of 'Beports on Electrical Standards/ 
p. 114), and stated to be the mean of the values given by Kopp, Hex^kault, and 
Bai^four Stewabt« The values of ^, y, and h are taken from ErEREm's ' Units and 
Physical Constants ' — y being Eegnault's value for the expansion of mercury. The 
measurements of the other quantities, which depend on the particular tube used, are 
given in the following table, together with the resulting value of r. The description 
of the means employed to obtain these data follows. 
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The mercury used for all the measurements except 10 and 14 was distilled in vacuo 
with an apparatus fitted up by Mr. Shaw. In order to see whether a different result 
might not be obtained with other mercury, some was procured from the chemical 
laboratory for measurements 10 and 14. For the latter a portion of this mercury was 
treated with nitric acid and distilled at atmospheric pressure. For measurement 10 
it was treated with nitric acid, but not distilled. An accident occmTed in carrying out 
this measurement, so that only the resistance of the column was ascertained ; but this 
agrees so well with the resistances found with the same tube for the other mercury, 
that there is no reason to suppose that any discrepancy would have appeared in 
proceeding with the measurement further. 

The glass tubes used were supplied by Cassella, and were selected for uniformity 
of bore, so that the correction for conicality should be small. They were slender and 
easily broken, which made the manipulation of them difficult, and it wsu3 in fact owing 
to a breakage that the tube called No. I. was used so short. The measurements 
taken with it, at first intended to be preliminary, were, however, made with the 
same care as in the case of the other tubes, and the difference of length and resist^mce 
adds some variety to the data. Tubes II. and III. were cut so that their resistance 
should be as nearly as possible one B.A. unit. The section of tubes I., II., and III., 
was approximately 1 square millimetre. Tube IV. was a much larger one, introduced 
with a view of varying the data as much as could conveniently be done. The diameter 
of its bore was about 2 millims., and its length was nearly 2 metres. It was cut so as 
to give a resistance of about half a B.A. unit. 

The ends of the tubes were ground into a convex form with emery powder on a 
lathe, in order that the length (L) of the bore might be measured accurately. This 
measurement was effected by setting two microscopes, which could be adjusted 
longitudinaUy to the exact position required by micrometer-screws graduated to ^q^qo 
inch, so that their cross-wires should coincide with the ends of the tube. Observa- 
tions were made in three or four different positions as the tube was turned round its 
axis, and the mean taken. After removal of the tube, a brass measuring rod belonging 
to the British Association was substituted for it, and the number of whole divisions 
corresponding most nearly to the distance between the cross-wires of the two micro- 
scopes was read off. The outstanding fraction of a millimetre was then ascertained 
by screwing the microscope up to the whole division and reading the difference on the 
Bcrew*head. For the long tube the measuring rod was too short, and a third micro- 
scope had to be used to fix an intermediate point as a fi:esh departure for the scale. 
A thermometer laid beside the tube during the measurement gave the temperature {f) 
at the moment. The brass measuring rod was carefully examined, and its divisions 
were found to agree among themfielves. 

The tubes were cleaned by passing through them in succession, by means of a 
suction-pump, sulphuric acid, nitric acid, caustic potash, and distilled water, followed 
by air dried with chloride of calcium. The process with omission of the acids was in 
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general repeated between each refilling with mercury, but it was omitted in measure- 
ment 7, and there is no record of its having been done in 1, 3, and 6. 

To calibrate the tubes a short thread of mercury was inserted and moved to the 
various positions required, by blowing through a chloride of calciimi tube. In the case 
of tubes L and II., the length, X, of the thread was measured by adjusting micro- 
scopes to its two ends, with subsequent substitution of an ivory scale divided in 
fiftieths of an inch. But this method was troublesome ; and with tubes III. and IV. 
the scale was simply placed against the thread and the length read off with a 
magnifying-glass, a procedure which was found to give sufficiently accurate results, 
notwithstanding the difficulty.arising from parallax owing to the thickness of the glass. 
The following table gives the different values of X for each tube. 

As a check upon the correction for conicality, two distinct values of /x were in some 
cases calculated from the alternate observations of X, and were found to agree closely. 
It may not be superfluous to mention that in carrying out the computations we 
must work to six or seven places, although the observed values of X themselves may 
not be accurate beyond the third place. 



Th« Iwigths ar. in fiftieth, of w ineb. 


Tub. I. 


Tnb.II. 


Tub. in. 


Tnb.IV. 


80-8 


104-6 


136-0 


1710 


800 


1041 


1340 


172-0 


77-0 


104-6 


133-0 


171-6 


75-8 


106-0 


1320 


170-6 


760 


104-6 


131-6 


171-6 


76-4 


106-2 


130-6 


174-6 


760 


104-3 


128-0 


175-0 


740 


1040 


127-6 


174-6 


73-4 


104-7 


126-6 


176-6 


780 


104-0 


126-5 


176-5 


72-7 


1030 


126-6 


177-0 


723 


101-8 


126-0 


180-0 


72-6 




126-0 


180-6 


71-9 




126-6 


180-7 


711 




1260 


182-2 


701 




1260 


183-7 


69-7 




1260 


183-6 


680 




126-6 


182-5 


67-9 




127-0 


1840 


67-6 




127-0 


186-0 


66-9 




128-6 


186-6 


65-3 




1280 
128-6 

128-0 





To find the mean section of the tubes we at first tried the method adopted by 
Messrs. Matthiessen and Hockin in their experiments for the British Association. 
After aspirating the tube with dry air we placed it in a wooden trough ftiU of mer- 

2 A 3 
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cury, and filled it by suction. It was then held down in the trough with iron weights 
tiU it was presumably of the same temperature as the mercury in the trough, which 
was taken at three places. It was then held by the fingers (previously cooled in other 
mercury), pressed against its two ends, and taken out of the trough, the mercury 
adhering to the outside was brushed off, and the contents of the tube were emptied 
into a small porcelain crucible and weighed. But there was no doubt that when the 
fingers holding the tube were bare they pressed a little way — ^how much it was 
difficult to determine — into the tube, and when they were covered with stiff leather, 
or other stiff material, it was difficult to get a sufficiently good hold. However, in 
one case (No. 5) r was calculated from the weight so obtained with leather on the 
fingers. 

The method, followed by Siemens and Sabine, of screwing an iron plate up against 
the end of the tube, was attempted, but we did not succeed in closing the orifice suffi- 
ciently tightly in this way. Ultimately we came to the conclusion that the beet results 
would be obtained by weighing a thread of mercury nearly as long as the tube, and of 
which we could ascertain the actual length by direct measurement. We thought, 
also, that there might be some advantage in ascertaining the volume of the mercury 
from the same filling as that of which the resistance had been taken, as we could not 
be sure that the closeness of contact between the mercury and the glass was always 
the same, so that the same volume of mercury would always be contained in the same 
length of tube, nor that the tube itself was in no way altered by the action of the 
caustic potash used to clean it. The plan adopted was, therefore, after measuring the 
resistance, to keep the tube horizontal so as to retain in it most of the mercury while 
the terminals were removed, and then with microscopes and divided rod to measure 
the thread of mercury in the same way as the tubes were measured. The length so 
obtained is called in the table I. The greatest difference between I and L (that in 
measurement 11) is scarcely over 1 per cent., and in most cases the difference is con- 
siderably less, so that, considering how nearly cylindrical the tubes were, the error in 
the mean section introduced by using a thread of length I instead of L is quite in- 
appreciable. It was another advantage of our method that it avoided the necessity 
of filling the tube under mercury, which it would have been difficult to do with a tube 
so long as IV. 

The only difficulty in measuring the thread of mercury arose from the convexity of 
its ends. This was overcome by pressing them flat with little flat-ended vulcanite 
pins made to fit into the tube. The curvature of the ends when fi:ee was not always 
the same ; but it was found that the length of the mercury held with pins varied little 
from the number calculated on the assumption that the ends were hemispherical, namely, 
the length of the portion of the column of mercury which was in contact with the glass 
added to two-thirds of the difference between this length and that between the convex 
extremities. In some cases, where, owing to the pins not fitting very well or other 
causes, there was a difficulty in flattening the ends properly, the calculated value was 
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used. A thermometer lay beside the tube during the measurement, so as to give the 
temperature t. After the measurement, the mercury was blown out into a small 
crucible and weighed. Care had to be taken not to leave behind minute globules, 
which, owing probably to the small portion of the tube unoccupied by mercury during 
the measuring becoming damp from the air of the room or from the fingers, tended to 
adhere to the glass near the ends. 

In three cases (No. 5 as above mentioned and Nos. 3 and 9) the mercury weighed 
and measured was not that of which the resistance was taken. 

No. 3 was done before it occurred to us that there might be an advantage in carry- 
ing out both operations with the same fiUing, and in No. 9 about one-tenth of the 
mercury was spUt accidentally and had to be replaced. 

The equality of the arms of the balance used for the weighing was tested. The 
weights were compared among themselves and found to be free from appreciable 
error. 




The terminals were composed of L-shaped pieces of ebonite, hollowed out in the 
manner shown (about full-size) in the figure. Each end of the tube was furnished 
with a short length of thick rubber tubing, by which the aperture between the glass 
and the ebonite was closed air-tight. As a further precaution, the space at c c beyond 
the rubber was filled up by pouring in melted paraffine wax. 

After the terminals were fitted the tube was again aspirated with dry air through 
tubes in corks inserted at a a, and then filled with mercury, which was poured in to 
one terminal and allowed to run slowly thi'ough to the other till it stood at a con- 
siderable height, represented by d d, in both terminals. The tube was then placed 
in a wooden trough and covered with ice. Our reason for using vulcanite terminals 
rather than glass ones was the fear that under the influence of the ice moisture would 
collect on the portion of glass above the mercury and serve as a conductor. We 
certainly avoided all difficulty of this kind by using vulcanite. On the other hand, 
we probably increased a difficulty which would have existed in any case, namely, that 
of getting the temperature of the portion of the tube which was within the terminal 
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down to 0° This portion of the tube was about 2 centims. at each end, or about 
5 per cent, of the length in the case of tube I., and about 2 per cent, in the case of 
tube IV. What the exact temperature of this part of the tube was it is impossible 
to say, but it was ascertained that the temperature of the mercury in the terminals 
with the copper connecting rods in situ was not higher than 5° or 6°, depending in 
some degree on the extent to which the ice was piled up round the cup. The mean 
temperature of the parts of the tubes not directly exposed to ice can hardly have been 
BO high as 2°. Supposing it to have been 2°, and taking the case of tube I., where 
the largest proportion of the whole length was within the terminals, the effect would 
be an overestimate of r by about '00008. In the case of tube IV. the error in r would 
be less than the half of this. 

The tubes were connected with the resistance balance by copper rods, well amalga- 
mated, of which one end stood on the bottom of the vulcanite terminals, so that a 
considerable portion of the amalgamated copper surface was in contact with the 
mercury. The rods were kept at a little distance from the ends of the tubes. 
Dr. Matthiessen brought flattened copper rods up against the ends of his tubes, but 
this plan appeared open to objection, since it would be very difficult to secure complete 
contact between the copper and glass all round the edge of the orifice, especiaDy under 
an opaque fluid like mereury ; and any defect in such contact would render necessary 
an unknown correction. We preferred, therefore, to let the ends of the tube open 
without obstruction into the mercury cup, which may be regarded as of infinite extent 
by comparison. The correction necessary to take account of the resistance of the 
mercury beyond the ends of the tube has already been considered; 

The resistance of the rods used to connect I., II., and III. with the bridge was 
about '00215 B.A. unit. With tube IV. an additional rod had to be introduced to 
get the necessary length. This brought the resistance of the rods up to '00291. 
The other end of the rods fitted into mercury cups on the resistance balance. 

The balance used was one designed by Professor Fleming (Phil. Mag., ix., p. 109, 
1880), in which Professor Carey Foster's method is employed of interchanging the 
resistances in the two arms of the balance containing the graduated wire, so that the 
difierence between them is expressed in terms of the wire. One thousand divisions 
of the graduated wire are stated by Professor Fleming to equal '0498 B.A. unit, 
and experiments of our own also showed it to be about '05. The wire is of platinum- 
iridium, and as it has a high temperature coefficient compared with the platinum-silver 
of the standard coils, we thought it undesirable to use much over 100 divisions of it. 
In order to avoid this in the case of tubes I. and IV. it was necessary to introduce coils 
from a resistance box in multiple arc. The resistance box employed was one by Messrs. 
Elliott Brothers. With tube I., 20 ohms from the box were used in multiple arc 
with the standards against which the tube was balanced, and in the case of tube IV. 
24 ohms were used in multiple* arc with the tube itself. Tubes II. and III. were 
balanced against the standard coil belonging to the British Association and deposited 
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at the Cavendish Laboratory, called F. For tube IV. another of their unit coils, called 
the Flat coil, was used in multiple arc with F. For tube I., F and a five-ohm coil 
were used in multiple arc. The standard coils belonging to the British Association 
have recently been carefully compared with each other by Professor Fleming, who 
has drawn out a chart in which is recorded their variation with temperal,ure, together 
with their resistance in terms of the mean of their resistances at the temperatures at 
which they were originally considered to be correct. The values of F and of the Flat 
coil — ^both platinum-silver coils — were taken from this chart. The five-ohm coil had 
been compared with the British Association standards by ourselves. It was also of 
platinum-silver, and its temperature coefficient was assumed to be the same as that of 
the others. 

The standard coils were immersed in water whose temperature was observed each 
time a resistance was measured. These temperatures are given in the table. It may 
be worth remarking that the resistances were taken in a different room from that in 
which the lengths were measured, which accounts for the difference between t and the 
temperature of the standards. The thermometer used to find all the temperatures 
was graduated to fifths, and was corrected by one which had been verified at Kew. 

When one coil only was used to balance the tube, its terminals fitted directly into 
the mercury cups of the bridge, but when two were used in multiple arc their 
terminals were put into larger mercury cups, which were connected with the mercury 
cups of the bridge by short copper connecting pieces of about '00017 ohm resistance. 

All the measurements were repeated with reversed battery currents, in order to 
eliminate thermoelectric disturbance. The readings with battery current each way 
usually agreed very closely, and the mean of the two was adopted. 

It will be observed that the values of R for tube IV. differ by neariy two parts in 
1 0,000, and that there is a less proportional difference, but still au appreciable one, 
for the other tubes. The greatest actual difference between any two of the values in 
the table for the same tube is '00014 ohm. Some small error is due to neglect of the 
change of resistance of the copper connecting rods and of the bridge wire with tem- 
perature. A change of 4° in the temperature of the rods would make a difference 
of about '00003 ohm. There is further a probability of error in ascertaining the 
temperature of the standard coil. A differeuce of -5^° in this also introduces a differ- 
ence of '00003 ohm in the resistance; and there is not only a probable error of 
perhaps ^ in finding the temperature of the water in which the coil is immersed, but 
there is no certainty that the coil follows the water exactly. There is evidence, how- 
ever, that the differences in R are partly due to a real difference in the resistance of 
different fillings of the tube — whether owing to microscopic bubbles or to a thin vary- 
ing layer of air between the mercury and the glass, or to what cause, we were unable 
to determine.* 

* A variation in the closeness of contact between mercury and glass amounting to less than one«fifth 
of a wave-length of mean light would account for the di£ferenco of resistances in the two fillings of 
tube IV. 
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We found some reason for thinking that the resistance tended to diminish with time 
when the mercury remained long in the tube. To examine this we filled tube II. on 
April 3rd, and found its resistance to be •99077. It was then left standing fiill of 
mercury till April 18th, when the resistance was '99055. This difference can hardly 
be relied upon ; and in any case the experiments we have tabulated cannot well be 
affected by any change of this kind, as the interval between the measurement of 
resistance and that of volume was very short, except in cases 1 and 7. In case 7 the 
tube stood full of mercury for two days after the resistance was taken. In case 1 the 
resistance was measured on two successive days, and the mean of the two values 
taken. The second was the lowest by '00020, possibly owing to an error. The 
length was measured immediately after the last measurement of resistance. 

The variations in the values of r are, as we should expect, greater than those in R, 
being affected by probable errors in the other data. The extreme difference amounts 
to less than 6 in 10,000, and the greatest divergence from the mean value is 3 '3 in 
10,000. 

The mean value of r according to these experiments, '95418, lies between that 
deduced from Dr. Siemens' experiments for his 1864 standard, namely, '9534, and 
Dr. Matthiessen's value, namely, '9619 (Phil. Mag., May, 1865), but the difference 
between our value and Dr. Matthiessen's, namely, '00772, is nearly ten times as 
great as that between ours and Dr. Siemens'. We are unable to account satisfactorily 
for this large difference. One point, however, is worth noting. Dr. Matthiessen 
measured the resistance of the mercury in his tubes, not at zero, but at temperatures 
between 18° and 19°'l (Report of British Association Committee for 1864). To 
deduce the specific resistance at zero, therefore, he must have assumed the coefiident 
of variation with temperature, and presumably —though it is nowhere stated in the 
Report — he used that found from his own experiments (PhiL Trans., 1862), namely, 
•074* per cent, per degree. Our own observations have led us to suspect that this 
value is too smalL We made three comparisons of the resistance of tube III. in ice, 
and in water at approximately the temperature of the room, and one similar com- 
parison with tube IV. The results are given in the following table. Our arrange- 
ments were not adapted for observing the resistance at other temperatures, as the 
open trough afforded no means of checking rapid change. 



* This is the value which results from the experiments made at 0** and at about ! 
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Date. 


Ko. of 
tube. 


Itf ean (empentiiTe 

of water in the 

troagh. 


Besiatance in 
water. 


Besiatance 
atO°. 


Diff«rence for 

l°+ieBi8tance 

atO°. 


Mean of the 

fonr Taloea in the 

laat column. 


March 13 . . . 
„ 14 . . . 
„ 28 . . . 
„ 24 . . . 


III. 
III. 
III. 
IV. 


127 
13-25 
12-8 
125 


1-00814 

1-00874 

1-00810 

•51318 


•99720 
•99725 
•99720 
•50774 


-000863 
•000870 
-000854 
•000857 


•000861* 



The above determined mean coincides with the value found by Schr5der van der 
KoLK,t whose observations, however, related to a much greater range of temperature. 
An observation by Werner SiemensJ between the temperature 18°'5 and 0° gives for 
the coefficient '00090. 

The difference between the coefficients '00074 and '00086, as applied to the reduc- 
tion from 1 8°'7 (the mean temperature of the tubes in Dr. Matthiessen's observations) 
to 0°, would account for about one quarter of the difference between his results and 
our own. 

The remainder of the discrepancy may possibly be connected with the manner in 
which Dr. Maithiessen's tubes were calibrated. Although in the description of the 
process a small colmnn of mercury is spoken of (Reprint, p. 128), it is distinctly stated 
on the preceding page that the lengths of the columns of mercury were 383, 291, 245 
millims. respectively, i.e., nearly half the lengths of the tubes. It is possible that this 
may be a mistake ; but if such lengths were really used, the correction for conicality 
would have been much underestimated, so that the specific resistance of mercury would 
come out too high. In the case of uniform conicality the true correction would be four 
times as great as that obtained by applying the formula applicable to short threads, to 
cases where the length is about half that of the tube. 

[January, 1883. — The measuring rod and the weights used in the above investiga- 
tion have been compared with standards verified by the Board of Trade, and the errors 
have been found to be negligible. But sinc^the value of p employed relates to weigh- 
ings in vacuo, a corresponding correction is called for here. On this account the final 
number, '95418, should be reduced to 

'95412.1 



* It should be noticed that the resistances here compared are those of the contents of a certain glass 
tnbe at various temperatures, so that the accompanying temperature variations of length and section are 
determined by the properties of glass and not by the properties of mercury. The results are therefore 
not quite comparable with those obtained in similar experiments with solid metallic wires, which are free 
to determine for themselves their length and section. 

t PoGG. Ann., ex., 1860. 

X Ibid., cxiii., 1861. 

MDCCCLXXXIII. 2 B 



Digitized by 



Google 



Digitized by 



Google 



[ 187 ] 



III. On the Ultra-Violet Spectra of the Elements. — Part I. Iron {with a map). 

By G. D. LiVEiNG, M.A.y F.R.S,, Professor of Chemistry, 
and J. Dewae, M.A.^ F.R.S,, Jacksonian Professor, Univefi'sity of Cambridge. 

Received June 8, — Read June 15, 1882. 

[Plates 1-5.] 



Angstrom's " normal solar spectrum " has served most spectroscopists as a standard 
of reference for wave-lengths in the visible part of the spectrum. Cornu's con- 
tinuation of it, and particularly the map of the iron lines which he used in the 
construction of it, serves very well for such a standard up to the limit of the solar 
spectrum, i.e., to a wave-length 2948 (U). For the region above this we have had to 
use Mascart's and Cornu's wave-lengths of the cadmium lines, and Cornu's wave- 
lengths of some magnesium lines. The intervals between those lines are, however, 
-too great for any close approximation to the wave-lengths of intervening lines by 
interpolation, and, moreover, the wave-lengths did not appear to be determined with 
sufficient precision to serve as a standard, and the lines are ill adapted to that purpose 
by reason of their diffuse character. For the determination of the wave-lengths of lines 
in this higher region we have, therefore, been driven to form a standard for ourselves. 
For this purpose we have chosen the iron spectrum which had been employed by 
CoRNU in the region which he mapped, and seemed to answer the purpose well, both 
from the number of lines v\^ich it presents and their characteristic grouping by which 
they may easUy be recognised by anyone who has once become familiar with them. 
The wave-lengths of the most prominent lines were determined by means of a 
RuTHEKFUKD diffiraction grating, as detailed below, between the wave-lengths 2948 
and 2327 ; but beyond this there is a remarkable falling off in the intensity of the 
iron lines-, and between wave-lengths 2327 and 2135 (which is near the limit of 
transparency of Iceland spar) we have preferred to determine the wave-lengths of 
the prominent copper lines which are numerous and strong in that region. The wave- 
lengths of a series of lines at short intervals having thus been determined, those of 
the intervening lines were obtained by interpolation, and the result is shown in the 
map of the iron spectrum above U which accompanies this paper. 

2 B 2 
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The instruments. 

The goniometer used was constructed for us by Hilger, and has a circle of 
18 inches diameter, graduated at intervals of 5' by Simms. Fractions of 5' are read 
by a microscope with a micrometer eye-piece fixed to the arm which carries the 
telescope. 

The telescope and collimator have each an object-glass consisting of a single lens of 
quartz 1^ inch diameter and a focal length of 18^ inches for the sodium yellow light, 
but not more than 16 inches for the highest rays measured. The sliding tubes of both 
telescope and collimator are graduated in fiftieths of an inch, and alterations of focus 
were made on both instruments at the same time, so that the rays falling on the 
grating might always be nearly parallel. The graduation of the sliding tube was also 
used for ascertaining the distance of the photographic plate firom the object-glass of 
the telescope. This was necessary for computing the corrections of the angular 
measure, as explained below. The collimator is furnished with a quartz lens, of 
3 inches focal length, in front of the slit, movable to a greater or less distance, but 
retained by guides so that its axis may remain coincident with that of the collimator. 
This lens was placed about 6 inches in front of the slit, and the source of light at the 
same distance beyond it, so that its image was focussed on the slit. 

The measurements were all made by means of photographs taken on Wratten and 
Wainwright's instantaneous dry gelatine plates. The plates (2;^ inches by 1 inch) 
were held in a small slide attached to a tube which fitted the telescope in place of the 
eye- piece, and thus the plate could easily be turned about an axis perpendicular to its 
plane and coinciding with the axis of the telescope. This turning of the plate about 
is a matter of no small importance, as it enabled us to avoid the errors which would 
have arisen from measuring the distances of the lines from the irregular edge of the 
plate, as will be seen when the mode of measuring the photographs is described. The 
plates were retained in one position in the slide during exposure by three springs, of 
which two pressed against two edges of the plate and the other against its back. 

The grating was ruled on speculum metal by Chapman with Rutherfurd's 
machine, and has a ruled surface of rather more than If inch in each dimension, with 
17,296 lines to the inch. It is an excellent grating, but, of course, has the faults 
which belong to the particular machine by which it was ruled. The definition, when 
it has not been exposed to variations of temperature, is very good, but it has one 
inconvenience for our present purpose, which is, that the focus for the same ray in the 
spectrum of the same order does not fall at quite the same distance from the object- 
glass of the telescope on the two sides of the normal. The explanation of this has 
been given by CoRNU (Comptes Rendus, Ixxx., 645), who has shown that it is due 
to a systematic variation in the distance between the ruled lines. As the method 
employed by us depends upon taking angular measures of the position of the ray 
on both sides of the normal, and any shift of the focussing tube between the two 
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positions would be likely to introduce serious errors, we have been obliged to 
be content with the photograph taken on one side being a little, though only a 
little, less sharp in definition than that taken on the other side. The grating was 
used with its plane perpendicular to the axis of the collimator, and it was brought 
into that position in the following way. The telescope and collimator having their 
axes directed as nearly as possible on to the centre of the circle, the telescope was 
placed opposite the collimator and the cross wires brought on to the image of the slit, 
and the reading of the circle taken. The grating was then placed in position and 
adjusted for level until the spectra occupied the middle of the field of view in all 
positions of the telescope. It was then adjusted in azimuth until the images of the 
D lines, from the light of a sodium flame in front of the slit, in the spectra of the 
second order, on the two sides of the normal were at equal angular distances from the 
axis of the collimator, as determined by the reading taken when the telescope was 
opposite the collimator. The grating was then clamped in that position. This 
adjustment had to be made by hand and was liable to disturbance in the clamping, 
so that it was afterwards found that the plane of the grating was not quite perpen- 
dicular to the axis of the collimator ; but as the errors arising from this in the 
measures on the two sides nearly compensate one another, the final error in the wave- 
length from this cause is very small indeed. 

For measuring the photographs a micrometer was constructed for us by Hilger. 
This is attached to the stage of a microscope and carries a small frame in which the 
photographic plate is held by springs. The micrometer-screw has 100 turns to the 
inch, and by the drum-head to o^h of a turn or loooo ^^ ^^ ^^ "^^^ ^^ ^® reaA. A 
1 inch object-glass to the microscope was used, and measures were made by moving the 
plate until the lines of the photograph were successively bisected by a spider line in 
the eye-piece. The reading of the micrometer gave the distances between the lines. 

The source of light employed was, in the first instance, the arc from a De Meritens 
magneto-electric machine, in a crucible of magnesia into which iron wire was intro- 
duced. But from the overlapping of the spectra of different orders, and the large 
amount of light emitted by the arc, we found that the plates were so clouded in many 
places that the lines could not be well seen, and we abandoned the arc for the spark 
between iron electrodes. This was produced by a large induction coU, worked by 
5 Grove's cells, and having a large Leyden jar connected with the secondary wire. No 
inconvenience arose from the overlapping of the different orders when the spark was 
used, because the parts of the spectra of higher and lower orders which overlapped the 
part of the spectrum of the fourth order to be measured were always considerably out of 
focus, the object glasses of telescope and collimator being uncorrected, and so the light 
of the lines in the overlapping spectra was diffused and produced only a faint clouding 
of the plate, which in no way interfered with the measure of the lines of the fourth 
order. 
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Mod^ of proceeding. 

The first thing to be done was to obtain a focussing scale for the different angles, 
including the portion of the spectrum to be mapped. This was already known 
approximately from Sarasin's table of refractive indices of quartz, and was corrected 
by a series of trial plates taken at successive angles. 

The electrodes, between which the spark was passed, were arranged so that the 
spark should pass horizontally (the slit being vertical), and at such a height that the 
visible image formed by the lens in front of the slit on the plates of the slit might fall 
just above, or partly above, Ae centre of the slit. The lower half of the slit waa 
closed by a shutter, so that only the lower half of the field of view of the telescope 
was illuminated. The distance of the spark from the lens had next to be adjusted, as 
the focal length of the lens for the visible rays is very different from that for the ultra- 
violet which were to be photographed. This was done by estimation, as there was no 
need to have the image exactly focussed on the slit, so long as the slit was in the 
middle of the image and light enough passed through. 

The telescope was then set to such an angle as would bring the line so measured 
nearly into the centre of the field, the focus adjusted, the photographic slide adjusted 
and levelled, and the plate exposed. An image of the lines was thus formed on the 
lower half of the plate. The slide was then turned round through 180° about the axis 
of the tube, so as to bring what had before been the upper side of the plate to the lower 
side and right to left, and again levelled. The plate was then again exposed and thus 
a second image of the line impressed, and one of the two images was as far to the right 
of the axis about which the plate had been turned as the other was to the left. Half 
the distance between the two images would therefore be the disjbance of the line from 
the centre of the field, and the knowledge of this would give the means of calculating 
the deviation of the rays producing the line from the axis of the telescope. The 
telescope was next turned to the corresponding angle on the other side of the collimator 
and the operations repeated with a second plate, but without any alterations of adjust- 
ment. The telescope was then moved through a small angle, generally b' or 10', and 
th^ same operations as before repeated on both sides of the collimator, the second pair 
of plates being intended to serve as a check upon the first. 

Similar operations were then repeated at such angular intervals as should bring in 
the most characteristic strong lines of iron all along the scale. Beyond the wave- 
length 2327, it was found that the iron lines were too faint to produce any sufficient 
impression on the plates. For the region beyond this up to wave-length 2135, copper 
electrodes were substituted for iron. This being about the limit of transparency of 
calcite (the material of our prisms), was the limit of our study of spectra at this 
time. 

The measurement of the distance between the two images of a line was made by the 
micrometer above described, and to convert this distance into arc, it was necessary to 
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know the distance of the plate from the centre of the object-glass of the telescope. 
It was found by measurement that the distance from the object-glass to the front of 
the photographic plate, when the sliding tube was at the 100th division, was 439 
millims., and the thickness of the lens at its middle 2*5 millims., which, divided by 
the refractive index of quartz for the high rays observed is very nearly 1-5 millim., 
making the distance of the photographic plate from the optical centre of the object- 
glass very nearly 440*5 millims. From this the formula tan"^ — — was deduced 

for the angular distance of a line from the axis of the telescope when the diflference 
of the micrometer readings of the two images of the line . is D, and the number of 
divisions of the scale of sliding tube at which the telescope was focussed was a. To 
determine whether the angle so found was to be added or subtracted from the reading 
of the circle, all that was necessary was to observe whether the micrometer reading of 
the upper or lower image as seen in the microscope were the greater. The angular 
position of the line having thus been found on each side of the collimator, the wave- 
length was deduced by the ordinary formula. 

The following tables give the measurements made, the calculated angles, and the 
wave-lengths deduced. 

The quantities recorded in the several columns is as follows : — 

1. The mark of the particular photographic plate. 
II. The reading of the circle, giving the position of the telescope. 

III. The reading of the scale of focussing tube. 

IV. The measured distance of the two images of the line in hundredths of an inch. 
V. One half this distance reduced to angular measure with the sign + or — 

according as it is to be added or subtracted from the reading of the circle to give the 
angular position of the line. 

VI. The angular position of the line. 

VII. The mean values of the angular positions so found. When several sets of 
plates have been taken at different times, or with varied adjustments, the means for 
the several sets are given separately. 

VIII. The deviation from the normal to the grating of the line as deduced. 
IX. The wave-length deduced or adopted. When different sets of plates give 
different values, these different values are inserted in brackets. 

The figures belonging to different lines are separated by horizontal spaces. 

In the case of plates marked with a figure less than 172 the arc was employed to 
give the light, in the case of all plates with the mark 172 and upwards the spark was 
employed. 
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I. 


IT. 


111. 


IV. 


V. 


vr. 

23 18 48 
309 38 63 
809 89 6 


VII. 


VIII. 


IX. 


841 
342 
343 


Q t II 

28 80 
809 80 
809 26 


49 
49 
49 


hand red ill 8 
of an inch. 

10-63 
8-43 

13-39 


-11 12 
+ 8 68 

+ 14 6 


o / // 

309 39 


O t It 

89 19 54 


wave- 
length. 

2326-9 


341 
342 
343 


28 30 
809 80 
809 26 


49 
49 
49 


611 
8-96 
8-72 


- 6 26 
+ 4 10 
+ 9 11 


28 23 34 
309 84 10 
309 84 11 




89 24 42 


2380-9 


341 
342 
843 


28 80 
309 80 
809 26 


49 
49 
49 


436 
201 
692 


- 4 35 

+ 27 
+ 7 17 


28 25 25 
309 32 7 
309 82 17 


309 32 12 


39 26 86 


2332-6 


841 
342 
343 


28 SO 
309 30 
809 26 


49 
49 
49 


1-64 
3-96 
0-87 


+ 1 44 
- 4 10 
+ 55 


28 81 44 
309 25 50 
809 25 66 


309 25 52 


39 32 56 


2337-7 


341 
342 
343 


28 80 
809 SO 
309 26 


49 
49 
49 


7-92 

10 37 

6-57 


+ 8 20 
-10 65 
- 6 52 


28 38 20 
309 19 6 
809 19 8 


809 19 6 


89 89 87 


2848-2 


341 
842 
848 


28 30 
809 30 
309 26 


49 
49 
49 


8-78 

11-27 

6-86 


+ 9 15 
-11 52 
- 6 42 


28 89 16 
809 18 8 
309 18 18 


809 18 18 


89 40 81 


2343*9 


341 
342 
848 


28 30 
809 80 
309 25 


49 
49 
49 


18-40 
16-89 
11-07 


+ 14 7 
-16 44 
-11 89 


28 44 7 
809 18 16 
809 13 21 


809 13 14 


39 45 27 


2348-0 


262 

263 
204 
265 


28 45 

28 40 

309 16 

809 10 


60 
50 
50 
50 


11-67 

16-88 

18-97 

918 


+ 12 16 
+ 17 14 
-14 42 
- 9 39 


28 57 16 

28 57 14 

809 18 

809 21 


28 67 16 
809 19 


89 68 28 


2858-7 


262 
263 

264 
265 


28 46 

28 40 

809 16 

809 10 


50 
50 
60 
50 


12-91 
17-63 
16-16 
10-44 


+ 18 85 
+ 18 83 
-16 56 
-10 59 


28 68 85 

28 58 38 

808 69 4 

808 59 1 


23 68 84 
308 59 2 


89 59 46 


2359-7 


262 
263 
264 
265 


28 45 

28 40 

809 16 

809 10 


60 
60 
50 
50 


18-33 
28-02 
20-68 
15-98 


+ 19 17 
+ 24 13 
-21 45 
-16 48 


29 4 17 

29 4 18 

308 53 15 

808 53 12 


29 4 16 
808 63 13 


40 6 81 


2864-4 


81 
82 
86 
84 
85 


29 80 3 

29 30 3 

29 84 8 

808 69 40 

808 69 40 


25 
26 
26 
25 
26 


1-70 
2-02 
2-87 
1-52 
1-20 


+ 1 61 
+ 2 12 

- 2 86 

- 1 89 

- 1 18 


29 31 54 

29 32 15 

29 31 28 

808 58 1 

808 58 22 


29 81 62 
308 68 12 


40 16 50 


(2878-7) 


100 
101 
102 
108 


808 63 50 

808 68 50 

29 40 

29 80 


26 
25 
25 
25 


2-47 

2-66 

14-64 

6-40 


- 2 41 

- 2 53 
-15 68 

- 5 62 


808 51 9 

808 60 67 

29 24 7 

29 24 8 


808 51 8 
29 24 • 7 


40 16 82 


2878-4 


262 
263 
264 
266 


28 45 

28 40 

809 16 

809 10 


50 
50 
60 
60 


28-65 
88-33 
81-09 
26-86 


+ 80 8 
+ 35 8 
-32 42 
-27 43 


29 15 8 

29 15 8 

808 42 18 

808 42 17 


29 15 6 
808 42 17 


40 16 25 


(2878-8) 
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r. 


II. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 


262 
268 
264 
265 


28 45 

23 40 

309 15 

809 10 


50 
50 
50 
50 


hnndredths 
of an inch. 

38*19 

42-96 

40-87 

86-11 


/ // 
+ 40 10 
1-45 11 
-42 59 
-37 59 


29 25 10 

29 25 11 

308 32 1 

808 82 1 


/ // 

29 25 11 


o / // 

40 26 85 


wave- 
length. 

(2381-6) 


81 
82 
86 
Si 
85 


29 80 8 

29 80 S 

29 84 8 

808 59 40 

808 59 40 


25 
25 
25 
25 
25 


11-29 
11-32 
7-13 
11-02 
10-82 


+ 12 14 
+ 12 36 
+ 7 44 
-11 57 
-11 44 


29 42 17 

29 42 89 

29 41 47 

808 47 43 

308 47 56 


20 42 14 
808 47 48 


40 27 18 


(2882-1) 


100 
101 
102 
108 


308 53 50 

808 58 50 

29 40 

29 30 


25 
25 
25 
25 


12-00 

12-26 

5-27 

4-10 


-18 1 
-13 18 
- 5 43 

+ 4 27 


808 40 49 

308 40 32 

29 34 17 

29 84 27 


SOS 40 40 
29 34 22 


40 26 51 


23817 
(2381*8) 


268 
259 
260 
261 


308 15 

308 20 

29 45 

29 40 


53 
53 
58 
58 . 


16-34 
11-86 
18-78 
18-70 


+ 17 7 
+ 12 26 
-19 41 
-14 21 


808 82 7 

808 82 26 

29 25 19 

29 25 89 


808 82 17 
29 25 29 


40 26 86 


(2381*6) 


81 
82 
86 
84 
85 


29 80 8 

29 80 3 

29 84 8 

808 59 40 

808 59 40 


25 
25 
25 
25 
25 


18-96 • 

19-14 

14-66 

18-66 

18-46 


+ 20 84 
+ 20 55 
+ 15 54- 
-20 15 
-20 1 


29 50 87 

29 60 53 

29 49 67 

808 39 25 

308 89 89 


29 50 81 
808 39 82 


40 85 29 


(2388-8) 


258 
259 
260 
261 


808 15 

308 20 

29 45 

29 40 


58 
53 
53 
53 


8-56 

4-01 

11-02 

5-89 


+ 8 58 
+ 4 12 
-11 33 
- 6 10 


808 23 58 

808 24 12 

29 83 27 

29 83 50 


308 24 5 
29 83 88 


40 34 46 


(2888-2) 


100 
101 
102 
103 


808 -53 50 

808 53 50 

29 40 

29 30 


25 
25 
25 
25 


19-61 

19-77 

2-31 

11-64 


-21 17 
-21 27 
+ 2 80 
+ 12 88 


808 32 33 

808 82 23 

29 42 80 

29 42 88 


808 82 28 
29 42 84 


40 85 8 


2388-5 


100 
101 
102 
103 


308 58 50 

808 53 50 

29 40 

29 30 


25 
25 
25 
25 


27-60 
27-79 
10-88 
19-64 


-29 57 
-80 9 
+ 11 12 
+ 21 18 


808 23 53 

808 23 4 

29 51 12 

29 51 18 


308 23 47 
29 51 15 


40 48 44 


(2895*5) 


258 
259 
260 
261 


808 15 

808 20 

29 45 

29 40 


53 
58 
6S 
53 


0-22 
4-41 
2-85 
2-20 


+ 14 

- 4 87 

- 8 8 
-1 2 18 


808 15 14 

808 15 23 

29 41 57 

29 42 18 


308 15 18 
29 42 7 


40 48 24 


2395-4 
(2395-2) 


100 
101 
102 
103 


308 53 50 

808 58 50 

29 40 

29 80 


25 
25 
25 
25 


31-80 
82-03 
14-46 
23-85 


-34 80 
-34 45 
+ 15 41 
+ 25 53 


308 19 20 

808 19 5 

29 55 41 

29 55 53 


808 19 12 
29 55 47 


• 

40 48 18 


(2399-2) 


258 
259 
260 
261 


308 15 

808 20 

29 45 

29 40 


58 

58 . 
53 
58 


4-16 
8-66 
1-45 
6-53 


- 4 22 

- 9 4 
+ 1 81 
+ 6 51 


808 10 88 

308 10 56 

29 46 31 

29 46 51 


808 10 47 
29 46 41 


40 47 57 


2399 
(2398*9) 


258 
259 
260 
261 


808 15 

808 20 

29 45 

29 40 


58 
58 
53 
58 


10*89 

15-48 

8-08 

18-18 


-11 25 
-16 13 
+ 8 28 
+ 18 46 


808 8 85 

808 8 47 

29 58 28 

29 58 46 


808 8 41 
29 58 87 


40 54 58 


2404-5 



MDCCCUCXXIII. 



2 C 



Digitized by 



Google 



194 



PROFESSORS G. D. LIVEING AND 3. DEWAR OlJ 



258 
259 
260 
261 



258 
259 
260 
261 



IT. 



308 15 

308 20 

29 45 

29 40 



308 15 

308 20 

29 45 

29 40 



III. 



53 
53 
53 
53 



53 
53 
53 
53 



IV. 



handredtbs 
of an inch. 

12-97 

17-53 

1018 

15-18 



17-57 
2212 
14-65 
19-69 



-13 S6 
-18 22 
+ 10 40 
+ 15 64 



VJ. 



808 1 24 

308 1 38 

29 55 40 

29 65 54 



-18 25 


307 56 35 


-23 11 


807 66 49 


+ 15 21 


30 21 


+ 20 38 


30 38 



VIL 



308 1 31 
29 55 47 



Tin. 



40 57 8 



307 56 42 
80 80 41 1 54 



IX. 



ware- 
length. 



2406-3 ; 



2410^ 



258 
259 
260 
261 


308 15 

808 20 

29 45 

29 40 


53 
53 
53 
58 


18-20 
22-79 
15-41 
20-35 


-19 4 
-23 53 t 
+ 16 9 
+ 21 20 


258 
259 
260 
261 


808 15 

308 20 

29 45 

29 40 


53 

.53 

53 

58 


20-93 

2555 

17-99 

* 2301 


-21 56 
-26 46 
+ 18 51 
+ 24 7 


254 
255 
256 
257 


•80 45 

30 40 

307 15 

807 20 


57 
57 
57 
57 


7-82 
305 
5-71 

1-06 


- 8 9 

- 3 11 
+ 6 57 
+ 1 6 


254 
255 
256 
257 


80 45 

80 40 

307 15 

807 20 


57 
57 
57 
67 


1-60 
817 
0-67 
6-37 


- 1 40 
+ 3 18 

- 42 

- 5 86 


254 
255 
256 
257 


30 45 

80 40 

307 15 

807 20 


57 
57 
67 
57 


0-27 
4-45 
1-98 
6-70 


- 17 
+ 4 88 

- 2 4 

- 6 59 


250 
251 


82 
806 5 


65 
65 


4716 
40-20 


-48 42 
+ 41 81 


250 
251 


82 
806 5 


65 
65 


42-39 
35-41 


-48 47 
+ 86 34 


250 
258 
251 
262 


82 

81 45 

806 5 

306 15 


65 
65 
66 
65 


80-79 
16-06 
23-58 
18-80 


-81 48 
- 16 «5 
+ 24 18 
+ 14 15 


250 
258 
251 
252 


82 

81 45 

306 5 

806 15 


65 
65 
65 
65 


28'43 
13-78 
21-27 
11-42 


-29 22 
-14 14 
+ 21 58 
+ 11 48 


250 
251 


32 
806 5 


65 
65 


27-78 
20-52 


-28 88 
+ 21 12 


71 
72 
73 


31 54 45 
306 38 55 
306 88 55 


50 
50 
50 


8-07 
5-78 
5-79 


- 3 14 
+ 66 
+ 65 



807 55 56 

307 56 7 

30 1 9 

80 1 20 



307 63 4 

307 58 14 

30 8 51 

30 4 7 



80 86 51 

80 86 49 

307 20 57 

807 21 6 



30 48 20 

80 48 18 

807 14 18 

807 14 24 



80 44 43 

30 44 88 

307 12 56 

807 13 1 



81 11 18 
806 46 81 



81 16 13 
806 41 34 



81 28 12 

31 28 25 

806 29 18 

806 29 15 



31 30 88 

31 80 46 

306 26 58 

806 26 48 



81 81 22 
806 26 12 



81 51 81 
306 49 
306 45 



307 66 1 
80 1 15 

807 53 9 
80 8 59 

- 30 86 50 
807 21 2 

i 30 43 19 

I 807 14 21 

I 
I 

I 

30 44 41 

! 

i 807 12 58 



41 2 87 



81 28 18 
806 29 17 

31 30 42 
306 26 58 



2410-7 



41 5 25 ! 2418-0 



806 45 



41 87 54 



41 44 29 



41 45 52 



42 12 28 



42 17 19 



42 29 81 



42 31 54 



42 82 85 



42 38 15 



2489-0 



2444-3 



2445-4 



2466-4 



2470-3 



24800 



2481-B 



2482-4 



2482-9 
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I. 


11. 


III. 


IV. 


V. 


VI. 


VII. 


Vlll. 


IX. 


71 
72 
78 


81 54 45 
806 88 55 
806 88 55 


50 
50 
50 


hnndredtha 
of an inch. 

2-04 

4-77 

4-85 


-2 9 
+ 5 1 
+ 66 


o / // 

81 62 86 
806 43 66 
806 44 1 


o / // 

306 48 69 


o / « 

42 84 18 


wave- 
length. 

2488-7 


250 
258 
251 
252 


82 

81 45 

806 5 

806 15 


65 
65 
65 
65 


28^27 

8-85 

1624 

6-02 


-24 2 
- 8 87 
+ 16 46 
+ 6 18 


81 85 68 

81 86 28 

806 21 46 

806 21 18 


81 86 10 
806 21 80 


42 87 20 


2486'1 


107 
108 
109 
110 
111 
112 
118 


806 10 10 

806 

806 10 10 

806 20 

82 5 

82 5 

81 50 10 


50 
50 
50 
50 
50 
50 
60 


17-40 
27-46 
17-71 

8-64 
11-88 
1202 

2-89 


+ 18 18 
+ 28 68 
+ 18 36 
+ 96 
-12 27 
-12 89 
- 2 81 


306 28 28 

806 28 68 

306 28 46 

806 29 6 

31 47 83 

31 47 26 

31 47 39 


306 28 48 
81 47 88 


42 89 23 


2487-7 


71 
72 
73 


81 54 45 
806 88 55 
806 '88 55 


50 
50 
50 


4-74 
2-06 
2-08 


+ 4 69 

- 2 10 

- 2 11 


81 69 44 
806 86 46 
306 86 44 


806 36 44 


42 41 80 


(2489-4) 


172 
178 
174 
175 
176 
177 


81 50 5 
31 40 20 

82 5 
806 23 
806 88 5 
806 18 


50 
50 
50 
50 
50 
50 


200 
7-41 

11-67 
1-04 
8-87 

10-74 


- 2 6 
+ 7 48 
-12 16 
+ 1 6 

- 8 48 
+ 11 18 


81 47 59 

81 48 8 

31 47 49 

806 24 6 

806 24 17 

306 24 18 


81 47 59 
806 24 14 


42 41 68 


2489*5 
(2489-r) 


250 
258 
251 
252 


82 

81 45 

806 5 

806 15 


65 
65 
65 
65 


19-12 
4-34 

11-64 
1-79 


-19 46 
- 4 29 
+ 12 1 
+ 1 64 


81 40 15 

81 40 81 

806 17 1 

806 16 64 


81 40 28 
806 16 67 


42 41 48 


2489*5 


250 
258 
251 
252 


82 

81 45 

806 5 

806 15 


65 
65 
&6 
65 


17-91 
8-12 

10-61 
0-78 


-18 80 
- 3 18 
+ 10 51 
+ 45 


81 41 80 

81 41 47 

806 16 51 

806 15 46 


81 41 88 
806 15 48 


42 42 65 


2490*5 


250 
258 
251 
252 


82 

81 45 

806 5 

806 15 


65 
65 
65 
65 


14-87 
0-09 
7-42 
2-41 


-16 21 

- 6 
+ 7 40 

- 2 29 


81 44 89 

81 44 64 

806 12 40 

,806 12 29 


81 44 46 

806 12 85 


42 46 5 


2498-0 


172 
178 
174 
175 
176 
177 


81 50 5 

81 40 20 

82 5 
806 23 
806 88 5 
806 18 


50 

50 

50 

50 

50 . 

50 


2-19 
11-69 

7-55 

8-19 
12-59 

6-58 


+ 2 18 
+ 12 11 

- 7 66 

- 8 22 
-18 16 
+ 6 62 


81 62 28 

81 62 31 

81 62 9 

806 19 88 

806 19 60 

806 19 52 


31 52 21 
806 19 47 


42 46 17 


2498*0 
(2498*1) 


246» 
247 
248 
249 


805 20 

805 25 

82 45 

82 40 


65 
65 
65 
65 


51*22 
46-87 
58-28 
58-28 


+ 62 64 
+ 47 68 
-60 8 
-66 1 


806 12 54 

806 12 68 

81 44 62 

81 44 69 


806 12 54 
81 44 66 


42 46 


(2492-9) 



2 c 2 
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I. 


11. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 








hundredths 










wave- 




n t 4i 




of an inch. 


/ M 


o ' // 


o / // 


o / ■ 


length. 


246» 


805 20 


65 


44-18 


+ 45 38 


306 6 88 








247 


805 25 


66 


89-34 


+ 40 38 


306 6 88 








248 


82 45 


65 


61-14 


-52 49 


81 62 11 








249 


32 40 


65 


46-31 


-47 50 


81 62 11 




42 63 16 


(2498-6) 


172 


81 50 6 


60 


8-97 


+ 9 26 


81 59 31 








173 


31 4f) 20 


60 


18-45 


+ 19 24 


81 69 44 








174 


32 6 


60 


0-64 


- 40 


81 69 26 


31 69 88 






176 


306 23 


60 


10-18 


-10 89 


806 12 21 






2498-7 


i7e 


806 33 6 


60 


19-56 


-20 84 


806 12 81 








177 


806 13 


60 


0-42 


- 27 


806 12 83 


806 12 80 


42 68 82 


(2498-8) 


91 


306 89 


60 


26-86 


-28 16 


806 10 45 








92 


31 55 


60 


2404 


+ 25 17 


82 20 17 








93 


31 55 


60 


23-92 


+ 26 10 


82 20 10 


32 20 14 


48 4 45 


2607-6 


181 


305 22 


65 


88-07 


+ 34 84 


805 66 84 


805 66 84 






182 


32 56 10 


66 


88-61 


-40 22 


32 15 48 








18:^ 


32 55 5 


66 


87-47 


-89 10 


82 16 66 








184 


82 51 15 


66 


33-88 


-85 25 


82 15 50 








185 


32 35 2 


65 


18-40 


-19 14 


32 15 48 








186 


82 25 15 


65 


9-02 


- 9 26 


32 16 49 


82 16 60 


43 9 88 


2511-4 


246* 


805 20 


66 


28-14 


+ 29 4 


805 49 4 








247 


305 25 


65 


23-20 


+ 23 64 


305 48 64 


805 48 59 






248 


82 45 


^fi 


85-35 


-86 81 


32 8 29 








249 


32 40 


66 


30-64 


-81 83 


82 8 27 


82 8 28 


43 9 44 


2511-4 


246» 


805 20 


66 


10*96 


+ 11 19 


806 81 19 








247 


305 25 


66 


6-97 


+ 6 10 


805 31 10 


306 81 16 






248 


32 45 


66 


18-43 


-19 2 


82 25 68 








249 


32 40 


65 


13*66 


-14 


82 26 


82 26 69 


48 27 22 


(2625-2) 


181 


305 22 


66 


16-10 


+ 16 50 


806 38 50 


806 88 60 






182 


82 56 10 


65 


2202 


-23 1 


82 38 9 








183 


32 65 6 


66 


20-82 


-21 46 


32 83 19 








184 


32 51 15 


66 


17-24 


-18 1 


82 83 14 








185 


32 35 2 


66 


1-72 


- 1 48 


82 S3 14 








188 


32 25 15 


66 


7-09 


+ 82 


82 33 17 


82 88 15 


43 27 18 


2626-1 


246* 


305 20 


65 


9-81 


+ 10 8 


806 80 8 








247 


805 25 


66 


4-84 


+ 60 


305 80 


806 80 4 






248 


32 45 


^f> 


17-35 


-17 66 


82 27 6 








249 


32 40 


65 


12-48 


-12 63 


32 27 7 


82 27 6 


48 28 81 


2626-1 


24G» 


305 20 


66 


6-72 


+ 6 64 


306 26 64 








247 


305 25 


65 


0-78 


+ 48 


305 26 48 


806 25 61 






248 


32 45 


65 


13-26 


-13 41 


82 31 19 








249 


82 40 


65 


8-32 


- 8 36 


82 81 24 


82 81 22 


48 32 45 


(2529-8) 


178 


305 53 10 


66 


19-06 


-19 56 


306 83 15 








179 


805 47 55 


66 


18-90 


-14 82 


805 S3 23 








180 


305 18 


56 


14-84 


+ 15 81 


3(i6 33 31 








181 


305 22 


66 


10-92 


+ 11 25 


805 88 25 


806 83 28 






1^2 


32 56 10 


65 


16-92 


-17 42 


32 38 28 








183 


82 55 6 


65 


16-70 


-16 25 


82 38 40 








184 


32 61 15. 


55 


J2-23 


-12 47 


82 38 28 








185 


32 35 2 


65 


842 


+ 8 36 


32 88 87 








186 


32 25 15 


65 


12-87 


+ 13 27 


82 38 42 


82 88 86 


43 82 86 


2529-2 
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I. 


II. 


III. 


IV. 


V. 


Vf. 


VII. 


VIII. 


IX. 








hnndredths 










wave- 




o / // 




of an inch. 


/ // 


o / // 


/ ft 


/ // 


length. 


246* 


805 20 


65 


0-55 


+ 34 


305 20 84 








247 


305 25 


65 


4-39 


- 4 82 


305 20 28 


305 20 31 






248 


32 45 


65 


8-22 


- 8 29 


82 36 31 








249 


32 40 


65 


3*27 


- 8 28 


32 36 37 


32 36 34 


43 38 2 


2633-4 


246» 


805 20 


65 


0-85 


- 22 


305 19 38 








247 


805 25 


66 


5'A 


- 5 29 


805 19 29 


305 19 34 






248 


32 45 


65 


7-20 


- 7 26 


32 37 34 








249 


32 40 


65 


232 


- 2 24 


32 37 36 


32 37 36 


43 39 


2584-2 


246* 


305 20 


65 


3*41 


- 8 81 


305 16 29 








247 


305 25 


65 


8-27 


- 8 33 


305 16 27 


305 16 28 






248 , 


32 45 


66 


4-24 


- 4 23 


32 40 37 








249 


32 40 


65 


0-65 


+ 40 


32 40 40 


32 40 38 


43 42 6 


25366 


178 


305 58 10 


55 


28*22 


-29 30 


305 28 40 








179 


305 47 55 


55 


23*04 


-24 6 


305 23 50 






180 


805 18 


55 


5-71 


+ 6 58 


805 23 68 


i 




181 


305 22 


55 


1*74 


+ 1 52 


805 23 52 


305 23 50 






182 


32 56 10 


65 


7-90 


- 8 15 


32 47 55 








183 


32 55 5 


65 


6-67 


- 6 58 


32 48 7 








184 


32 51 15 


55 


8*20 


- 8 21 


32 47 54 








185 


82 85 2 


65 


12-36 


+ 12 55 


82 47 67 








186 


32 25 15 


55 


21-79 


+ 22 47 


32 48 2 


32 47 69 


43 42 5 


2586-6 


178 


805 63 10 


55 


80-92 


-32 19 


305 20 51 








179 


806 47 65 


65 


25-71 


-26 63 


305 21 2 








180 


305 18 


55 


3*11 


+ 3 16 


305 21 15 








181 


305 22 


65 


0-91 


- 57 


305 21 3 


305 21 3 






182 


32 66 10 


65 


5*40 


- 5 39 


32 50 31 








183 


32 55 5 


55 


413 


- 4 19 


32 50 46 








184 


32 51 15 


65 


0*76 


- 48 


32 50 27 








185 


32 35 2 


55 


14-95 


+ 16 38 


32 60 40 








186 


32 25 15 


55 


24-30 


+ 25 24 


32 50 39 


32 50 37 


48 44 47 


2588-6 


187 


33 10 10 


62 


18-64 


-19 19 


82 50 51 








188 


83 20 15 


62 


2824 


-29 16 


82 50 59 


32 50 55 






189 


305 3 


62 


17-86 


+ 18 31 


805 21 31 








190 


804 52 40 


62 


27-59 


+ 28 36 


305 21 16 


305 21 23 


43 44 46 


2638-6 


243 


38 25 


65 


40-47 


-41 48 


32 43 12 








244 


33 15 


. 65 


80-78 


-31 47 


32 43 13 








248 


32 45 


65 


1*61 


- 1 40 


82 43 20 








249 


32 40 


65 


3*27 


1- 3 23 


82 43 23 


82 43 17 






245 


304 50 


65 


23-15 


+ 23 55 


805 13 55 








246 


304 45 


65 


27-85 


+ 28 40 


305 13 46 








246* 


305 20 


65 


601 


- 6 12 


305 13 48 








247 


305 25 


65 


11-01 


-11 22 


305 13 88 


305 13 47 


48 44 45 


2588-6 


242 


38 30 


65 


3213 


-83 11 


82 66 49 








243 


33 25 


65 


27-25 


-28 9 


82 56 51 








244 


33 15 


65 


17-68 


-18 18 


32 56 47 


32 56 49 






245 


804 50 


65 


9-83 


+ 10 9 


805 9 








246 


304 45 


65 


14-56 


+ 15 2 


305 2 


305 6 


43 58 21 


2549-1 


242 


33 30 


65 


81*41 


-82 26 


32 57 34 








243 


33 25 


65 


26-68 


-27 27 


32 57 33 








244 


83 15 


65 


16-87 


-17 26 


32 57 34 


32 57 34 






245 


304 60 


65 


8-99 


+ 9 17 


304 59 17 








246 


804 45 


65 


13-77 


+ 14 13 


804 59 13 


304 59 15 


43 59 10 


2549-7 
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I. 


IF. 


HI, 


IV. 


V. 


VI. 


VII. 


VIIL 


IX. 








hnndredthB 












242 
243 
244 
245 

246 


o / // 

88 80 

88 25 

88 15 

304 50 

304 45 


65 
65 
65 
65 
65 


of tn inch. 
30-64 
25-75 
1612 
819 
12-89 


-81 89 
-26 86 
-16 89 
+ 8 28 
+ 18 19 


32 58 21 

82 58 24 

82 58 21 

804 58 28 

804 58 19 


o / // 

82 68 22 
304 58 23 


o / // 

48 59 59 


iMgth. 

2550-8 


242 
248 
244 
245 
246 


88 80 

88 25 

88 15 

804 50 

804 45 


65 
65 
65 
65 
65 


15-64 • 
10-74 

118 

6-97 

2-27 


-16 9 
-11 6 

- 1 10 

- 7 12 

- 2 21 


83 18 51 

38 13 54 

88 13 60 

804 42 4S 

804 42 89 


88 13*62 
804 42 48 


44 15 84 


2562-8 


188 
189 
190 


88 20 15 
805 8 
804 52 40 


62 
62 
62 


1-31 

11-86 
2-25 


+ 1 21 
-12 18 
- 2 20 


88 21 86 
304 60 42 
804 60 20 


83 21 86 
804 50 81 


44 15 38 


2562-3 


242 

248 
244 
245 
246 


83 80 

83 25 

38 15 

304 50 

304 45 


65 
65 
65 
65 
65 


14-50 
9-57 
0-10 
7-96 
8-45 


-14 59 

- 9 53 
+ 06 

- 8 18 

- 8 84 


88 15 1 

88 15 7 

88 15 6 

804 41 47 

304 41 26 


38 15 5 
804 41 36 


44 16 44 


2663-2 


193 
194 


803 19 55 
84 58 15 


57 

67 


57-80 
58-93 


1-60 16 
-61 27 


804 20 11 
33 51 48 




44 45 48 


(2585-3) 


195 
196 


84 48 5 
808 80 


54 
54 


4910 
47-72 


-51 23 
+ 49 57 


88 51 42 
304 9 57 




44 45 62 


2585-4 


242 
248 
244 
245 
246 


88 20 

83 25 

33 15 

304 50 

804 45 


65 
65 
65 
65 
65 


13-75 
18-67 
28-80 
86-59 
82-00 


+ 14 12 
+ 19 11 
+ 29 14 
-87 47 
-88 3 


38 44 12 
88 44 11 
88 44 14 

804 12 18 
804 11 57 


88 44 12 
304 12 5 


44 46 4 


(2685-6) 


96 

97 
98 
99 


808 19 57 

803 19 57 

84 50 

84 50 


65 
65 
65 
65 


45-14 
44-91 
38-13 
87-99 


+ 46 87 
+ 46 26 
-89 28 
-89 14 


304 6 84 

804 6 23 

84 10 87 

34 10 46 


804 6 29 
34 10 41 


45 2 6 


2597-6 


96 
97 
98 
99 


303 19 57 

803 19 57 

34 50 

84 50 


65 
65 
65 
65 


43-80 
48*68 
86-71 
36*49 


+ 45 14 
+ 45 4 
-87 55 
-87 41 


804 5 11 

304 6 1 

84 12 5 

34 12 19 


804 5 6 
84 12 12 


45 8 88 


(25987) 


195 
196 


84 48 5 

808 80 


54 
54 


32-03 
80-34 


-38 82 
+ 81 45 


84 9 88 
804 1 46 




46 8 54 


(2599-0) 


198 
194 


808 19 55 
34 53 15 


57 
57 


40-88 
41-76 


+ 42 2 
-48 82 


804 1 58 
84 9 43 




46 8 62 


2598-8 
(2599-0) 


195 
196 


84 43 5 
808 80 


54 
54 


22-86 
20-59 


-28 24 
+ 21 88 


34 19 41 
308 51 38 




45 14 4 


(2606-6) 


198 
194 


308 19 55 
84 58 15 


57 
57 


80-45 
81-77 


+ 81 46 
-88 8 


808 51 40 
84 20 7 




46 14 18 


2606-7 
(2606-8) 


198 
194 


803 19 55 
84 53 15 


67 
67 


24-28 
25-84 


+ 25 19 
-26 57 


803 45 14 
84 26 18 




45 20 82 


(2611*5) 
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L 


II. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 


195 
196 


34 48 '5 
808 30 


54 
54 


handredthB 
of an inch. 

16-24 

14*57 


-17 '0 
+ 15 15 


n 1 M 

34 26 5 
308 45 15 


/ // 


1 ft 
45 20 25 


wave- 
length. 

2611-4 


96 
97 
98 
99 


808 19 57 

803 19 57 

84 50 

84 50 


65 
65 
05 
65 


27-72 
27-54 
20-89 
20-75 


+ 28 88 
+ 28 27 
-21 84 
-21 26 


808 48 85 

803 48 24 

34 28 26 

34 28 34 


308 48 30 
34 28 80 


45 20 


(-2611-1) 


96 
97 
98 
99 


808 19 57 

308 19 67 

84 50 

84 50 


65 
65 
65 
65 


2514 
24*98 
18-84 
18-88 


+ 25 58 
+ 25 45 
-18 67 
-18 56 


803 45 55 

303 45 42 

34 31 8 

84 81 4 


308 45 49 
34 31 8 


45 22 87 


2618-1 


96 
97 
98 
99 


808 19 57 

808 19 57 

84 50 

84 50 


65 
65 
65 
65 


20-18 
20-05 
18-41 
18-28 


+ 20 50 
+ 20 42 
-18 51 
-13 48 


803 40 47 

808 40 89 

34 36 9 

34 86 17 


803 40 43 
84 86 13 


45 27 45 


(2616-9) 


195 
196 


84 48 5 
808 80 


54 
54 


8-94 
7-18 


- 9 21 
+ 7 81 


34 33 44 
303 37 31 




45 28 6 


2617-2 


193 
194 


808 19 55 
84 58 15 


57 
57 


16*92 
18-54 


+ 17 89 
-19 20 


308 87 88 
84 83 55 




45 28 11 


2617-2 


193 
194 


308 19 55 
84 58 15 


57 
57 


6-58 
8-29 


+ 6 52 
- 8 89 


808 26 47 
84 44 36 




45 88 55 


(2625-8) 


195 
196 


84 48 5 
308 80 


54 
54 


1-18 
8-14 


+ 1 14 
- 8 17 


34 44 19 
303 26 43 




45 38 48 


2625-2 


96 
97 
98 
99 


808 19 57 

808 19 57 

84 50 

84 50 


65 
65 
65 
65 


9-76 
9-45 
2-96 
2-84 


+ 10 5 
+ 9 46 

- 8 4 

- 2 55 


803 80 2 

803 29 43 

34 46 56 

84 47 5 


808 29 58 
84 47 


45 88 88 


(2626-0) 


287 
S88 
289 
240 
241 


84 80 

84 25 

808 

808 15 

84 45 


78 

78 
70 
70 
70 


7*12 

11-88 

18-88 

4*18 

7*68 


+ 7 17 
+ 12 9 
+ 19 19 
+ 4 17 
- 7 58 


34 87 17 

34 37 9 

308 19 19 

303 19 17 

84 87 7 


34 87 11 
808 19 18 


45 88 56 


(2625-8) 


96 

97 
98 
99 


808 19 57 

808 19 57 

84 50 

84 50 


65 
65 
65 
65 


6-18 
5-91 
0-52 
0-68 


+ 6 28 . 
+ 66 
+ 82 
+ 89 


808 26 20 

808 26 3 

34 50 32 

84 50 39 


808 26 12 
84 50 35 


45 42 12 


(2627-7) 


198 
194 


308 19 55 
84 58 15 


57 
57 


8-12 

4*94 


+ 8 20 
- 5 9 


303 23 15 
84 48 6 




45 42 25 


2627-9 


287 

288 
289 
240 
241 


84 80 

84 25 

808 

808 15 

84 45 


78 
78 
70 
70 
70 


10*68 

15-41 

15-44 

0-66 

4-16 


+ 10 58 
+ 15 46 
+ 15 48 
+ 41 
- 4 16 


34 40 53 

34 40 46 

303 15 48 

308 15 41 

34 40 44 


34 40 47 
308 15 45 


45 42 81 


26279 
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IX. 


195 
196 


34 43 
303 30 


6 




54 
54 


hundredths 
of an inch. 

4-62 

6-68 


+ 4 61 
- 6 60 


n / // 

84 47 66 
803 28 10 


o / // 


Q 1 II 

46 42 28 


wave- 
length. 

2627-9 


96 
97 
98 
99 


303 19 57 

303 19 67 

84 50 

34 60 


66 
66 
66 
65 


2-49 
2-23 
4-84 
4-46 


+ 2 84 

+ 2 18 
+ 4 29 
+ 4 86 


803 22 81 

803 22 16 

84 54 29 

84 64 86 


308 22 28 
84 64 88 


46 46 6 


(2680-6) 


193 

194 


303 19 
34 63 


55 
15 


67 
67 


0-61 
1-41 


- 88 

- 1 28 


808 19 17 
84 61 47 




46 46 16 


2680-7 


196 
196 


34 43 
303 30 


6 



64 
64 


8-15 
10-07 


+ 8 82 
-10 82 


84 61 37 
308 19 28 




46 46 6 


(2630-6) 


237 
238 
239 
240 
241 


34 30 

34 26 

303 

803 15 

34 45 









78 
78 
70 
70 
70 


14-27 

18-99 

11-68 

2-98 

0-69 


+ 14 86 
+ 19 26 
+ 11 61 

- 8 1 

- 86 


84 44 86 

34 44 26 

808 11 61 

803 11 69 

84 44 24 


34 44 29 
808 11 66 


45 46 17 


(2680-8) 


195 
196 


34 43 
308 30 


5 




64 
64 


61-82 
68-71 


+ 63 86 
-66 13 


85 Z^ 41 
302 88 47 




46 31 27 


(-2664-2) 


232 
234 
235 


302 30 

302 85 

85 30 







76 
76 
76 


2-77 
7-66 
0-16 


- 2 49 

- 7 48 

- 10 


802 27 11 

802 27 12 

35 29 60 


802 27 11 


46 81 20 


2664-1 


323 
324 


302 25 
85 30 






76 
76 


2-84 
0-00 


+ 2 64 



802 27 64 
Zh 80 




46 81 8 


(2668-9) 


195 
196 


84 43 

308 80 


5 




64 
64 


68-96 
66-38 


+ 66 28 
-69 


86 89 83 
802 81 




46 84 17 


(2666-8) 


323 
324 


302 25 
35 30 






76 

76 


0-28 

2-57 


+ 14 
+ 2 87 


302 26 14 
86 32 37 




46 88 42 


(2666-8) 


232 
234 
235 


302 30 

302 35 

35 30 







76 

76 
76 


6-41 

10-82 

2-61 


- 6 31 
-10 81 
+ 2 84 


802 24 29 

802 24 29 

86 82 84 


802 24 29 


46 84 8 


2666-1 


226 
228 
226 
227 


37 

36 30 

301 6 

301 35 








79 
79 
79 
79 


61-41 
8214 
68-68 
2416 


-62 22 
-82 39 
+ 64 22 
+ 24 82 . 


35 67 38 

86 57 21 

801 69 22 

801 69 82 


86 67 29 
301 69 27 


46 69 1 * 


(2684-4) 


232 

234 
235 
236 


802 30 

302 35 

35 SO 

85 36 








76 
76 
76 
76 


29-89 
84-72 
26-71 
21-87 


-80 28 
-86 28 
+ 27 14 
+ 22 18 


801 69 82 

301 69 87 

Zh 67 14 

86 67 18 


801 69 34 
86 67 16 


46 68 61 


2684-2 
(2684-8) 


32$ 

324 


802 25 
36 30 







76 
76 


24-21 
26-82 


-24 41 
+ 27 21 


802 19 
86 67 21 




46 68 81 


(2684-0) 
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I. 


II. 


III. 


IV. 


V. 


VI. 


VII. 


vni. 


IX. 

wave- 
leoKth. 

2692-1 


282 
234 
235 
236 


302 30 'o 

302 85 

B6 80 

85 85 


76 
76 
76 
76 


hundredths 
of an inch. 

40-61 

46-8* 

87-81 

82-46 


/ // 
-41 24 
-46 12 
+ 88 2 
+ 88 5 


O / /f 

801 48 36 

801 48 48 

86 8 2 

36 8 6 


o / // 

801 48 42 
36 8 4 


O / // 

47 9 41 


823 
824 


802 26 
86 30 


76 
76 


84-88 
87-46 


-85 80 

+ 38 11 


301 49 80 
36 8 11 




47 9 21 


(2691-9) 


225 
228 
226 
227 


37 

86 80 

801 5 

801 86 


79 
79 
79 
79 


60-81 
21-49 
42-77 
18-40 


-61 86 
-21 60 
+ 48 26 
+ 18 87 


86 8 24 

86 8 10 

801 48 26 

301 48 37 


86 8 17 
801 48 82 


47 9 62 


2692-1 
(2692-2) 


225 
228 
226 
227 


87 

86 80 

801 6 

301 86 


79 
79 
79 
79 


36-48 
6-09 

27-19 
2-28 


-86 69 

- 6 11 
+ 27 37 

- 2 16 


se 24 1 

36 23 49 

301 32 37 

801 82 44 


86 28 65 
801 82 41 


47 26 87 


2703-6 


197 
198 
200 
201 


800 69 66 

801 10 
87 8 
87 12 66 


65 

66 
65 


25-68 
16-74 
16-83 
26-64 


+ 26 28 
+ 16 16 
-17 23 
-27 81 


301 26 23 

301 26 16 

36 45 87 

36 46 24 


301 26 20 
86 46 30 


47 39 85 


(27187) 


226 
228 
226 

227 


87 

86 80 

801 6 

801 S6 


79 
79 
79 
79 


21-26 

8*10 

12-95 

16-48 


-21 86 

+ 8 14 
+ 13 9 
-16 21 


86 38 24 

36 88 14 

801 18 9 

301 18 89 


86 88 19 
301 18 24 


47 39 68 


2713-8 
(2714-0) 


225 
228 
226 
227 


87 

36 80 

801 6 

801 86 


79 
79 
79 
79 


8-48 
26-04 

605 
84-46 


- 8 29 
+ 26 27 

- 5 8 
-86 


86 66 81 
86 66 27 

800 59 62 

801 


86 66 29 
800 59 56 


47 68 16 


(2727-1) 


197 
198 
200 
201 


800 69 65 

801 10 
87 8 
87 12 66 


65 
65 
65 
65 


7-78 
2-14 
0-88 
8-76 


+ 82 

- 2 IS 
+ 66 

- 9 2 


801 7 67 

301 7 67 

87 3 55 

37 8 58 


801 7 67 
87 8 64 


47 57 58 


2727 
(2726-9) 


197 
198 
200 
201 


300 69 65 

801 10 

87 8 

87 12 65 


65 
66 
66 
65 


8-68 
18-68 
17-27 

7-59 


- 8 68 
-19 11 
+ 17 60 
+ 7 50 


800 50 67 

800 50 49 

87 20 60 

87 20 46 


300 50 65 
87 20 48 


48 14 67 


(27390) 


229 
230 
281 


87 80 
800 86 
800 80 


86 
86 
86 


16-07 

7-97 

12-87 


-16 11 
+ 82 
+ 12 58 


87 IS 49 
800 43 2 
800 42 68 


300 48 


48 15 24 


2739-1 
(2739-3) 


229 
280 
281 


87 30 
800 85 
800 80 


86 
86 
86 


10-99 
2-88 
7*81 


-11 4 
+ 2 54 

+ 7 62 


87 18 66 
800 37 64 
300 37 62 


800 87 58 


48 20 81 


(27480) 


197 
198 
200 
201 


800 59 55 

801 10 
87 8 
87 12 56 


66 
65 
66 

65 


18-79 
2862 
22-23 
12-47 


-14 16 
-24 24 
+ 22 67 
+ 12 68 


300 45 40 

800 46 36 

37 25 57 

87 25 48 


800 45 88 
87 26 53 


4S 20 8 


2742-8 

(2742-7) 
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VII. 
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IX. 


197 
198 
200 
201 


300 59 55 

301 10 
37 8 
37 12 65 


65 
65 
65 
65 


hundredths 
of an inch. 

18-35 

28-21 

26-68 

1704 


-18 57 
-29 18 
+ 27 83 
+ 17 86 


300 40 68 

300 40 62 

37 80 83 

37 80 31 


o / // 

800 40 65 
37 80 82 


/ // 

48 24 49 


wave- 
length. 

(2746-0) 

27461 


229 
230 
231 


37 30 
300 85 
300 80 


86 
86 
86 


6-46 
V7l 
3-27 


- 6 31 

- 1 43 
+ 8 18 


87 23 29 
800 88 17 
800 38 18 


800 83 17 


48 25 6 


(2746-2) 


229 
230 
231 


37 30 
300 35 
300 80 


86 
86 
86 


5-78 
2-88 
2-56 


- 6 49 

- 2 24 
+ 2 86 


37 24 11 
800 82 36 
300 82 85 


800 82 36 


48 25 47 


2746-7 


197 
19S 
200 
201 


300 59 55 

301 10 
37 3 
37 12 55 


65 
65 
65 
65 


18-99 
28-85 
27-38 
17-69 


-19 87 
-29 48 
+ 28 17 
+ 18 89 


300 40 18 

800 40 12 

87 81 17 

87 81 84 


800 40 15 
87 81 26 


48 26 86 


(2746-6) 


197 
198 
200 
201 


300 59 65 

301 10 
37 3 
37 12 55 


65 
65 
65 
65 


22-28 
82-12 
80-57 
20-97 


-22 58 
-83 10 
+ 81 84 
+ 22 7 


800 86 57 

SOO 86 50 

87 84 84 

87 86 2 


800 Z6 63 
37 84 48 


48 28 68 


(27491) 


229 

230 
231 


37 80 
300 85 
300 80 


86 
86 
86 


261 

6-66 
0-74 


- 2 82 

- 6 41 

- 46 


87 27 28 
300 29 19 
800 29 16 


800 29 17 


48 29 6 


2749-0 


128 
129 
131 
125 
124 


301 4 55 

301 4 55 

300 54 55 

37 20 5 

37 80 5 


67 
67 
67 
67 
70 


27-80 
27-61 
18-32 
15-66 
609 


-28 89 
-28 27 
-18 68 
+ 16 18 
+ 6 15 


800 86 16 

300 86 28 

800 86 2 

87 86 18 

87 86 20 


800 86 16 
87 86 17 


48 80 1 


2749 7 


229 
230 
231 


37 80 
300 86 
SOO 80 


86 
86 
86 


2-96 

11-25 

6-27 


+ 2 59 
-11 20 
- 6 19 


87 82 69 
800 28 40 
800 28 41 


800 28 40 


48 84 89 


27680 


229 
230 
281 


37 80 
300 85 
300 80 


86 
86 
86 


6-42 

14-71 

9-74 


+ 6 28 
-14 49 
- 9 49 


87 86 28 

800 20 11 
800 20 11 


800 20 11 


48 88 9 


2755-6 


197 

198 
200 
201 


SOO 59 65 

301 10 

37 8 

37 12 66 


65 
65 
65 
65 


8118 
41-00 
89-44 
29-76 


-82 9 
-42 21 
+ 40 44 
+ 81 28 


800 27 44 

800 27 39 

87 43 44 

37 44 18 


800 27 41 
87 44 1 


48 88 10 


2766-6 


197 
198 
200 
201 


300 59 65 

301 10 
37 3 
37 12 66 


65 
65 
65 
65 


47-45 
67 22 
55-57 
46-88 


-49 
-59 6 
f 67 23 
+ 48 28 


800 10 66 

800 10 54 

88 23 

88 1 18 


800 10 54 
88 61 


48 64 58 


(2767-3) 


220 
221 
222 
218 
219 


299 85 

299 86 

38 30 

38 30 

88 25 


79 
79 
79 
79 
79 


27-90 
27-82 
86-45 
36-32 
81-56 


+ 28 20 
+ 28 16 
-87 1 
-86 58 
-82 8 


800 8 20 

800 8 16 

87 62 69 

87 63 7 

87 62 67 


800 3 18 
87 68 2 


48 64 62 


2767-2 


280 
287 


38 20 

299 40 


84 
84 


26-86 
2316 


-27 7 
+ 28 28 


87 52 68 
800 8 28 




48 64 46 ' 


(2767-1) 
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I. 


11. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 


286 

287 


38 20 
299 40 


It 




84 
84 


hundredths 

of an inch. 

10-20 

6-27 


-10 18 
+ 6 20 


O 1 II 

88 9 42 
299 46 20 


O t II 


O 1 II 

49 11 41 


wave- 
length. 

2779-0 


220 
221 
222 
218 
219 


299 85 

299 85 

88 80 

88 80 

88 26 









79 
79 
79 
79 
79 


11-26 
11-16 
19-96 
19-78 
14-98 


+ 11 27 
+ 11 20 
-20 16 
-20 5 
-15 18 


299 46 27 

299 46 20 

38 9 44 

88 9 65 

88 9 47 


299 46 24 
88 9 51 


49 11 48 


2779-0 


220 
221 
222 
218 
219 


£99 85 

299 85 

88 80 

88 80 

88 25 










79 
79 
79 
79 
79 


6-06 

4-95 

18-80 

18-62 

8-84 


+ 68 
+ 52 
-14 1 
-18 51 
- 8 69 


299 40 8 

299 40 2 

88 15 69 

38 16 9 

88 16 1 


299 40 5 
88 16 8 


49 17 69 


2788-4 


286 

287 


88 20 
299 40 






84 
84 


8-97 
0-05 


- 4 1 
+ 03 


88 16 69 
299 40 8 




49 17 58 


2783-4 


821 
822 


89 
298 65 






86 
86 


20-68 
28-65 


-20 48 
+ 28 49 


88 89 17 
299 18 49 




49 40 14 


2798-8 


821 
322 


89 
298 55 






86 
86 


0-62 
8-26 


- 81 
+ 8 17 


88 59 £9 
298 68 17 




60 86 


2812-9 

• 


321 
822 


89 
298 65 






86 
86 


25-98 
28-26 


+ 26 7 
-28 26 


39 26 7 
298 31 84 




50 27 17 


2881-1 


281 
284 
282 
283 
286 


298 25 

298 25 

89 86 

89 86 

89 85 









87 
87 
87 
87 
87 


5-95 
5-81 
9-27 
9-74 
9-60 


+ 5 59 
+ 6 51 

- 9 20 

- 9 48 

- 9 40 


298 80 59 

298 80 61 

89 25 40 

89 25 12 

89 25 20 


298 80 55 
89 26 24 


50 27 14 


(28810) 


281 
284 
282 
288 
285 


298 25 

298 25 

89 85 

89 86 

89 85 










87 
87 
87 
87 
87 


0-18 
0-86 
8-20 
2-71 
8-58 


- 8 

- 22 

- 3 18 

- 2 44 

- 8 86 


298 24 52 

298 24 88 

39 31 47 

89 82 16 

89 81 24 


298 24 45 
39 81 49 


60 88 82 


2885-3 


281 
284 
282 
288 
286 


298 25 

298 25 

89 85 

39 85 

89 85 









87 
87 

87 
87 
87 


7-47 
7-69 
8-99 

4-64 
8-68 


- 7 81 

- 7 88 
+ 4 1 
+ 4 84 
+ 8 86 


298 17 29 

298 17 22 

89 89 1 

89 89 84 

89 88 86 


298 17 25 
89 89 5 


60 40 60 


2840-8 


288- 
289 


297 25 
40 85 






88 
88 


25-62 
80-28 


+ 25 45 
-80 26 


297 50 45 
40 4 26 




51 6 51 


(2857-8) 


818 
819 
820 


297 20 

297 20 

40 80 







88 
88 
88 


81-85 
81-40 
28-78 


+ 81 80 
+ 81 88 
-28 51 


297 61 80 

297 61 88 

40 6 9 


297 61 32 


51 7 18 


2857-9 
(2868-1) 


278 
279 
280 


40 85 
297 25 
297 25 








88 

88 
88 


29-57 
26-18 
26-84 


-29 48 
+ 26 16 
+ 26 28 


40 5 17 
297 51 16 
297 51 28 


297 51 22 


61 6 57 


(2857-8) 
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vir. 


VIII. 


IX. 


278 

280 


40 35 
297 25 


88 
88 


hundred thB 
of an inch. 

8-62 

fi-29 


/ // 
- 8 40 
+ 5 19 


o / // 

40 26 20 
297 80 19 


/ // 


o / // 

51 28 


ware- 
lengih. 

(2871-9) 


288 
289 


297 25 
40 35 


88 
88 


4-64 
945 


+ 4 84 
- 9 80 


297 29 84 
40 26 80 




51 27 58 


(2871-9) 


S18 
319 
320 


297 20 

297 20 

40 30 


88 
88 
88 


10-37 

10-34 

2-77 


+ 10 25 
+ 10 24 
- 2 47 


297 80 25 

297 80 24 

40 27 18 


297 80 25 


51 28 24 


2S72-0 
(2872-2) 


26S 
270 
271 

272 


40 50 

40 65 

297 10 

297 6 


91 
91 
91 
91 


21-98 
2700 
18-96 
23-94 


-21 58 
-27 2 
+ 18 69 
+ 23 69 


40 28 2 

40 27 58 

297 28 69 

297 28 69 


40 28 


61 29 80 


(2872-9) 


288 
289 


297 25 
40 35 


88 
88 


8-02 
7-86 


+ 82 
- 7 54 


297 28 2 
40 27 6 




61 29 82 


(2872-9) 


317 
818 
319 
320 


297 25 

297 20 

297 20 

4a 30 


88 
88 
88 
88 


8-94 
8-93 
8 86 
1-86 


+ 8 58 
+ 8 69 
+ 8 64 
- 1 22 


297 28 68 

297 28 69 

297 28 64 

40 28 88 


297 28 67 


51 29 61 


2878-0 
(2878-1) 


278 

279 
280 


40 35 
297 25 
297 26 


88 
88 
88 


7-12 
3-47 
8-78 


- 7 9 
+ 8 29 
+ 8 48 


40 27 61 
297 28 29 
297 28 48 


297 28 89 


61 29 86 


2878-0 


278 
280 


40 35 
297 25 


88 
88 


8-82 
7-68 


+ 8 60 
- 7 87 


40 88 60 
297 17 28 




61 40 48 


2880-4 


269 
270 
271 
272 


40 50 

40 55 

297 10 

297 5 


91 
91 
91 
91 


10-94 

15-99 

7-66 

12-56 


-10 68 
-16 1 
+ 7 40 
+ 12 36 


40 89 2 

40 88 69 

297 17 40 

297 17 85 


40 89 
297 17 88 


61 40 41 


(2880-8) 


288 
289 


297 25 
40 35 


88 
88 


8-12 
8-18 


- 8 10 
+ 8 12 


297 16 50 
40 88 12 




51 40 41 


(2880-8) 


317 
318 

819 
320 


297 25 

297 20 

297 20 

40 30 


88 
88 
88 
88 


7-28 
2-56 
2-46 
9-75 


- 7 19 

- 2 34 

- 2 28 

+ 9 48 


297 17 41 

297 17 26 

297 17 32 

40 39 48 


297 17 83 


61 41 7 


(2880-6) 


269 
270 
271 
273 


40 50 

40 65 

297 10 

297 5 


91 
91 
91 
91 


6-50 

11-65 

8-21 

8-14 


- 6 31 
-11 34 
+ 8 13 
+ 8 12 


40 48 29 

40 48 26 

297 13 18 

297 13 12 


40 48 27 
297 13 12 


61 46 7 


2888-8 


278 
279 

280 


40 35 
297 25 
297 25 


88 
88 
88 


8-17 
11-92 
11-84 


+ 8 13 
-11 69 
-11 54 


40 43 18 
297 18 1 
297 13 6 


297 18 8 


61 46 6 


2888-3 


288 
289 


297 25 
40 35 


88 
88 


12-63 
7-62 


-12 86 

+ 7 84 


297 12 24 
40 42 84 




51 46 5 


2883-8 
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I. 


H. 


iir. 


IV. 


V. 


VI. 


VII. 


viir. 


IX. 


817 
818 
819 
820 


297 26 

297 20 

297 20 

40 80 


88 
88 
88 
88 


hundredths 

of an inch. 

11-59 

6-95 

6-77 

1418 


-I'l 89 

- 6 59 

- 6 48 
+ 14 12 


297 18 n 

297 18 1 

297 18 12 

40 44 12 


o / // 

297 18 11 


o / // 

51 45 81 


wave- 
leDglb. 

(2888-5) 


275 
276 
277 


296 10 
41 50 
41 55 


98 
93 
93 


2-48 
0-91 
600 


- 2 29 

- 56 

- 6 1 


296 7 82 
41 49 5 
41 48 59 


41 49 2 


52 50 45 


(2926-1) 


267 
268 


296 10 
41 50 


98 
98 


2-85 
1-20 


- 2 51 

- 1 12 


296 7 9 
41 48 48 


.. 


52 50 50 


2926-0 


810 
811 
812 


41 55 

41 50 

296 


98 
98 
93 


1019 

1500 

8-16 


+ 10 11 

+ 14 59 
- 8 9 


42 5 11 

42 4 59 

295 51 51 


42 5 5 


53 6 87 


2928-8 


267 
268 


296 10 
41 50 


93 
98 


80-58 
26-60 


-80 88 
+ 26 29 


296 89 27 
42 16 29 


.. 


U 18 81 


(2948-9) 


276 
276 
277 


296 10 
41 50 
41 55 


98 
98* 
98 


80-48 
26-78 
21-78 


-80 27 
+ 26 45 
+ 21 48 


295 89 83 
42 16 45 
42 16 43 


42 16 44 


53 18 86 


2944-0 


810 
811 
812 
816 


41 55 

41 50 

296 

296 


98 
98 
93 
98 


21-95 
26-75 
20-04 
19-97 


+ 21 56 
+ 26 44 
-20 1 
-19 57 


42 16 56 

42 16 44 

295 89 59 

295 40 8 


42 16 50 
295 40 1 


58 18 25 


(2948-9) 


276 
276 

277 


296 10 
41 50 
41 55 


93 
98 
98 


86-50 
31-94 
26-89 


-85 28 
+ 81 55 
+ 26 52 


295 84 82 
42 21 55 
42 21 52 


42 21 54 


58 28 41 


U 
2947-8 



As in the highest region we have used the lines in the spectrum of the spark 
between copper electrodes as lines of reference, we add here the measurements and 
calculated values for these lines, and for the strong magnesium lines which we have 
sometimes used in interpolating. 

CoppEB Lines. 



I. 


11. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


,IX. 










hundred til 8 










wave- 




/ 


// 




of an inch. 


+ 8b iV 


o / // 


o / // 


/ // 


leDgth. 


827 


812 55 





24 


27-88 


818 25 17 








880 


818 5 





24 


18-19 


+ 19 46 


318 24 46 








881 


818 5 





24 


18-81 


+ 20 26 


818 25 26 


818 25 10 






828 


• 25 





24 


28-96 


-26 2 


24 88 58 








829 


24 45 





24 


10-30 


-11 11 


24 88 49 


24 88 58 


85 84 21 


2185-7 


827 


812 55 





24 


18-87 


+ 15 4 


818 10 4 








880 


818 5 





24 


4-17 


+ 4 82 


818 9 82 








881 


818 5 





24 


4-78 


+ 58 


818 10 8 


813 9 55 






828 


25 





24 


10-15 


-11 2 


24 48 58 








829 


24 45 





24 


8'53 


+ 8 50 


24 48 50 


24 48 54 


85 49 80 


2148-9 
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Copper Lines — (continued). 



I. 


n. 


III. 


IV. 


V. 


VI. 


VII. 










hundred thB 










o / 


*/ 




of an inch. 


/ // 


o / // 


c / // 


297 


26 50 





81 


24-22 


-26 5 


26 28 65 




298 


312 10 





81 


28-66 


+ 26 29 


812 36 29 




29T 


25 60 





81 


18-18 


-14 11 


26 85 49 




298 


812 10 





81 


12-24 


+ 18 11 


812 23 11 




826 


26 





81 


22-94 


-24 42 


25 86 18 




326 


811 55 





31 


26-83 


+ 27 49 


812 22 49 




S25 


26 C 





81 


2002 


-21 83 


25 88 27 




826 


311 55 





81 


22-98 


+ 24 46 


812 19 45 




297 


25 60 





81 


10-82 


-11 7 


26 88 63 




298 


812 10 





81 


9-87 


+ 10 6 


812 20 6 




297 


25 60 





81 


2-37 


- 2 33 


25 47 27 




298 


812 10 





81 


1-46 


+ 1 84 


312 11 84 




825 


26 





81 


0-65 


- 42 


26 69 18 




826 


311 65 





81 


8-19 


+ 3 26 


311 58 26 




291 


26 25 





87 


23-62 


-26 16 


25 69 46 




293 


26 86 





87 


33-62 


-86 66 


26 69 5 




296 


26 26 





84 


28-27 


-24 66 


26 6 




297 


25 50 





81 


9*08 


+ 9 47 


26 69 47 


26 69 40 


298 


312 10 





31 


10-19 


-10 68 


311 69 2 




299 


311 10 





89 


46-93 


+ 60 2 


812 2 




294 


311 25 





87 


81-70 


+ 83 63 


811 68 63 




295 


311 85 





34 


2278 


+ 24 23 


811 69 28 


811 59 20 


291 


26 25 





37 


15-26 


-16 19 


26 8 41 




293 


26 35 





87 


24-69 


-26 27 


26 8 88 




296 


26 25 


u 


S4 


14-80 


-16 68 


26 9 7 




297 


25 50 





81 


17-66 


+ 18 64 


26 8 64 




800 


26 50 





89 


89-24 


-41 60 


26 8 10 


26 8 41 


294 


311 25 





87 


22-94 


+ 24 81 


811 49 81 




295 


311 35 





84 


14-04 


+ 16 4 


811 60 4 




298 


312 10 





81 


18-77 


-20 18 


811 49 47 




299 


311 10 





89 


87-91 


+ 40 26 


811 60 25 


811 49 67 


325 


26 





81 


7-68 


+ 8 16 


26 8 16 




326 


311 55 





81 


6-40 


- 6 49 


811 49 11 




291 


26 25 





87 


3-49 


- 8 44 


26 21 16 




293 


26 35 





37 


12-99 


-18 65 


26 21 6 • 




296 


26 25 





84 


806 


- 3 16 


26 21 44 




300 


26 50 





89 


27-23 


-29 2 


26 20 68 


26 21 16 


294 


8U 25 





87 


10-96 


+ 11 42 


811 86 42 




295 


811 85 





84 


1-87 


+ 20 


811 87 




299 


811 10 





89 


26-85 


+ 27 83 


811 87 83 


311 87 6 


293 


26 35 





87 


11-58 


-12 24 


26 22 86 




296 


'26 26 





84 


1-66 


- 1 46 


26 28 14 


26 22 66 


294 


811 25 





87 


9-61 


+ 10 10 


811 86 10 




295 


311 85 





84 


0-51 


+ 82 


811 86 82 




299 


311 10 





89 


24-62 


+ 26 8 


811 86 8 


811 85 37 



VIII. 



IX. 



o / // 

86 24 18 
86 86 19 
86 86 14 
86 89 21 
86 89 24 

86 47 66 

87 26 



87 10 



37 9 22 



87 9 88 



87 22 6 



87 28 89 



wave- 
length. 

2178-8 



2189-2 



2189-2 



2191-8 



(2191-9) 



2199-2 



(2209-9) 



2209-7 
(2209-6) 



2217-6 



(2217-6) I 



2228-8 



2229-6 
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Copper Lines — (continued). 



iot 



I. 


II. 


III. 


IV. 


V. 


VI. 


VII. 


VIIT. 


TX. 










hundredths 










wave- 




/ 


// 




of an inch. 


/ // 


o / // 


o / // 


O / // 


length. 


291 


26 25 





87 


11-59 


+ 12 28 


26 37 23 








292 


26 80 





88 


7-30 


+ 7 47 


26 37 47 








293 


26 85 





37 


215 


-^ 2 18 


26 87 18 








296 


26 25 





84 


12 00 


+ 12 52 


26 87 62 








300 


26 50 





89 


11-52 


-12 17 


26 87 48 


26 87 87 






294 


311 25 





87 


4-54 


- 4 51 


811 20 9 








295 


311 85 





34 


1328 


-14 16 


311 20 45 








299 


311 10 





89 


10-15 


+ 10 49 


311 20 49 


811 20 34 


87 38 31 


2242-2 


832 


27 





39 


20-54 


-21 64 


26 38 6 








333 


26 55 





89 


15-96 


-17 1 


26 37 69 


26 38 2 






834 


810 65 





39 


24-32 


+ 25 56 


311 20 66 








885 


311 





39 


19-70 


+ 20 49 


811 20 49 


311 20 53 


87 88 84 


2242-2 


832 


27 





39 


15-77 


-16 49 


26 43 11 








888 


26 55 





89 


11-03 


-11 46 


26 48 14 


26 48 12 






334 


810 65 





89 


19-47 


+ 20 46 


811 15 46 








835 


811 





89 


14-61 


+ 15 27 


811 15 27 


311 15 87 


87 43 47 


2246-6 


291 


26 25 





87 


16-48 


+ 17 37 


26 42 37 








292 


26 80 





38 


1216 


+ 12 59 


26 42 59 








298 


26 35 





87 


7-08 


+ 7 82 


26 42 82 








296 ' 


26 25 





84 


16-80 


+ 18 1 


26 43 1 








800 


26 50 





89 


6-62 


- 7 8 


28 42 67 


26 42 49 






294 


311 25 





87 


9-45" 


-10 6 


811 14 54 








295 


811 35 





34 


18*20 


-19 81 


311 15 29 








299 


811 10 





89 


5-81 


+ 5 40 


811 15 40 


311 15 21 


37 48 44 


2246-6 


382 


27 





89 


2-98 


+ 8 10 


27 3 10 








883 


26 55 





89 


7-80 


+ 8 19 


27 8 19 


27 8 15 






835 


811 





89 


4-27 


- 4 81 


310 55 29 




88 8 5Z 


2263-6 


832 


27 





39 


16-90 


+ 18 1 


27 18 1 








888 


26 55 





89 


21-60 


+ 28 2 


27 18 2 








884 


810 55 





89 


18-52 


-14 26 


310 40 85 








385 


311 





89 


1818 


-19 13 


810 40 47 








336 


810 80 





46 


10-33 


+ 10 56 


810 40 55 








887 


810 25 





46 


15-12 


+ 15 69 


810 40 59 


810 40 49 






888 


27 80 





46 


11-24 


-11 53 


27 18 7 








840 


27 35 





46 


1600 


-16 65 


27 18 5 








889 


27 25 





46 


6-71 


- 7 6 


27 17 54 


27 18 2 


38 18 87 


2276-0 


291 


26 25 





87 


48-59 


+ 51 56 


27 16 56 








292 


26 30 





88 


44-59 


+ 47 86 


27 17 B6 








298 


26 85 





87 


39-99 


+ 42 51 


27 17 51 








296 


26 25 





84 


48-64 


+ 52 11 


27 17 11 








800 


26 50 





89 


26-44 


+ 28 11 


27 18 11 


27 17 88 






294 


311 25 





87 


4201 


-44 54 


810 40 6 








295 


811 35 





34 


50-70 


-64 23 


810 40 87 








299 


311 10 





89 


27-81 


-29 7 


810 40 53 


810 40 32 


, 88 18 88 


(2275-9) 


886 


810 80 





46 


10-88 


-10 55 


810 19 5 








887 


810 25 





46 


5-55 


- 5 52 


810 19 8 


810 19 6 






838 


27 80 





46 


9-80 


+ 9 60 


27 89 50 








840 


27 85 





46 


4-40 


+ 4 89 


27 89 89 








889 


27 25 





46 


18-76 


+ 14 83 


27 89 88 


27 39 41 


88 40 19 


22941 
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I. 


II. 


III. 


IV. 


V. 


VI. 


VII. 


VIII. 


IX. 








hundredths 










wave- 




G / // 




of an inch. 


o / // 


o / // 


o / // 


o / // 


length. 


129 


301 4 55 


67 


68-67 


-1 10 45 


299 54 10 








128 


301 4 56 


67 


68-85 


-I 10 68 


299 63 57 








131 


300 54 55 


67 


69-82 


-1 1 7 


299 58 48 


299 54 4 






134 


300 4 55 


75 


10-67 


-0 10 63 


299 64 2 








135 . 


300 4 55 


75 


10-89 


-0 10 86 


299 64 19 








139 


300 8 


72 


6-66 


-0 6 47 


299 64 16 








140 


300 8 


72 


6-95 


-0 6 6 


299 63 67 








137 


38 10 


76 


876 


+ 8 66 


88 18 66 








138 


38 15 


72 


8-42 


+ 8 80 


88 18 30 








125 


37 20 6 


67 


6682 


+ 58 82 


88 18 37 








124 


37 30 5 


70 


47-88 


+ 48 85 


88 18 40 


88 18 41 


49 12 19 


2779-4 


137 


38 10 


75 


80-88 


+ 81 31 


88 41 81 








138 


88 15 


72 


25-68 


+ 26 18 


88 41 18 


88 41 25 






139 


300 8 


72 


27-86 


-0 28 82 


299 81 81 








140 


300 8 


72 


28-02 


-0 28 42 


299 81 21 


299 81 26 


49 86 


27952 


306 


299 15 


86 


8-76 


+ 8 49 


299 23 49 


299 28 50 






307 


38 45 


86 


10-89 


-0 11 1 


88 88 69 








308 


38 30 


86 


8-84 


+ 8 52 


88 38 52 


38 83 66 






809 


299 30 


85 


6-10 


-0 6 9 


299 28 61 




49 86 2 


2795-2 


187 


38 10 


76 


41-09 


+ 41 66 


88 51 66 








138 


38 15 


72 


86-88 


+ 86 42 


88 61 42 


88 61 49 






139 


300 8 


72 


87-82 


-0 38 44 


299 21 19 






- 


140 


300 8 


72 


88-21 


-0 89 8 


299 20 66 


299 21 7 


49 46 21 


2802-4 


806 


299 15 


86 


1-67 


-0 1 S5 


299 18 26 








307 


38 45 


86 


0-69 


-0 36 


88 44 24 








308 


38 30 


85 


14-16 


+ 14 17 


38 44 17 


88 44 21 






809 


299 30 


86 


16-48 


-0 16 87 


299 13 28 


299 18 24 


49 46 28 


(2802-4) 


803 


40 


85 


2-97 


-0 8 


89 67 








804 


298 


85 


084 


+ 21 


298 21 








305 


298 5 


86 


4-48 


-0 4 81 


298 29 


298 26 


60 68 18 


2852-C 



Remarks on the foregoing tables. 

It will be observed that when two or more independent determinations have been 
made the wave-lengths found are often identical, rarely differ by more than '2 of a 
tenth-metre. This seems to make the probable error in most cases very small — smaller 
than we venture to think it really may be, for there are one or two sources of error 
which are quite sufficient to account for a variation of '2 of a tenth-metre in the wave- 
length. First the sliding tubes of the telescope, for it has a draw tube as well as the 
usual rack and pinion arrangement for focussing, in order to allow for the great varia- 
tions in the focal distance of the uncorrected quartz lenses, and such sliding tubes 
have always some play, so that in the operation of reversing the photographic plate 
by turning tbe sliding tube about its axis there might easily be a small displacement. 
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Indeed, the measurement of plates taken successively without movement of any part 
of the apparatus, except the photographic slide, showed that there was such a dis- 
placement of the axis, and that it might make an error of ±1^0'' in the measurement 
of the angle, or ±'13 on an average in the value of the wave-length. 

Another source of error is the want of sharp definition of some of the lines. Some 
of the lines are really diffuse, and in every case, as already observed, if the image is 
correctly focussed on the plate when the telescope is on one side of the collimator, it is 
always a little out of focus when the telescope is moved round to the other side. Hence 
there may easily be an error in measuring the distance between the lines which may 
easily amount to ±8'' of angular measure, or ±*1 in the value of the wave-length. 

Still we do not think the probable error exceeds ±'25 of a tenth-metre. 

Determination of the intermediate lines. 

The wave-lengths of a sufficient number of lines of reference having been measured 
by the grating, the intermediate lines have been mapped by means of prisms. For this 
part of the work a calcite prism of 30°, cut so that one face is perpendicular to the 
axis of the crystal, was fixed to the end of the collimator, and a similar piism to the end 
of the telescope, while between them another calcite prism of 60°, cut so that the faces 
are equally inclined to the axis of the crystal, was maintained by a simple system of 
linkage at the position of minimum deviation, which is also that of single refraction. 
Photographs were taken at short intervals all down the scale of the spectrum of the 
arc and spark simultaneously. The image of the arc was focussed on the slit by the 
quartz lens already mentioned, and thrown just under the centre. At the same time 
the spark was made to pass horizontally close in front of the slit, without the inter- 
position of a lens, but just above the centre. In this way two images were impressed 
on the plate overlapping one another in the middle. The distances between the lines 
was afterwards measured under the microscope, and the inverse squares of the wave- 
lengths of the intermediate lines deduced by the graphic method of interpolation 
between those of the lines of reference. A table of inverse squares was used for the 
reduction to simple wave-lengths. 

The following table gives the results. In many cases there is much difference in the 
relative intensities of the same line in the arc and spark, and in some cases lines are 
visible in the photograph of the arc which are not in that of the spark, and vice versd. 
Beyond the wave-length 2327 no spark lines seem to have made any impression on 
the plates, but the arc lines continue with, however, a sensible falling off in intensity 
up to the end of the region observed. For this region the copper lines of reference 
were used, as already explained, and for the highest part of it, above wave-length 2230, 
quartz prisms were substituted for those of calcite with advantage as regards the 
amount of light transmitted, but with some loss of dispersion and more of definition. 

In the following table the second column gives the wave-length, and the lines 

MDCXXJLXXXIIT. 2 E 
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marked witli a '^ c " are probably carbon lines, the first gives approximately the relative 
intensities with which the lines are impressed on the photographic plates, 1 represent- 
ing the strongest and 6 the weakest lines. It also indicates whether the line is an arc 
or a spark-line, a indicating arc-lines ; s, spark -lines. Thus Sals after a line indi- 
cates that its intensity in arc is 3, in spark, 1 ; 6 a indicates a line which is in arc only 
and of intensity 6; 2as indicates a line of intensity 2 in both arc and spark. 



List of ultra-violet iron lines. 



6a 


2167-4 


4a 


2280 


6a 


2341*2 


2as 


2884*2 




2s 


2427-9 


Qa 


2171-7 


6a 


2281*8 


6s 


2341-6 


6a 58 


2884-8 


6as 




2428-5 


6a 


2173*4 


6a 


2282-8 


68 


2341-8 


6a 


2886-8 




68 


2428-7 


6a 


2177-0 


6a 


2283-0 


las 


2348*1 


4s 


2886-8 


6aB 




2429-0 


6a 


2178-0 


6a 


2288*2 


6a 58 


2848-6 


6a 4s 


2887-2 


Sa 


2s 


2429*7 


6a 


2181-5 


4a 


2283-6 


4a Ss 


2843-9 


6s 


2888*0 


6as 




2480-6 


6a 


2183-7 


3a 


2284-0 


4a 


2344-7 


las 


2888-4 


6a 




2480-7 


6a 


2186-1 


i 8« 


22871 


Ss 


2844-9 


6s 


2889-2 


6a 


28 


2481-8 


6a 


2186-8 


1 8a 


2287-4 


6a8 


2346-9 


Sa 


2389-9 




2s 


2482*5 


6a 


2191-3 


1 6a 


2287-9 


68 


2346-4 


5s 


2890-1 




48 


2488*2 


5a 


2195-5 


8a 


2288*8 


las 


2847-3 


6« 


2890-7 


6as 




2488-9 


6a 


2199*3 


5a 


2289-9 


las 


2348-0 


8a 4s 


2891*8 


6a 


Ss 


2484*8 


6a 


2200-0 


4a 


2*290-3 


6s 


2349-0 


6as 


2892-4 


5a 


Ss 


2484-7 


6a 


2200-2 


6a 


2290-6 


6a 


2349-5 


6a 


2392-8 


6a% 




2435-6 


4a 


2207-6 


4a 


2290*9 


6as 


2849-9 


6a 


2394-1 


6as 




24860 


4a 


2210-4 


, 6a 


2291-4 


6a 2s 


2860-9 


6s 


2894*7 




58 


2486*4 


6a 


2211-4 


Sa 


2292*8 


6a8 


2851-6 


Sas 


2895-2 


1 


5s 


2486-9 


4a 


2214-1 


da 


2298-6 


68 


2852-1 


las 


2395-4 




6s 


2437-8 


Za 


2216-2 


1 8a 


2294*2 


58 


2858*8 


58 


2396-6 


4a 




2487-9 


4a 


2225-2 


8a 


2296-8 


6a Ss 


2864*1 


6a 


2398-0 




2s 


2489-0 


3a 


2227*3 


, 8a 


2297-6 


Sa8 


2854-6 


6s 


2898-5 


2a 


6s 


24894 


Sa 


2229-7 


Sa 


2298-0 


5s 


2364-8 


las 


2899*0 


8a 




2489-8 


6a 


2230-9 


4a 


2298-6 


6a 58 


2365-1 


6a 28 


2400-0 




Ss 


2440-1 


6a 


2240-2 


Sa 


2299-0 


6a 


2865-6 


6as 


2401-0 




6s 


2441*0 


6a 


2242-2 


6a 


2299-2 


4s 


2366*7 


6a 


2401-4 


1 6a 




2441-5 


6a 


2243-9 


Sa 


2300*0 


las 


2368-7 


6a 58 


2401-9 


2a 


5s 


2442-8 


5 a 


2245-3 


5a 


2300-4 


6a8 


2369*2 


6a 5s 


2402-8 


8a 


68 


2448-7 


ia 


2248-5 


4a 


2301-0 


2a Is 


2359-7 


Sas 


2404-2 


5a 


Is 


2444-^ 


ia 


2248-8 


Sa 


2801-4 


2a Is 


2869-9 


las 


2404-6 


6aA 




2444*9 


4a 


2250*5 


Sa 


2308-2 


6a 


2860*3 


68 


2405-5 


6a 


Ss 


2446-4 


6a 


2250-6 


Sa 


2808-4 


6s 


2361-8 


las 


2406-8 




6« 


2445-9 


6a 


2251-2 


5a 


2804*4 


ia Ss 


2861*6 


68 


2406-6 


6a 


Ss 


2446-8 


6a 


2261-6 


5a 


2805*8 


68 


2862-9 


6a 


2406*9 




Ss 


2447*1 


4a 


2262-8 


4a 


2806-0 


Ss 


2868-8 


6a 


2407*8 


8aj 




2447*5 


4a 


2256-4 


2a 


2808 6 


Ss 


2868-5 


6as 


2407-6 


6a 




2448*1 


4a 


2259-2 


6a 


2809-8 


2a Is 


2864-4 


6s 


2408-4 


6a 




2448-5 


4a 


2259-8 


1 6a 


2310-6 


6a 


23651 


las 


2410*2 




48 


2449*6 


ba 


2260-4 


1 5a 


23110 


58 


2365*8 


las 


2410*7 


6a 


4« 


2450*0 


5a 


2260-7 


{ 6a 


2811-6 


Sas 


2866-2 


6a 


2411-4 


6a 




2450*7 


6a 


2262-4 


j 6 a 


2312-0 


2a Is 


2868*2 


las 


2413-0 


6a 


58 


2451*0 


6a 


2262-8 


2a 


2312-7 


4a 


2869-1 


6a8 


2413-8 


6a 




2451-8 


6a 


2263*2 


6a 


2818*6 


5s 


2869-6 


6as 


2414-8 


6a 




2451*8 


5a 


2264*2 


6a 


2816-7 


4as 


2870-1 


6a 


2415-4 


6a 




2452*8 


5a 


2264-7 


5a 


2817-6 


4a 


2871-1 


6a 58 


2416-8 




68 


2452*9 


6a 


2265*7 


6a 
5a 


2317-7 


48 


2872-8 


6a 


2417*1 


8a 




2458*2 


6a 


2266-6 


2819-2 


6a 


2872-7 


6a 2s 


2417-5 




5» 


2458-5 


5a 


2266-8 


j 6a 
' 8a 


2319*6 


4s 


2378-8 


6a 58 


2418*2 




6s 


2458-8 


3a 


2267*2 


2319-9 


2a l8 


2378-4 


Sa 


2418-9 




8«. 


2454-8 


6a 


2268-8 


1 2a l8 


2826-9 


6a 


23741 


6a 


2419*4 


6a 




2455*8 


4a 


2270-6 


6a 


2829-8 


2a Is 


2374-9 


68 


2419-7 




68 


2456*7 


4a 


2271*5 


2a Is 


2880-9 


6a Ss 


2376*2 


6a 


2420*0 


6a 




2456*0 


4a 


2271-8 


2a U 


2332-6 


6a 


2376-9 


6a 


2420*7 




68 


2466-4 


4a 


2272*5 


6a 


2388-1 


6a 


2877*6 


6a 


2421-8 


2a 


5s 


2457*4 


4a 


2273-8 


6a 


2334-2 


68 


2378-2 


6a Ss 


2422-4 


6a 




2468-2 


4 a 


2274-9 


6a 


2884-6 


6s 


2878-8 


6a 48 


2422-9 


6a 


Is 


2468-5 


6a 


2276-2 


6a 


2384-8 


2a Is 


28790 


5a Is 


2423-8 


6a 


48 


2460-2 


4a 


2275*7 


2a Is 


2887-7 


2a Is 


2880-5 


68 


2424-3 


6a 




2460-8 


4a 


2276*9 


2a 6s 


2839-0 


las 


2381*7 • 


6a8 


2426-0 


6a 


Ss 


2461-0 


4a 


2277-6 


Sa 


2889*8 


Sas 


2882-7 


6a 58 


2426-4 




Ss 


2461*4 


8 a 


2279-7 


5a 68 


2340-0 


2as 


2888-0 


68 


2427*0 


Sa 




2161-9 
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2a 68 


2462-8 




68 


2507-9 


68 


2664*8 


6a 


2608-2 


6a 


2672*4 


6a 4« 


2462*6 


6a 




2608-6 


, 6a 


2664-9 


6a8 


2608-7 


6a 


2674-6 


6a 


2468-4 




68 


c 2608*8 


68 


2566-2 


6a 


2609*1 


6a 


2676-1 


48 


2468*7 


2a 


6« 


2610-6 


6a 


2666-0 


68 


2609-3 


68 


2676-1 


48 


2464*6 


6a 


l8 


c 261 1-4 


6a 


2666-6 


6a 


2610*3 


6a 


2677*2 


8a 48 


2464*7 


6a 




2611-6 


6« 


2657*2 


6a8 


2610*7 


2a 6s 


2678*6 


S« 


2466*4 


Sa 




2512*0 


6a 


2668-8 


las 


2611*4 


6a 


2679*9 


6a 28 


2466*4 


Sa 


48 


2612*2 


68 


2568'9 


6a 


2612*3 


6s 


2680-4 


6a 


2467*2 


6a 




2618*2 


68 


2569-6 


las 


2618-8 


6a 


2680-8 


68 


2467*8 


Sat 




c 2514-1 


6a 48 


2560*0 


6a 


£614-0 


6a 


2681-6 


8a 68 


2468*4 


6a 




2614*8 


6a 


2660-8 


6a 


26160 


6s 


2682-0 


S8 


2469*0 




48 


2614*7 


6a 


2660*9 


las 


2617-2 


6s 


2682-4 


28 


2470*8 


la 


68 


c 2616*8 


6a 


2561*6 


6a 


2617-6 


6a 


£683-6 


6a 


2470*6 


6a 




26 16*3 


6a 


2661*9 


6a 


2618*8 


6a Is 


2684*2 


8a 48 


2471*9 


6a 


Z8 


2616-8 


2a8 


2662*3 


48 


2618*6 


68 


2685*7 


2a 68 


2472*4 


6a 




2517*4 


2a8 


2663*2 


6a8 


2619*9 


6a 


2686*0 


6a 


2472*7 


Za 


68 


2617*8 


6a 


2664*2 


6s 


2620*4 


6a 


2686*8 


68 


2472*9 


6a 




2618*6 


6a 


2666-1 


Zas 


2621-2 


6a 


2687*3 


Ba8 


2474*6 


Zai 


r 


c 2618-8 


48 


26660 


68 


2622-6 


Zas 


2688*8 


68 


2474*9 


*a 


68 


•J619*3 


Za8 


2566*7 


Za 68 


2623-1 


6a 


5689*8 


68 


2476*6 


6a 


Z8 


2620-8 


68 


2668*1 


6a 


2628-6 


6a 


2689*6 


6a 


2476*8 


6a 


Z8 


2621-6 


6a8 


2568*6 


las 


2626*2 


6a 


2690-9 


68 


2476*0 


la 


28 


2622*5 


Ga8 


2669*4 


6a8 


2626*2 


6s 


2691-2 


6a 68 


2476*6 


6a 


68 


2528-8 


6a 


2570*1 


6a 


2626-8 


6a 


2691*7 


68 


2477*1 


2a 


68 


e 2623*9 


48 


2670*6 


las 


2627*9 


6a Is 


26921 


6# 


2477*9 


, 6a 




2524*7 


68 


2671*2 


6a 68 


2629*2 


68 


2698-4 


la 8< 


2478*8 


6a 


28 


2626-1 


6a 


2572*6 


6a ts 


2629*7 


6a 


2694*0 


68 


2479*0 


6a 


2« 


2626*0 


68 


2672-8 


las 


2630-7 


6a 


2694*4 


6a 


2479*2 




68 


2626-7 


6a 8« 


2574*0 


las 


2631*0 


6s 


2694-7 


2a 68 


2479*6 


2a 


68 


2627-1 


6a 


2574*8 


6a 68 


2632*0 


ba 


2695*0 


6a 28 


2480*0 


6a 




2627*9 


6a 


2576-3 


6a 


2632*8 


4a 


2696*6 


68 


2480*7 


6a 




c 2628-1 


4a 68 


2676-7 


6s 


2682-9 


6a 


2696*9 


6« 


2481*8 


8a 


68 


2628*9 


Za 


2676*2 


6s 


2685-1 


6a 


2696*6 


6a 8« 


2481*8 




28 


2629-2 


48 


2576*6 


Za 6s 


2686-5 


48 


2697-0 


B8 


2482*4 


8a 




2529-6 


Za8 


2677*4 


6as 


2686*1 


6a 


2697*7 


la 68 


2482*9 




68 


2629-9 


6a 


2678*3 


6a 


2686*6 


4a 6s 


2698*6 


68 


2488*8 


4a 


68 


2680-4 


6a 


2578-7 


Zs 


2637*8 


6s 


2699-8 


Sa8 


2488*7 


6a 




2681-1 


68 


2678-9 


48 


2689*2 


6a 6s 


2701-2 


6a 


2484*7 


6a 


68 


26820 


6a 


2679-8 


6s 


2640*7 


6a 


2702-6 


6a 


2486*7 


6a 




2682-4 


6a 


2679-6 


4a 68 


2641*4 


Is 


2703-6 


6a 28 


2486*1 


6a 




2632*6 


6a 


2679-9 


68 


2641*7 


Za 


2705*6 


6a 


2486-4 


Za 


28 


268»*4 


6a 


2680-8 


Za 6s 


8648-8 


1 a Zs 


2706*0 


6a 


2486*8 


6a 


28 


2534-2 


68 


2680*6 


6a Zs 


2644-9 


6a 48 


2706*7 


6a 


2487*1 


2 a 


Z8 


2686-2 


6a 


2680*9 


6a 


2646*2 


Za 


2708*1 


la 8« 


2487*7 


6a 


l8 


2586*6 


4a 


2681-7 


68 


2646-8 


48 


2708*7 


6a 


2488-7 


Za 




2686*9 


4a Z8 


2582-0 


4a 68 


2647*8 


6as 


2709*7 


48 


2489*2 




48 


2688-0 


2a 68 


2684*0 


4s 


2649*2 


4a 6s 


2710-1 


la 28 


2489-6 


6a 


l8 


2638*6 


la8 


2586*4 


6a 68 


2660-4' 


Za 48 


2711*2 


la 28 


2490*6 


6a 




2589-1 


Za8 


2687-6 


6a 


2660-9 


Zs 


2711*6 


2a 


24910 


1 


68 


2640-4 1 


68 


2688-2 


6s 


2662*2 


68 


2711*9 


8« 


2491-1 


2a 


48 


2640*8 


68 


26900 


6s 


2663-8 


6a 


2718*6 


6a8 


2492-0 




4« 


e 2641*6 


Za8 


2691-0 


68 


2664-4 


las 


2718*8 


Sa l8 


2492-9 


8a 


68 


2641*7 


6a 


2591-7 


6as 


2666-7 . 


6a 


2714-4 


6a8 


2498-7 




68 


2642*4 


8« 


2692*2 


6a 


2656*4 


6a 


2714*9 


6a 


2498-9 


6a 


Z8 


2648-0 


Za8 


2698-1 


6a Zs 


2667*8 


6a Zs 


2715-7 


6a 48 


2496-6 


8a 


68 


2648*7 


6a 


2598-6 


6a 


2660-8 


6a 


2717*4 


8a 6d 


2496-8 


4a 




2644-6 


68 


2594*6 


4a .68 


2661-6 


2a 6s 


2718-0 


6a 28 


2497-6 




68 


2644*9 


6a 


2695*2 


6s 


2662-2 


la Zs 


2718 6 


6a l8 


2498*7 


2a 


68 


2546-8 


6a 


2696-0 


6a 


2668-6 


6a 


2719-7 


48 


2600*7 


6ai 




2646*6 


la8 


2697*8 


6a 


2664-0 


1 a 48 


2720-3 


2a 68 


2600-9 




68 


2647*0 


las 


2698*9 


6a Is 


2664-2 


68 


2721-6 


6a 


2601*4 


6a 




2547*8 


6a 


2599-7 


6a 


2665-7 


6a 


2721*7 


6a 28 


2602-1 




68 


2648-4 


6a 


2608-6 


las 


2666-1 


6s 


2722-8 


6a 


2608-0 




68 


2649-0 


68 


2608-8 


68 


2666-7 


la 4s 


2723-1 


S8 


2608-1 




68 


2649-1 


6a 


2604-4 


6a 


2667*2 


6a Zs 


2724-8 


Z8 


2608-6 


2a 




2649-2 


68 


2604-9 


6s 


2668-6 


6a 


2725-6 


6a8 


2604-9 




6« 


2649*7 


68 


2606-1 


6a 


2668-7 


6s 


2726-0 


6a 


2606-2 




68 


2660-8 


Za 


2606-8 


6s 


2669-2 


4a Is 


2727*1 


8« 


2606-8 


6a8 


26608 


68 


2606*6 


6s 


2669-7 


6a 


2727-6 


6a 


2606-2 


6a 




2562-8 


68 


2606-1 


6a 


2669*9 


6a 68 


2728-8 


8a 68 


c 2606*6 


6ai 




2552*8 


6a8 


2606*6 


68 


2670-8 


68 


2729*1 


Za 68 


2607*6 




68 


2568*4 


Za8 


2606-7 


6a 6s 


2671-8 


6a Zs 


2780-2 
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68 


2781-5 


6s 


2764-7 


1 6aa 


2808-2 


6a 


48 


2848-0 


6as 


2894-0 


6» 


2782-5 


68 


2765-8 


' 68 


2803-8 


6as 


2848*2 


6a 48 


2804-5 


2a 48 


2738-1 


6a 


2766-8 


6a 68 


2804-2 




68 


2849-8 


6s 


2896-7 


6a 


2738-7 


Za \8 


2767-2 


68 


2804-9 




68 


2855-3 


6a 


2897-8 


6a 


2738-9 


6a is 


2768-8 


68 


2806-4 




68 


2866-7 


6a 


2898-9 


Ba 68 


2736-0 


6a 4« 


2769-1 


1 8a 68 


2806-7 




48 


2867-9 


6a 


2900*8 


6a l8 


2786-5 


6a 


2769-4 


6a 


2807-9 


6a 




2858*8 


6a 


2901-8 


Sa 68 


2736-9 


6a8 


2770-8 


, 6a8 


2809-7 




6s 


2860-9 


68 


29C2-1 


la8 


27891 


68 


2771-1 


j 6s 


2810 9 




68 


2862-1 


6a 


2908-5 


68 


2741-1 


2a 68 


2771-9 


6a 


2811-7 


6a 




2862-4 


6a8 


2905*8 


la 68 


2742-0 


6a 


2778-1 


68 


2812-2 


4a 




2863-1 


6a4 


2907-1 


Sa 28 


2742-8 


6a 6s 


2774-5 


2a 48 


2812-8 


4a 




2863-6 


6a 


2908-2 


6a 


2748-8 


68 


27761 


68 


2818-4 




68 


2864-7 


6a 


2908*9 


8a 68 


2748-7 


68 


2776-9 


6a 


2816-1 


6a 




2866*2 


68 


2910-5 


6a 


2744-2 


68 


2777-7 


6aM 


2817-0 




68 


2866-6 


la 6s 


2911-5 


2a Ss 


2746-1 


4a 68 


2777-9 


6 as 


2819-0 


6a 




2867-1 


6a 


2918-6 


2a8 


2746-6 


6a 


2778-3 


6a 


2820-4 


6a 




2868-0 


6a 68 


2917*4 


\a8 


27490 


6a 28 


2778-9 


Sa 68 


2822-9 


Sa 


68 


2869-0 


6a 


2920*0 


2a 68 


2749-8 


6a 68 


2781-6 


6a 


2823-9 




68 


2870-7 


68 


2921-5 


6a 


2750-6 


Is 


2788-4 


Sa 68 


28261 


4a 


68 


2872-0 


6as 


2922-8 


68 


2750-8 


6a 


2784-2 


68 


2827-0 




48 


2873-6 


6a 


2928-2 


6« 


2752-1 


8« 


2785-1 


6a8 


2827-3 


Sa 




2878-6 


6a 


2924*7 


6a l8 


2753-0 


la Zs 


2788-0 


6a 68 


2828-8 


6a 


68 


2874-9 


6a 


2925-2 


6a 


2768-5 


6a 


2789-5 


28 


28810 




6s 


2876-4 


6a 28 


2926-0 


6a 


2758-9 


68 


2790-8 


Sa 68 


2881-8 


4a 




2876-8 


la 48 


2928-8 


6a 


2764-8 


6a 


2791-5 


6a 


2832-4 


4a 




2878-2 


68 


2981*1 


la« 


2755-5 


6a 


2792-2 


6a 


2832-8 


6a 


68 


2880-4 


6a 6s 


2982-4 


8a 


2766-2 


4s 


2793-8 


Ss 


2836-2 


6a 


4s 


2883*8 1 


la 6s 


2986-4 


68 


2756-9 


Sa 


2794-5 


68 


2886-7 




68 


2886-5 


6a 


2987-8 


4a 


2757-2 


68 


2796-3 


6a 68 


2887-7 


6a 




2885-8 


4a 68 


2988-7 


6a 


2759-7 


6a8 


2797-4 


6a 


2889-6 


6a 




2887-3 


6a 


2989-9 


8a« 


2761-7 


Sa 


2797-9 


6a Ss 


2840-8 




6s 


2887-6 


2a 


2940-8 


4a 


2761-9 


6a 48 


2798-8 


6a8 


2843-1 


6a 




2889-2 


6a 


2948-1 


68 


2762-4 


6a 


2799-4 


2a 48 


2848-6 


6a 




2891-2 


6a 28 


2944-0 


Aa 


2768-0 


6a 


2800-1 


6a 4s 


2846-8 


6a 




2S92-0 


6a 


2944-6 


68 


2763-6 


Sa 


2800-8 


6a 


2846*5 


6a 




2893-2 ; 


U 


2947-8 


6a 


2764-0 


6 a 


2801-8 

















o 

The axxjompanying map is drawn to a scale double that of Angstrom's and Cornu's 
maps of the solar spectrum. Those lines which are common to both arc and spark are 
di"awn right across from top to bottom, while those which are in the arc only are not 
continued to the bottom, and those which are in the spark only do not begin at the 
top ; so that the upper portion of the map represents the arc spectrum, the lower the 
spark spectrum, and they overlap in the middle. 

We do not pretend to say that every line in this map really belongs to iron, for com- 
mercial iron wire was used to produce it, and the map may therefore probably include 
lines of a good many metals, certainly manganese lines in the arc, but it will not the 
less serve the purpose for which it has been made, namely: for reference in determining 
the approximate wave-lengths of lines of any spectra. 



Digitized by 



Google 



THE ULTRA-VIOLET SPBCTBA OF THE ELEMENTS. 213 

Paet II. 

(Beceived June 15, 1882.) 

The account of the ultra-violet spectra of fifteen metals here recorded is a first 
instalment of the results of observations which we have accumulated during the past 
three years, but have not heretofore been able to reduce. During that time we have 
taken some thousands of photographs of the electric arc under various conditions, and 
especially in crucibles of lime and magnesia (as previously described by us), and in the 
presence of most of the known metals ; but with the exception of Cornu's map of the 
ultra-violet solar spectrum giving the chief iron lines and a few of those of other 
elements, up to the line U we have had little to aid us in the exploration of a new 
field and the assignment of the several lines to the elements producing them, and the 
measurement of our many photographs has cost both time and patience. Dr. 
W. A. Miller long ago published an account of his photographs of the spark spectra 
of the elements, and Mr. Habtley has recently (Trans. Koy. Dublin Soa) published 
photographs of the spark spectra of several elements which are a great improvement 
on those previously published. But those give spark spectra only, are taken with an 
apparatus of small dispersion, and are not reduced to scale, so that they give qualitative 
rather than quantitative results. The spectra which we here describe are those of the 
arc up to the wave-length 2200, and we give in each case the approximate wave- 
lengths of the lines observed. For some few of the lines of tin and aluminium the 
wave-lengths have been determined by means of a grating as described in the first 
part of this paper, but in all other cases they have been derived by interpolation firom 
the wave-lengths of the neighbouring iron lines. In the map which accompanies this 
paper we have given in the top line the principal lines of iron for convenience of refer- 
ence, and in the lowest line the arc lines of carbon with which it is necessary to be 
acquainted as they are always present, though varying much in intensity, in the arc 
taken between carbon electrodes. The scale of this map is one-half that of Anqstbom's 
" Normal Solar Spectrum." 

We have already, in describing the visible spectra of the alkali metals and that of 
magnesium, called attention to probable harmonic relations between the lines. This 
relation manifests itself in three ways — first, by the repetition of similar groups of lines; 
secondly, by a law of sequence in distance, producing a diminishing distance between 
successive repetitions of the same group as they decrease in wave-length; and thirdly, 
a law of sequence as regards quality, an alternation of sharper and more diffuse groups, 
with a gradually increasing diffuseness and diminishing intensity of all the related 
groups as the wave-length diminishes. 

The first relationship has long since been noticed in the case of the sodium lines 
which recur in pairs, and we have observed that the potassium lines between the 
extreme red and violet pairs are repetitions of a quadruple group, while the lithium 
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lines (with the exception of the bkie line mentioned below) are single, and one set of 
those of magnesium triplets. We now record a second harmonic* series of pofaissium 
lines which appear to be pairs, and the violet pair, and possibly the red pair too, belong 
to this series. Lithium shows a second harmonic series of single lines high up on the 
scale. Calcium gives a long series of well marked triplets; zinc likewise gives 
a series of triplets ; aluminium gives pairs, and in the highest region triplets ; thallium 
gives a series which seem to be quadruple groups with two of the four lines in each of 
much greater intensity than the rest. The alternations of sharper and more diflfiise 
groups are generally apparent and are very marked in the cases of calcium and zinc. 
The diminishing distance and intensity and increasing diflFuseness of successive repeti- 
tions of the same group as the wave-length diminishes, are in all the cases mentioned 
very plain. In all these cases the different lines forming a group are tolerably close to 
one another, so that successive repetitions of a group do not overlap one another, but it 
may be that in other cases the lines forming one group may be so far apart that the 
most refrangible line of one gi'oup may be more refrangible than the least refrangible 
line of the next repetition of the group ; the groups and their sequence will thus be 
much less easily recognised. 

Potassiicm. 

The ultra-violet spectrum of potassium, so far as we have observed it, is apparently 
one harmonically related series of which the first member above the visible spectrum 
is a double line just below the solar line O ; the next falls between Q and R, and the 
others follow at decreasing intervals, the seventh and last that we have observed 
falling just above U. It is only in the case of the line near O that we have been 
able to make sure that it consists of a pair of lines, but it is very probable that 
all are pairs in reality; all are strongly reversed, as might be expected from the 
volatility of the metal, and expanded when a fresh quantity of the metal or its 
compounds is introduced into the arc, so that the separation of the pairs, if such 
they be, could not be seen, while the more refrangible lines die away and are not 
recognisable as hiight lines amongst the many lines which come out in the arc, as 
the alkali metal is dissipated. The line between Q and R, which is a strong line, 
happens to be in a region where the lines of iron, manganese, and chromium lie very 
closely, so that we cannot pronounce with certa,inty that it is a double line. 



* By an " harmonic series'' of lines we merely mean a series of overtones of a f nndamental vibration 
we do not mean that they follow the simple arithmetical law of an ordinary harmonic progression, but 
are comparable rather with the overtones of a bar or bell thaii with thoee of a uniform stretched string* 
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PoTAssnjM lines. 



Approximate 
mre-lenffUi. 


B«mwk8. 


344501 

3443-6/ 

8216-5 

3101-0 

3033-0 

2992-0 

2963-4 

2942-0 


Donble line. 

All are eauly reversed. 

The lines become weaker as they are more refrangible. 



Sodium. 

The sodium lines observed by us also form one apparently harmonic series with the 
double line, wave-length 3301, observed by Cornu. In this case also we have not 
been able to make out that any of the lines above 3301 are double, as when there is 
enough sodium present to develop them decidedly they are always more or less 
diffuse and reversed. Indeed, the line at 3301 is a very close pair and it is not often 
seen as two lines. 

One line is so near to the very strong magnesium line, wave-length 2852, that the 
apparent development of the magnesium line by sodium was for some time an enigma 
to us. The sodium line is a little less refrangible than the magnesium line. 

Sodium lines. 



Approximate 
ware-length. 


Remarks. 


8301-0 
2853-3 
2679-0 
2593-3 


CoBNu's double line. 

All the lines are easily reversed. 



LUhittm. 

We have already described one apparently harmonic series of lithium lines extend- 
ing into the ultra-violet up to about wave-length 3799. This series we described as 
all single lines though alternately sharp and di£^se. This description is correx^t, 
except that we have since found that one line of the series, namely, the strong blue 
line at wave-length 4604, is really a double line. When a fresh dose of lithium, or of 
some one of its compounds, is introduced into the arc, a second weaker line comes out 
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on the more refrangible side of the strong blue line, and gives to it all the appearance 
of a reversal with an expansion of the bright wings unequally extended on the two 
sides. As the strong blue line is, however, often really reversed, the eflFect is then 
that of a double reversal, that is to say, the appearance is that of a broad bright 
band with a narrower dark band within it and a bright line in the middle of the 
dark band. The second line rather quickly dies out as the lithium evaporates, 
leaving the strong blue line comparatively permanent. We have never observed any 
such second line, or companion, to any of the other lines of lithium. The new series 
begins w4th a line at wave-length about 3232, and dies out with a very diflnse line at 
about wave-length 2359. The following is a list of the ultra-violet lines we have 
observed. 



Approximate 
wave-lenglh. 


Benutrki. 


Approximate 
ware-length. 


Bemirks. 


3984-5 
3913-5 
3862-3 
3799-0 
3232-0 
2741-0 


DifFufle. 
/Somewhat obscnred by the 
\ cyanogen bands in this region. 

Bevereed. 


2561-5 
2475-0 
2426-5 
2394-5 
2373-5 
23590 


Reversed. 

99 

Diffnse. 

Very diffuse. 

Very diffuse and weak. 



,Banum. 

The barium lines are numerous, but do not fall into easily recognised harmonic 
series. 

Barium lines. 



Approximate 


ReniArki. 


Approximate 


Remarks. 


wave-length. 




wave-length. 




3991-8 




3320-9 




3908-5 




3279-8 




3891-0 




32610 




3793-5 




3070-3 




3660-7 




2785-1 




3598-7 




27710 




3592-8 




2739-0 




35791 




2702-0 




3544-0 




2647-0 




3524-5 




2634-5 




3499-2 


Very strong, reversed. 


2596-7 




3419-3 




2642-7 




3375-6 


1 


2347-0 


Strong. 


3354-8 




2335-0 


Very strong. 


3347-7 




2304-5 


Strong. 
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Strontium. 

Strontium, and its compounds, produce a line at wave-length 3705 coincident, or 
nearly so, with one of the lines ascribed to calcium by CoRNU. We have so often 
observed this line much reinforced by strontium without any increase of the other 
calcium lines which are always present in the arc from calcium in the carbon electrodes, 
that we think we are justified in putting down a strontium line at this place. Two 
other lines of this metal are close to, but not coincident with lines of barium. 

Strontium Unes. 



Appraxioutto 
Wkve-length. 


BenurkB. 


Appn>ziiD»te 
wave-IeDgth. 


BemarkB. 


3706-0 

3663-0 
3647-0 
8627-0 
3498-0 
34640 


Coincident or nearly bo with a 
calcium line. 


3468-0 
3879-5 
3364-8 
3306-2 
2931-1 
i 


Diffuse. 



Calcium. 

CoRNU has mapped two calcium lines, one on either side of the solar line M, and 
four other lines, of which one is Coincident with the solar line R, one slightly less 
refrangible, and the other two more refrangible. One of these lines, at wave-length 
31 68 '5, we have never certainly seen, but the others are well developed when calcium 
compounds are put into the arc. Besides these we have always seen when calcium, or 
one of its compounds, is present in moderate quantity a series of triplets analogous to 
those of magnesium. Each triplet consists of two strong lines with a rather weaker 
line on their more refrangible side. This series appears to be harmonically related to 
the well-known blue triplet at wave-length 44-54-24. The first repetition of this 
triplet occurs close to H, one line of the triplet falling below H, while the other two 
lines fall between H and K. The next triplet falls between N and M, and the next 
between O and N, and so on at decreasing intervals, the most refrangible repetitions 
becoming very faint and diflfiise, so that in the last, a little below S, we have only 
been able to distinguish the strongest two lines of the triplet. The triplets are 
alternately diffiise and sharp, those near H, between and N, and so on alternately, 
being the sharper. The diflfuse triplets are stronger than the others and more easily 
reversed. Beyond this series we have noticed only one calcium line, and that is high 
up on the scale, at wave-length about 2398. 



HIXJCCL^OCXJXI. 



a F 
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Approximate 




Appioxinuto 




waTe-lengths. 


Bemwka. 


mT6-leDgtba. 


RftmtvrVi. 


39677 


H. 


3285-0 


1 


3972-3 


1 


3273-6 


> Sharp triplet. 


39560 


> Sharp triplet. 


3268-6 




3947-9 


J 


3224-5 




3933-0 


K. 


32130 


> Diffuse triplet. 


3736-4 


Mapped by Cobnu. 


3208-0 




3705-5 


Ditto. 


3181-0 


Mapped by Cosnu. 


36440 


1 Very strong. 


31790 


R ditto. 


3631-0 


> Readily reTersed. 


3168-5 


Ditto, not seen by ns. 


3623-6 


/ 


3158-8 


Mapped by Oornu. 


3486-5 


1 


31510 


1 


3474-5 


> Sharp triplet. 


31410 


S 


3468-0 


J 


31360 




3359-5 


1 


3117-5 


Weak, very diffuse. 


3347-5 


VVery strong. 


31080 




3342-0 


J 


2398-0 





Ziiic. 

Zinc is another metal which gives a well-marked apparently harmonic series of 
triplets, but the different lines of each group are further separated than in the calcium 
or magnesium triplets. The middle line of the first triplets confounds with the sodium 
pair wave-length 3301, but by reason of the diffuse character of the zinc line we have 
not been able to decide whether the coincidence is more than approximate. 

Zinc lines. 



Approximate 




Approximate 




wave-lengths. 


Remarks. 


ware-lengths. 


Bemarkf. 


33420 


1 


2608-5 


. 


33010 


} 


2582-0 


> Diffuse. 


32810 


J 


2569-7 


J 


3070-0 


1 


2516-0 


1 


30350 


y 


2491-6 


\ 


30170 


J 


2480-0 


J 


28000 


1 


2464-5 


1 


27700 


>DiffD8e. 


2440-0 


>Very difixiae. 


2756-0 


J 


2430-0 


J 


2713-3 


1 






2684-0 


} 






2670-5 


J 







Mercury. 

As might be expected from its volatility, it is difficult to obtain lines of mercury in 
the arc ; but one line gives a reversed image of itself at wave-length 2536*8. ~ " 
line is very bright in the flame of cyanogen, containing vapour of mercury. 



This 
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Gold also gives us but few linea The three lines we record are perhaps harmomcally 
related. 

Gold lines. 



Approxinwta 
ware-length. 


Bemarks. 


S122-8 
2676-4 
2427-5 


Reversed. 
Ditto. 



Thallium. 

Groups of thallium lines manifestly similar to one another recur, and are probably 
harmonically related. This recurrence is more evident in the photographs in which the 
lines which are expanded and reversed by the introduction of fresh metal are at once 
recognised. The pairs at 2921, 2710, 2609, and the lines at 2552, 2517 seem to 
fall into one series. 

Thallium lines. 



Appiosimate 




Approxinwte 




ware-lengtli. 


Bemaita. 


mre-length. 


Braurki. 


3775-6 




2714-6 


Very difiiise. 


3528-3 




2710-4 


1 Beversed. 

J Siarong, diffuse reversed. 
Very diffuse. 


3517-8 




2708-8 


3228-1 




2699-7 


2943-9 




2665-0 


Diffuse. 


2921-3' 


J Very strong. 


2652-3 




2917-8 


2609-4 


1 Reversed. 

J Strong, reversed. 


2895-2 




2608-6 


2825-8 




25520 


Beveraed. 


2826-9 




25170 


Diffuse. 



Aluminium. 

The spectrum of aluminium is comparatively simple. The well-known pair of lines 
between H and K seem to be repeated twice in the region above without much, if any, 
diminution of strength, but we have not observed any such lengthened sequence of 
^repetitions of these lines as we have of the lines of magnesium and other metals.' 
Higher on the scale we come to another series of groups whibh are triplets, or perhaps 
quadruple groups, for the first and strongest group shows a faint fourth ]ine which we 
have not observed in the succeeding groups. The repetitions we record are only two, 

2 F 2 
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but they lie in a part of the spectrum so near the limit of transparency of calcite that 
it is quite possible that there may be more beyond, whicb will show themselves when 
quartz prisms are used ; a strong triplet near N appearing in the spark, wave-length 
about 3605, 3598, 3585^ does not show in the arc so far as we have observed. 



Aluminium lines. 



Approximate 
wave-length. 


Remarks. ' 


Approximate 
waye-Iength. 


Remarks. 


2659-8 
2652-0 
2574-5 
2567-5 

2378-4 
2373-2 
2366-9 


> Strong, frequently reversed. ^ 

f }> i> }> 

i A fourth faint line close to the 
1 middle line of this group. 
^ Middle line yery strong, 

J generally reversed. 


2268-7 
22631 
2257-3 
2216-0 
22100 
2205-0 


1 Strong, difFose. 

Strong, diffuse. 
Diffuse. 



Lead. 

The lines of lead are numerous and strong, and many of them readily reversed. We 
have not yet traced any probably harmonic series amongst them. 

Lead also gives some indefinite bands of continuous light about the region wave- 
length 2500. 

Lead lines. 



Approximate 
wave-length. 


Bemarks. 


Approximate 
waye-leDgth. 


Bemarks. 


4019-0 




28011 


• 
Often reversed. 


3801-0 




2721-0 




3739-3 


• 


2706-1 




3683-3 


Strong, often reversed. 


2697-0 


Middle of a very diffuse band. 


3670-7 




2662-7 




3639-3 


1) jj )} 


2660-5 


Diffuse. 


3572-0 




2627-8 




3260-0 


Nearly coincident with a line 


2613-7 


Strong, often reversed. 


8238-6 


of tin. 


2575-7 


Very ( iff use. 


3219-6 




2476-5 


Strong, reversed. 


3118-5 




2446-1 


)) >i 


2981-0 


1 


2443-7 


}» )) 


2973-5 


> Weak lines. 


2428-5 




2967-0 


/ 


2411-5 


9» 9) 


2872-0 




2401-8 


» l» 


2850-5 


A little above the magnesium 


2399-4 






line, sometimes hidden by the 


2393-7 


Very strong, reversed. 




expansion of the latter. 


2388-8 




2832-9 


Very strong and diffuse. 


2332-0 




28-22-5 


Generally reversed. 
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Tin. 

Tin is remarkable for the number and strengtli of its lines in the higher region of 
the spectrum, while its lines of lower refrangibility,are so feeble that we have never 
seen any in the arc in the visible part of the spectrum. Cornu has recorded one line 
at wave-length 3260, and we have had no difficulty in recognising this line, but a line 
very nearly in that place is also developed by lead when other tin lines are not 
developed, and we have not been able to perceive that these lines are separable in any 
of our photographs. Many of the higher lines of this metal are easily reversed, indeed 
are almost always reversed in our photographs. 

Tin lines. 



Appiozinute 
w»Te4«iigfUi. 


BemaAs. 


Approximate 
ware-length. 


Remarks. 


3326-0 




2623-5 




3260-0 


Given by Coenu. 


2495-5 




3175-0 




2493-5 




3141-7 




2488-1 




3033-0 




2429-5 




3008-5 




2421-5 




2986-4 




2407-9 




13-1 




2392-5 




2862-8 




2364-7 




2839-5 




2357-7 




2813-5 




2354-5 




2812-5 




2334-3 




2787-5 




2317-0 




2784-7 




2286-9 




2779-5 




2282-5 




2761-5 




2275-4 




2660-7 




2251-0 


Strong, reversed. 


2636-5 




2245-8 


Strong. 


2593-5 




2231-3 




25710 




2210-7 




2557-5 




2198-7 




25461 




2194-1 




2530-7 






' 



Antimony lines. 



Approzimato 
waTe-length. 


Bemaila. 


Approximate 
wave-lengtb. 


Bomarka. 


4032-0 
3637-0 
32650 
3230-8 
3228-0 
3028-0 
2876-5 


Close above a lead line. 


2697-5 
2528-0 
2426-0 
2383-3 
23130 
2310-0 


Very strong, reversed. 
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BiSMTTTH lines. 



Approximate 
wavelength. 


Bemarka. 


Approximate 
ware-length. 


Bemarkfl. 


3595-3 


• 


2799-0 




3510-4 




2780-0 




3396-2 




27300 




. 8066-0 


Very strong, often reversed. 


2593-0 




3023-5 




2524-0 




8000-0 




2516-4 




2996-0 




; 2448-0 




2937-4 




1 2435-5 




2897-0 




24310 




28620 




2400-8 


Very strong. 


2810-0 




1 22770 

1 


Weak, reversed. 



Carbon. 

Tn our map we give the carbon lines as developed in the arc. These occur in the 
arc taken between poles of purified graphite in air, and in nitrogen, and in carbonic acid 
gas, and they are always present in the arc taken in our crucibles. Most of them are 
also in the spark spectrum of carbon as described by us (Proc. Roy. Soc, xxxiiL, 
403), but some of the spark lines are not developed in the arc, and there are two 
lines in the arc which we did not notice in the spark. 

Carbon lines. 



Approximate 
ware-length. 


Bemarkfl. 


2881-1 
2528-1 
2523-9 
2518-8 
2515-8 
2514-1 
2606-6 
2478-3 
2434-8 


Not observed in spark. 

The strongest line. 
Not observed in spark. 
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IV. Expenments on the Value of the BHtish Association Unit of Resistance. 

Part /• 6y R T. Glazbbrook, M.A., Fellow and Assistant Lecturer of Trinity 
College, Cambridge, Demonstrator of Physics in the Cavendish Laboratory, and 
J, M. DoDDS, B,A., Fellow of St. Peter's College. 

Part IL by R. T. Glazbbrook and K B. Sargant, M.A., Trinity College. 

Communicated by Lord Baylbigh, M.A,, F.R.S, 

Beoeived May 24,— Bead Jane 15, 1882. 

Part I. 

Before leaving Cambridge, Professor Chrystal, in the summer of 1878, wound with 
great care two large coils of about 50 centims. in diameter to be used for a redeter- 
mination of the value of the British Association unit of resistance. A galvanometer 
of special construction with double coils, one of thick wire the other of thin, was also 
wound by him and mounted with Weber's suspension. 

The coils were to be placed at a known distance apart, so that the coefl&cient of 
mutual induction could be calculated. 

The apparatus remained unused till the spring of last year, when the experiments 
described in the present paper were commenced. 

The method used is similar to those employed by Kirchhoff (Pogg. Ann., Ixxvi.) 
and KowLAND (American Journal of Science and Arts, vol. xv., 1878). The coefficient 
of mutual induction of the two coils is determined by calculation from the geometrical 
data. A current is passed through oi;ie coil, the other being in circuit with a ballistic 
galvanometer, and the induced current, produced when the primary current is broken 
or reversed, is measured by the throw of the galvanometer needle. The primary 
current itself being then measured by some method, we have enough data to deter- 
mine in absolute measure the resistance of the secondary circuit and the galvanometer. 
But this resistance can be measured in terms of the B.A. unit, and hence a value 
obtained for the latter. 

Professor Rowlanb measured his primary current by means of a second galvano- 
meter, the constant of which he compared with that of the ballistic galvanometer both 
by direct experiment and by calculation. 

In our experiments the value of the primary current was obtained by passing by 
means of a shunt about irooo*^ P^^ of it through the ballistic galvanometer ; we thus 
eliminate from our equations the values of the galvanometer constants, as well as the 
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correction Avhich Rowland had to apply for the difference in the intensity of the 
horizontal component of the earth's magnetic force at the two galvanometers. 

We have instead to determine exactly the ratio between two resistances of about 
1 and 3000 B.A. units respectively, and to show that the heating of the wires by the 
current could never be such as to affect the value of this ratio appreciably. We 
proceed to describe the arrangement of the apparatus. 

Fig. 1 gives a diagrammatic plan. A and B are the two coils, A being the primary. 
G is the galvanometer. K, L, M, N are four merciiry cups. 




P, Q, H, and H' are also mercury cups. C is the commutator, and D the battery. 
Between H' and G is a resistance, S, of about 3000 B.A. units, between H and L a 
second resistance, V, of about 1 irnit. 

Between P and M there is an adjustable resistance, T, the purpose of which will be 
described shortly. 

The rest of the figure represents the ordinary Whbatstone^s' bridge arrangement 
for measuring the resistance of the secondary circuit. P', Q' are two mercury cups, 
E, F a divided wire. R a resistance of about 160 B.A. units (the total resistance of 
the secondary circuit). U and W two equal resistances of about 30 units, forming 
the other arms of the bridge. 

Let us suppose P P^ Q Q', and M N are connected by stout copper j-^ -shaped 
pieces. Then our secondary circuit, broken between P and Q, forms the fourth arm 
of the Wheatstone's bridge, and by adjusting the variable resistance, T, the resis- 
tance of the secondary circuit can be made so nearly equal to R that the difference 
between them may be expressed in terms of the resistance of the bridge wire in the 
ordinary manner. 

R then forms our standard resistance, and is the quantity actually measured in the 



Digitized by 



Google 



VALtiE OV THfi BRITISfi ASSOCIATIOtt UNlT OF RESISTANCE. 225 

experiments, E is the resistaDoe of a coil of platinumnBilver wire made at Professor 
Stuart's workshops, according to the pattern designed by Professor Fleming, of 
Nottingham, 

The wire was supplied by Messrs. Elliott Brothers, and is that used by them in 
the manufacture of coils of about 100 units resistance. E, as has been stated, is about 
160 units. 

Now suppose that the connexions P P, Q Q' are broken, and that P Q is connected 
by means of one of the p-[ pieces. Break M N and connect L K, then the battery 
circuit is complete. Now connect M N again, the secondary circuit is complete, and 
the current running in the primary. Eeverse the commutator C, an induction current 
is produced in the secondary circuit, and may be measured by the throw of the 
galvanometer needle. 

To measure the primary current M N is broken and M L and H H' are connected. 

Between H and L the primary current is divided ; the resistance in the direct cir- 
cuit H V L being about 1 ohm, that in the circuit H S G Q P M L about 3072 ohms, 
so that about -^^rs ^^ *'^® whole current runs through the galvanometer ; the perma- 
nent deflection of the galvanometer G is observed, and from this the value of the 
current is calculated. 

We turn now to a detailed description of the apparatus used. 

The coils were wound by Professor Chrystal. 

Two brass rings were carefully turned and a rectangular channel cut in the outer 
limb of each. A slit was cut in each ring to prevent currents in the frame (this was 
of course unnecessary for our experiments, but might render the coils more useful in 
many cases); the slit was closed with a piece of insulating material into which 
binding-screws connected with the wires of the coil are screwed. 

The coils are lettered A and B. 

In the experiments the coils are to be placed with their planes parallel and their 
centres on a line at right angles to their planes. 

A cylindrical brass rod was carefully turned and fixed to a brass support so that it 
would stand in a vertical position. 

Two tripod pieces of brass of the form shown in fig. 2 were constructed. The brass 
rod fits accurately through the aperture O in the centre of the tripod, and the plane 
of the arms A, B, C is at right angles to the axis of the rod. The curved 
surfaces A A^, B B^, C Cj, are small portions of the same circular cylinder wliose axis 
coincides with that of the rod, and the radius of this cylinder is the same as that of 
the carefully turned inner surfiice of the annulus on which the coils were wound. 

This annulus thus would then fit on to A Aj, B B^, C C^ and rest on the flat 
surfaces A Aj Ag A3, B B^ B3 B3, C C^ Cg, C3, which are all parts of the same 
plane at right angles to the axis of the bar. If then we place one coil, A suppose, in 
this manner on the tripod, it* plane is perpendicular to the axis of the bar, and its 
centre lies on that axis. 

MDCCCLX^JXIII. 2 o 
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lo place the second coil with its plane parallel to the first we used three cylinders 
of brass, the ends of which had been carefully turned so as to be at right angles to 
their axes, while the lengths of the cylinders were as nearly as possible the same. 

These three cylinders were placed vertically on the upper side of the coil A, one 
above each of the arms of the tripod, and the coil B rested on them ; its plane thus 
was as nearly as may be parallel to that of A. 

To bring its centre into the axis a second tripod exactly similar to the first was 
placed in an inverted position over it, and the coil was moved about until the flange 
pieces fitted inside the inner surface of the annulus as before. In this manner the 
coils were adjusted to the required position. 

The following account of the precautions used in the winding, and the methods 
employed to measure the constants of the coils, is quoted from a letter of Professor 
Chrystal's, addressed to one of the authors of this paper (R. T. G.) : — 

" The coils, stand, &c., were constructed after working drawings made by myself 
under the supervision of Professor Maxwell. The immediate end in view in con- 
structing the coils was the determination of the ohm, and this of course influenced 
the design of the stand. It was proposed ultimately, to use the coils as a standard 
instrument for producing a uniform magnetic field in which to determine galvanometer 
constants and the like. 

*' The coils were wound by myself and the then mechanic at the laboratory, 
Mr. FuLCHER. The coils were mounted for this purpose by placing between the three 
armed supports" — the tripods mentioned above — "which were then braced together 
and mounted on an axle and stand. During the winding constant tests were taken for 
the insulation between the wire and the metal channel. This was the main difficulty, 
and wherever the slightest defect was discovered the wire was unwound for a little 
way and paraffin paper and paraffin used. It was found absolutely necessary, in order 
to secure good insulation, to cover the bottom of the channel with a ribbon of silk 
drawn through melted pamffin. The number of turns in each layer was separately 
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counted and registered, and as a check a counter was attached to the axle and read 
at the end of the windings ; the two records agreed in both cases. The resistance of 
the coils after winding was 84*9 and 82*7 B.A, units respectively. Four diameters 
were measured in every layer. 

** The measurements of length were made by means of the cathetometer, and I find 
in my book a record of a comparison between it and the beam-compass scale, which 
had been tested* I believe ; there are also measurements of the thicknesses of the 
walls of the channel and its width." 

The numbers actually used in calculating the value of M were furnished by 
Professor Chbystal from these measurements. The error between the cathetometer 
and beam-compass appeared in one or two measurements to amount to 1 in 2000, but 
in the majority of cases it was very much less, its mean value being, perhaps, 1 in 
10,000, irrespective of sign. On the whole then we may, without sensible error, treat 
the cathetometer scale as accurate. 

In another letter. Professor Chrystal gives the following extract from his note- 
book of the direct results of the observations. He says : " You remember that each 
diameter is given as the mean of four. 

**The first diameter is through the sUt, the next 45° from it in the direction of the 
sun's motion, the letter on the coil being up, and so on. 

" Here is the entry in my book fpr the fourth layer in coil A. 



No. of layer. 


No. oftanu. 


Cathetometer. 


Cathetometer. 


Difference. 


Mean. 


4 


26 


781-40 
781-30 
781-27 
780-60 


280-14 
279-95 
279-58 
279-52 


501-26 
501-35 
501-69 
501-08 


501-35 



'* You will observe in the above extract that the two intermediate diameters are 
greater. This happens in most layers. At any rate the diameter perpendicular to 
that through the slit is in the great majority of cases the greatest, as might be 
expected.'' 

Professor Chrystal's measurements then gave us as the mean of four observations 
in different positions the value of the external diameter of each winding, and also the 
total number of windings in each layer. In each coil there were 30 layers and in 
each layer about 26 windings. In coil A the total number of windings was 797 and 
in coil B it was 791. 

Let the external diameter of the layers be d^, d^ rfj, &c., and let the number of 
turns in a layer be 26-|-?ii, 26+^2» ^^' 

• This beam-compass has again been tested by Mr. Dodds dnring the present year and fonnd correct. 
All onr measurements of length are referred to it. (Nov., 1882.) 

G 2 
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Let t be the thickness of the wire and silk used, and let A and a be the mean radii 
of the coils. 

Then ^j,^,^ ^n<i.^^^^...^HrHd,^r^.-^... 

Now we know the diameter of the channel before the first layer was put on and 
also the diameter of the first layer ; they were respectively 

49-565 and 49728 centims. 
From this we find 

^=•0815 centim. 
and finally 

A=25'753 centims. 

The observations on coil B gave the same value for the thickness of the wire and 
covering, and we get for it 

a=25'766 centims. 

The method here adopted to determine the value of the mean radius allows for the 
fact that in winding one layer may sink somewhat into the one beneath. 

Let the figure (fig. 3) represent a section of the coils by a vertical plane through 




the axis ; let the coils be placed with their lettered sides down as in the figure. This 
we call position 1 throughout. 

In position 2 the lettered side of B was turned uppermost. 

In position 3 the lettered side of A also was uppermost, while in position 4, 
A remained uppermost while B was again inverted. 

Thus if >J^B mean that the lettered side of B was down, we have 
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Position 1 



Position 3 



r>NB 



Position 2 



Position 4 



^>^B 



In the figure R R^ represents a section of one of the cylindrical rods used to 
separate the coils ; its length and the thickness of the walls of the channel are ail 
known. If, then, we assume that the median plane of each coil is midway between 
the walls of the channel, we can find the distance between the median planes ; this 
we denote by 6. But if the median plane in one coil, B for example, be not halfway 
between the walls but some small distance, 86 suppose, nearer the lower wall, then in 
position 1 the value assumed for b is too large by 86, while in position 2 it is too 
small by 86, and by making observations in positions 1 and 2 and taking their mean 
we eliminate any error in the result which depends on the first power of 86. Simi- 
larly, if there be an error in the position of the median plane of the coil A of the same 
nature it is eliminated by inverting A. 

The thicknesses of the walls of the channel as given by Professor Chrystal are: — 



Lettered side .... 

Unlettered side . . . 

• 


CoUA. 


CoOB. 


centim. 

•478 
•488 


centim. 
•446 
•465 



Also, if 2h, 2k be the radial and axial dimensions of the channel for coil A, 2h', 2k' 
for coil B, we have 

A=-96 k='95 

h'='95 A'=-95 

Three series of brass cylinders were used to separate the coils, and the lengths of 
these were measured each by two observers. A pair of calipers graduated to read 
with a vernier to 10*60^ ^ P^'^ ^^ ^^ ^^^^ "were found to be the most convenient 
instrument with which to make the measurements. The scale of the calipers was 
tested against the beam-compass without discovering any errors that could affect the 
result to as much as 1 in 10,000. 

The following is the series of measurements for the longest rods used (Series C), 
made by K T. G. and given as an example of the agreement of the observations. 

Calling the rods a, )8, y, we found 

a. )8. y. 

mclies. inches. inches. 

9-389 9-388 9390 

9-388 9-389 9*391 , 

9-388 9-389 9-390 
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It was noticed, however, that two of these rods had been sUghtly bruised at the 
end, thus producing a small lump at one point ; when the rods were placed so that 
this lump came between the jaws of the calipers an increase of '002 inch was observed 
in the length. In the calculations this greater length has been used as the true 
length of these two rods. In the shortest rods, series A, the diflferenoe in length, 
arising from a slight lump on the end of one of the rods, was somewhat greater^ being 
about '003 inch. 

Another series of measurements made in an entirely different manner by placing 
first the rods and then the beam-compass beneath a pair of reading microscopes gave 
very closely concordant results; these measurements made the rods appear about 
•001 inch longer than the measurements with the calipers. Some difference of this 
kind was to be expected from the difference which exists between the contact length 
and the sight length of a rod. 

In our calculations we have taken the values given by the calipers. 

Beducing them to centimetres we have for the lengths of the rods 

centims. 

Series A 12-182 

Series B 15-416 

Series C 23-856 

We have thus obtauied aU the dimensions requisite for the calculation of the mutual 
induction between the coils in the three series. 

Let us call b the distance between the mean planes; 6, of course, is slightly different 
in each of the four positions included in each series. 

The calculations of M have been conducted afi follows : — 

If all the windings are supposed to be coincident with the mean windings, and Mq 
be the mutual induction on this hypothesis 



Mo=47mnVAa j(c-^) F+^eJ 



where 

c=— 7-==^==- and 71, n are the number of windings ; 

and F, E are complete eUiptic integrals to modulus c (Maxwell, vol. ii., § 701). 

Appendix i., ch. xiv., to the second edition of Maxwell's ' Electricity' contains a 
table in which the logarithms of Mo/47rv^Aa are given for values of sin"^c from 
60"^ to 90"", proceeding by intervals of 6'. 

The proper value of y= sin"^ c is most easily obtained from the equations 

r,^= ( A+ aY+ ¥ r/= (A - aY+ ¥ 

cos y=rcjri. 
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Thus when the coils are separated by the long rods 

ri2=3365-64 i\2^=7l2'S6 
whence 

y=62° 36' 32''. 
From the table 

log Mo/47ryAa=T-5718069 

and this gives, taking A as 25750, a as 25760 

Mo= 761225X108. 

When, however, the dimensions h, h of the section are too large in comparison with 
h to allow us to mass all the windings together, we may use a formula of approximation 
due to Mr. H. J. Purkiss (Appendix ii., ch. xiv., Maxwell, second edition). 

Let the suffix ±A denote that for a is substituted a-^h in the corresponding 
functions, ±^ that h-±h replaces 6, and similarly for accented letters. Then 

M=i{M,+M.,+M,,+M.;,+M,+M_i+M^+M_^-2Mo}. 

To calculate these eight quantities in a methodical manner we notice that 

riA^=ri»+ 2{k+a)h+W 

&c. 

and that consequently we have to add in each case a correcting square, and add or 
subtract a correcting product. The corresponding y is found, and the rest of the 
calculation effected just as for the mean windings. 

When the coils are separated by the long rods the greatest and least values of y are 
y_^=63° 26' 54'', and 7^=61° 46' 56", the final value result being 

M=761921X108. 

It thus differs by nearly 1 in 1000 from the uncorrected value. 

The values of h differ slightly according to the four positions of the coils, and 
a slight correction has to be made in the values of A, a assumed above. 

It therefore becomes of importance to determine the correction in M to be made 
for the addition of '001 centim. to A, a, or h. 

Since cos y=,i\lr^^ it follows that 

8^y= 8^7= '00 1 (A + «)/^i^ tan y in circular measure. 

This gives for the long rods 

SBy=l*64". 
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Again 

whence 

8o^=-3-16'' 



8i,y='001{ri^—r2^)/i\\ tan y 



From the tables we find that when y=62® 36', the difference in the value of 
log MJ^TTy/ak for an addition 1'' to y is 77 XlO"^; that is, since 8M=8Mo very 
approximately. 

S,M/M=^+77xlO-7xl-64''x log, 10 =-00004y 
SaM/M=-77xlO-7x3-16''X log, 10 =--000041 

The true values of the radii are A=25'753, a'=25-766. The correction on this 
account to the value of M is therefore 9 X '000036 X 10^= -000324 X 10^ 

The corrections to be appUed to b are: — In position 1, —-008; in position 2, 
+ '016 ; in position 3, X "006 ; in position 4, —'013. 

Making similar calculations for the medium and short rods we can present the values 
of the mutual induction thus : 

Table giving values of the mutual coeflficient of induction between the coils. 



PosiUonofcoili. 


Experim«ntB A. 
Short rods. 


Ezperimenti B. 
Hediom rods. 


Ezperimento C. 
LoDgroda. 


1 
2 
3 
4 

Mean of the four . . 

Error in M prodnoed by an 
error 001 in a or A . . 

Error in M prodnoed by an 
error '001 in 6 . . . . 


1-55636x108 
1-55430x108 
1-55539x108 
1-55744x108 

1-55687x108 

•000063x108 
-•000108x108 


V25797x:i08 
1^25649 X 108 
1-25727x108 
1-25875x108 

1-25758x108 

-000052x108 
--000078x108 


•762107x108 
•761321x108 
•761735x108 
•762521x108 

-761921x108 

-000036x108 
-•000041x108 



Thus the error produced by an error of -001 centim. in 6 lies between -005 and -006 
per cent, and the error in the measurement of 6 is certainly not more than -001 inch 
or *0025 centim. 

Since the rods used to separate the coils were not exactly of the same length, the 
median planes cannot have been exactly paralleL The difference in the length of the 
rods is not as much as "005 centim. 

The radii of the coils are approximately 25 centims., and hence the angle between 
them is not as great as 'J^^ or y^o* 
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If we remember that when the coils are parallel the value of M is a maximum, so 
that the error due to the small angle between them depends on the square of the 
angle, it is clear that in our case this error is vanishingly sraall. 

The galvanometer also was designed by Professor Maxwell, and wound by Professor 
Chrystal. It is also referred to in the article " Galvanometer," in the ' Encyclopsedia 
Brittanica,' 9th edition. The description of it is taken from his accoimt in the 
laboratory book, dated July, 1876. 

There are two channels of rectangular section, and the following approximate 

dimensions : — 

inches 

Depth of channel 1-^ 

External diameter of bobbin .... 4 

Breadth of channel ^ 

Distance between chaimels Off 

Each channel contains 20 layers of thin copper wire and 16 layers of thick, making 
about 465 and 202 double turns respectively, so that there are 667 double turns in 
each channel, and about 2668 single turns on the galvanometer. 

inches, 
r Diameter of copper in thin wire . . . . . . '014 

I Silk and all 82 thicknesses lie in 1| 

J Diameter of copper in thick wire '029 

I Silk and all 34 thicknesses lie in 1^ 

The two thicknesses of wire were employed in order to fill the channels, and at the 
same time permit the resistance of the galvanometer to be reduced to the requisite 
amount. The ends of the wires are connected to binding screws on the bobbin marked 
A, B, &c., a, &, &c. A to a is one wire, B to & another. In our experiments the coils 
were connected up in series, the total resistance being about 60 ohms at a temperature 
of 13"'2 C. 

The needle of the galvanometer was suspended from the Weber suspension by 
three single cocoon fibres of 60 centims. in length. 

. The magnet was a small bar of hardened steel 1*5 centim. long, '6 centim. broad, 
and '12 centim. thick ; its weight was '708 grm. The magnet was attached by two 
small screws to a brass stirrup to which the mirror was fixed. A piece of brass wire 
5*6 centims. long, with a screw thread cut on it, was fixed to this stirrup at right 
angles to the plane of the mirror, projecting equally on either side of the mirror. 
Two small brass cylinders could be screwed along this brass wire, and by means of 
them the moment of inertia and time of swing of the needle could be adjusted as 
required. The stirrup and mirror weighed 6'6 grms. 

The galvanometer rested on a solid wooden base of about 18 centims. diameter, and 
this base was supported on three levelling screws. 

MDGCCLXXXIir. 2 H 
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A graduated circle ia fixed to this stand, and the coils can be turned about a vertical 
axis, and their position read by means of a vernier. This was found useful in adjust- 
ing the coils parallel to the magnetic meridian. The galvanometer rested on a stone 
bracket built into the wall of the room. A scale placed approximately north and 
south at a distance of about 259 centims. from the magnet was reflected in the mirror 
and viewed through a telescope. 

The scale rested on a solid wooden support on the floor of the room. The mirror, about 
1'5 centim. square, was a specially good one, selected by a fortunate chance from among 
a number in the laboratory. The divisions of the scale were in millimetres, and after 
practice these could be subdivided by the eye with great accuracy to tenths. The 
scale itself was of paper ; though this material is unsuitable for many purposes because 
of the changes produced by the weather in it, in our experiments these changes are of 
small consequence, for we require only the ratio of the throw produced by the induc- 
tion current to the steady deflection produced by the permanent current ; and the time 
which elapsed between the measurements was only a few minutes. Any shrinking or 
alteration of the scale will go on very approximately uniformly throughout its length 
and not alter the ratio of two lengths, which were never very unequal, as measured 
by the scale. After use the scale was carefully compared with the standard metre 
at the Cavendish Laboratory and the necessary correction applied to the readings. 

The distance between the mirror and the scale only enters our residt in the small 
correction necessary to reduce the scale readings so as to give the ratio of the sine of 
half the throw to the tangent of the deflection. It was unnecessary, therefore, to 
measure it with any great accuracy or to take steps to ensure its remaining the same 
from day to day; so long as it did not change during the half hoiu* occupied by each 
experiment, all the conditions required by us were satisfied. 

Tlve resistance coils. 

The standard coil R has been already referred to ; the means adopted to measure its 
resistance will be described later. 

Its value at a temperature of 14®'6 C. was found in May, 1881, to be 160'821 ohms. 

The coil V used as a shunt to the galvanometer was made of thick German-silver 
wire. About 450 centims. of wire covered with silk were employed. The extremities 
of this were soldered to two stout copper rods with amalgamated ends, connexion with 
the rest of the apparatus being made by means of mercury cups ; the ends of the rods 
were pressed down on to amalgamated pieces of copper at the bottom of the mercury 
cups. 

The value of V was determined by repeated comparison at different temperatures 
with the B.A. unit known as "Flat coil" in Professor Chrystal's report (Brit. Ass. 
Rep., 1876). The value of the Flat coil in mean B.A. units was taken from 
Professor Fleming's recent comparison of the B.A. units at the laboratory. We 
have 
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Value of Flat coU at 15" C 1-00003 

Temperature of coeflScient . . . '00028 per 1° C 

Value of V at 15° C 1*0015 

Temperature of coefficient . . . '0003 per 1° C. 

» 

The coil itself is enclosed in a brass case and could be placed in a vessel of water. 
This was done during the experiment and the temperature noted by a thermometer 
graduated to fifths of a degree centigrade. 

The coil S used with the galvanometer, when part of the battery current was sent 
through it, was a coil of platinum-silver wire of the ordinary form of about 3000 units 
resistance. It was immersed in the same vessel of water as V, and its temperature 
read by the same thermometer. 

In our first series of observations the total value of the resistance M P Q G H, 
was observed and found to be 3072*38 ohms when the temperature of the coil S 
was 13-2. 

The value of V at this temperature is I'OOll ohms. 

One extremity of the coil V dipped into the same mercury cup H as one exti-emity 
of the coil S, and the battery was also connected with this cup. The other extremity 
of V was connected by means of a piece of copper wire with L, the mercury cup in 
which the two portions of the battery current again united. This piece of copper 
wire was found to have a resistance of *0 15 56 ohm, so that the value of the resistance 
in the circuit H V L is 1"0167 ohms, at a temperature of 13°'2, and the currents in 
the two branches H V L and H G M L respectively, will be in the ratio of 3072'38 
to 1'0167, so that if i be the battery current, that passing through the galvanometer 

will be 3^)7 3.8 9^- 

T, as has been explained, was a variable resistance which could be adjusted so as to 
keep the difierence between the resistance of the secondary circuit and the standard R 
suflSciently small to be measured in terms of part of the wire of the bridge E F. 

During the experiments T had to be varied by somewhat over half a B.A. unit. 
Now T enters with S into the galvanometer circuit. The resistance, therefore, of 
this circuit was not quite the same during the observations, but varied by somewhat 
over '25 ohm from its mean value, 3072'38 ohms. 

The resistances W and XJ were two coils of about 30 ohms each wound on the same 
bobbin^ and made of the same wire. 

The galvanometer used with the Wheatstone's bridge was one of about 150 ohms 
resistance, made by Professor Stuart at the mechanical workshops, Cambridge. 

Theory of the experiments. 

Let R be the absolute resistance of the secondary circuit includmg the galvano- 
meter, M the coefficient of mutual induction between the coils, and i the current in 

2 H 2 
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the primary circuit, then the total induced current produced by reversing the primary 

Let /5 be the first throw of the galvanometer needle produced by this reversal, T the 
time of a complete vibration, X the coefficient of damping, G the galvanometer constant, 
and H the horizontal intensity of the earth's magnetism. 

Moreover let r be the coefficient of torsion of the suspending fibre. 

Then, 

2Mi Ha+T)T/ \\ .13 .. 

E=-G— .r(l + 2J«^^2 (1) 

Again, let a current i' be passed through the same galvanometer directly afterwards, 
and let d be the permanent deflection produced. 

Then 

., H(1+t) . - . . 

I =— ^-^ — tan^ (2) 

Hence 

^— / \\ i' a \y} 



'i^4 '' -f 



But 

i S + V 

i'~ V 
Therefore 

-rj 27rM S+V tan^ , . 

T is, of course, the observed time of oscillation. 

The correction for the finite amplitude of the swing is too small to produce any 
error in the result. No correction for damping or torsion is required. 

In the experiments the deflections on the scale were measured, not the angles of 
deflection. We require, then, to reduce the scale readings to angular measure. 

Let p and q be the scale values of the throw and deflection, z the distance of the 
point of the scale vertically below the axis of the telescope from the point which 
appears to coincide with the cross wire when the needle is at rest, z being measured 
in the same direction as p and q, let a be the distance of the scale from the raiiTor. 




Thus in the figure (fig. 4) let M be the centre of the mirror, O the point on the 
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scale verticaliy below the axis of the telescope, A the point of the scale which appears 
to coincide with the cross wire when the needle is at rest, and B the appai*ent 
extremity of the throw. 

Now the scale was carefully set so as to be at right angles to O M, and the distance 
O A was always small compared with O B. 

Also 

OA=j&, AB=^, AMB=2j8, OM=a. 



Hence if we neglect squares of - and fourth powers of - and - 

angle AMO=- 



and 



tan 



Therefore 



Also 



hence 



and 



tang_2gr ll;7«-8g« (p-q)z\ 
~p\'^ 32a« "^ «3 J 



. y3 



Now the values of p, q, 2, and a were such that — ^ was about '0001, we may 
therefore write with sufficient accuracy 

tang_2g/ llyg-8^« \ 
sm ^ ^ ^ ^ 

p and q being the scale values of the throw and deflection. 

To observe these quantities accurately the following adjustments are necessary. 

The scale should be parallel to the mirror when at rest. 

The coils of the galvanometer should be north and south so that their plane may be 
pai*allel to the magnetic axis of the needle. 

The telescope should be placed so that its axis and the normal to the mirror, when 
at rest, may be in the same vertical plane. If this is the case the division of the scale 
which appears to coincide with the vertical cross-wire will be that just below the axis 
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of the telescope, supposing, as in our case, the telescope is placed so as to look just 
over the edge of the scale. 

In making these adjustments the scale and telescope were first fixed so that division 
250 —the middle of the scale — ^was vertically below the centre of the object-glass of 
the telescope ; the galvanometer was placed in position and levelled, and the telescope 
adjusted to view the image of the scale in the mirror. 

Then telescope and scale were both moved until the division of the scale which 
coincided with the cross-wire was close to 250. When this was the case the normal 
to the mirror and the axis of the telescope were nearly in the same vertical plane. 

The scale was then turned in a hoiizontal plane until its two ends, equidistant from 
division 250, were also equidistant from the mirror, taking care at the same time that 
the image of division 250, the centre of the scale, remained close to the cross-wire of 
the telescope. 

The scale was thus put at right angles to the normal to the mirror, 

A long bar magnet resting on a pivot at its centre was then supported close to the 
scale, and it was found that the scale was very nearly parallel to the axis of the 
magnet, the error was certainly not more than 20'. « 

Thus the scale has been set very approximately north and south, and since the 
mirror is very nearly parallel to the scale, it is also nearly parallel to the axis of the 
galvanometer needle. Hence, if we set the coils parallel to the scale or mirror they 
will be very nearly north and south, and their plane will be approximately parallel to 
the axis of the needle. 

A piece of plate glass can be screwed on to the galvanometer in a position very 
nearly parallel to the coils. This was done, and the reflection of a lamp placed just 
below the telescope was observed, the galvanometer coils were turned until this 
reflected image was seen in the centre of the field of the telescope. Thus the galva- 
nometer coils were placed veiy nearly north and south. The reading of the vernier 
attached to the galvanometer was noted, and by means of it the coils could readily be 
brought back to the same position, or placed at any required angle to the meridian. 

The adjustments thus described were of course only approximate, but it is easy to 
show that the method of experiment eliminates any small outstanding error. 

Let us suppose the coils are inclined at an angle a to the meridian. The effect of 
this is merely to change G into G cos a in both the equations (1) and (2), and cos a 
disappears from the resulting equation. It is better, however, that the field of force 
produced by the current in the galvanometer coil should be as nearly as possible 
uniform throughout the space through which the needle moves in the throw and 
deflection respectively. This condition is best satisfied if the needle when in equilibrium 
is parallel to the coils. 

Let us now suppose that the scale is inclined at an angle y to the plane of the 
mirror. Let pi and ^^ be the scale values of the throw to the right and left of the 
resting point. 
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Let A O B (fig. 5) be the scale, M the normal to the mirror, draw A' O B' at 
right angles to O M. 




Then A O A'=y ; let A and B be the observed extremities of the throw or 
deflection ; 6 its value in angular measure ; let M A, M B, cut A' B in A' aad B', and 
let p be the true scale value of the deflection, then 

A'0=OB'=^ 
A0M=M0B=2^ 

Draw C, D perpendicular to M A, M B respectively. 
Then 

OC=OA' cos COA'=OA cos COA 
Thus 

Similarly 

Therefore 



p cos 20=:pi cos (2^+y) 

p cos 20=p2{cos 26— y) 

2p=(Pi+i^2) cos y—{pi—p2) tan 20 sin y 



Now p^ was always very nearly equal to ^2, and 20 and y are both small. 
Hence very approximately indeed we have 



Sunilarly 



Pl±P3 

p=-^coay 



?l + ?3 

q=^^00By 



Thus, by observing deflections right and left and taking the mean, we get a value 
for the ratio of p/q which is independent of an error in the azimuth of the scale, much 
greater than anything possible in the actual experiments. 

If the magnet be not parallel to the mirror the angle turned through by the mirror 
is still that turned through by the magnet ; the fact that the magnet and mirror were 
very nearly parallel afibrded a ready means of setting the plane of the coils in the 
magnetic meridian. 
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The time of a complete vibration was measured in the usual way by noting the 
times of 8 or 10 transits of the resting point over the cross wire of the telescope, 
then waiting for the period occupied by some 10 or 12 oscillations and again observing 
the times of 8 or 10 transits. The value thus determined requires reducing to that 
for an infinitely small arc. 

Now we know that if during the observation the arc of oscillation change from 
a^ to a^, and if T be the observed time of oscillation, then 



T=r{l4(8m*J+8in^j)} 



neglecting higher powers. 

In the observations the value of a^ was about 3^ that of a^ about 1^*30', the 
correction thus amounts to "000025 and is quite inappreciable. 

The value of X was obtained by setting tJie needle vibrating, the secondary circuit 
being closed, and observing a series of resting points. If p^y pn be the amplitudes of 
the first and n*** vibration we have 



=»^i "^ (?.) 



Two independent observations of 17 vibrations gave 

^ = 1-2913 and 1-2909 
Pn 

Whence 

X='0159 

R is the absolute resistance of the secondary circuit ; this is very nearly but not 
quite equal to R, the resistance of our standard coil, and the difference between the 
two can be expressed in terms of the resistance of the wire of the B A bridge. This 
wire is 1 metre in length, and is divided into millimetres ; let p be the resistance of 
1 millim. The wire is graduated from E to F, (fig. 1); let G^ be the position of the 
sliding contact piece when there is no current through the galvanometer, P P', Q Q', 
and M N being connected. 

Let 

EGi=x millim. FGi=y millim. 

R is the resistance of the circuit Q' Q G B N M P F. 
Hence 

R-f-^/) __W 

R+y/>'"U 

Now interchange U and W, and let x y be the new values of x and y. 
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Thus 

R+a/p n 

But 

x+y—x+y' 
Hence 

R-\-afp=B,+yp 

A number of experiments were made to determine p, and the value p= '000072 B. A. 
unit was obtained. 

Since p only comes in as a small correction, we may take one B. A. unit as 1 ohm. 

Again, the value of E, depends on the temperature, and our experiments required 
reducing to a constant temperature t^ ; let t be the temperature of R at the time of 
experiment, Rq the value of R at temperature t^, and a the coefficient of increase of 
resistance per degree centigrade. Then we have 

R=E»,{l+a(<-g} 

Hence, finally our equation (4) becomes 

The experiments were made in the following order : — 

The time of swing was observed, the secondary circuit being closed as in the 
experiments. 

The variable resistance in the secondary circuit was adjusted until the difference 
between R and R could be measured in terms of the bridge-wire resistance, and the 
values of x y, x y' determined. While this was being done a second observer read 
the temperatures of the coils R, S, and V, and the galvanometer G. 

The connexion P P', Q Q' were broken, and P Q was joined. The resting point of 
the reflected image of the scale was observed when no current was passing through 
the galvanometer. This was done in the usual manner by observing five consecutive 
turning pointe. 

The galvanometer needle was brought as nearly as possible to rest by the use of a 
damper. This consisted of a coil of wire placed near the needle, through which the 
current from a single IjECLANCHiS cell could be passed. By means of a second key a 
shunt could be introduced into this circuit so as to allow onlv a small fraction of the 
current from the battery to circulate in the coil. After a little practice the apparent 

MDCCCLXXXIII. 2 I 
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oscillations of the galvanometer needle could easily be reduced to a few tenths of a 
millimetre of the scale. 

When this had been accomplished, the battery current in the coil A was reversed 
and the first throw of the galvanometer needle observed. Suppose this was a throw 
to the right. By reversing the current at the right instant the needle could be 
brought very nearly to rest again, and the small swing that remained was easily 
destroyed by the damper. The connexions were then adjusted so that on again 
reversing the battery current a throw to the left was observed. A second throw to 
the left was observed and then a second throw to the right. 

After this another reading was taken of the resting point when no current was 
passing. 

The connexions were then altered so that a fraction of the direct current could be 
passed through the galvanometer, and the position of rest of the needle when the 
current was passing was observed. The needle was easily brought sufficiently nearly 
to rest in its new position by making the primary contact for a third of the time of 
swing, then breaking it for a second third, and finally making it again and leaving it 
made. 

The resting point was determined while the needle was swinging from the observa- 
tion of five consecutive turning points. The primary current was then reversed and a 
deflection in the other direction observed. After this a third reading of the resting 
point without any current was taken. 

The connexions were again altered to observe the throws and four more were taken, 
one to the left, two to the right, and one to the left. A fourth observation of the resting 
point completed this part of the observations. The secondary circuit was then put into 
communication with the Wheatstone's bridge, and the difference between R and R 
measured, giving a second series of values of x y, x and y\ and finally the thermometers 
were all read again. 

When we had become accustomed to the work a complete set of observations, 
excluding the time of swing, took about 25 minutes. 

In the first series of measurements the time of swing was only observed twice each 
afternoon — at the beginning and end of the afternoon's work. In the second series it 
was taken generally at the beginning of the work and after every second or third set 
of observations, that is to say, at intervals of somewhat less than an hour and-a-half 

Throughout the experiments one observer (R. T. G.) read the galvanometer deflec- 
tions, while the other (J. M. D. in the first series, E. B. S. in the second) made or broke 
the various connexions as required, and noted down the scale readings as they were 
read out by the observer at the telescope. 

To obtain from the diiect results of the observations the quantities required for 
substitution in formula (5), the following method was adopted : — 

The means of the temperatures at the beginning and end of the observation were 
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taken as the temperatures at the time of the experiment, and the means of the values 
of X y, x' y\ 

The alteration in temperature during the experiment was only about '1° or '2° C 
The changes in the values of x y, &c., during the observation were prodaced by the 
variation of the temperature of the secondary coil, which being copper has a high 
temperature coefficient. The alteration in the value of x was rarely as much as 300 
bridge divisions, and since this change went on nearly uniformly during the experi- 
ment, the mean of the two values at the beginning and end will be very accurately the 
true value. 

In reducing the scale readings to give the throws and deflections, we had to 
remember that owing to the variation in the direction of the earth's magnetic force, 
there was a continual change going on in the resting point of the needle. 

In general, this change was only '3 or '4 millim. during the time occupied by a set 
of observations, sometimes it amounted to 1 millim. or rather over, and on one or two 
occasions during magnetic storms the changes were so violent and sudden that we had 
to cease work entirely. 

For determining the value of the throw the following method enables us to eliminate 
the effect of this change in zero. 

Take the mean of the two throw readings to the right, then the mean of the two to 
the left, and the mean of the resting point readings, then the differences between the 
throw readings and the resting point, or zero readings, will give the throws right 
and left respectively, corrected for change in resting point. The difference between the 
throw readings will give the value otp^+p^ directly ; since, however, the throws right 
and left ought to be the same if the adjustments are correct — it forms a test of the 
accuracy of the measurements to calculate pi and p2 separately. 

For the permanent deflection, however, in which only one observation was made on 
either side of the zero, the same method is not applicable. The four observations we 
have to consider are : zero reading, deflection to right, deflection to left, zero reading. 

Suppose the zero is moving from right to left, then, if we take the mean of the zeros 
and consider the differences between it and the deflection reading as the deflections 
right and left, in each case our deflection will be too great, while, if the zero be 
moving in the other direction, the deflection obtained will be too small. 

To obviate the difficulty we assumed that the interval of time between each two con- 
secutive observations was the same, and that the change in zero was uniform. We 
then obtained by interpolation the values of the zero readings at the moments of 
making the deflection observations. The differences between these and the deflection 
readings gave then the true deflections right and left, q^ and q^ respectively, the whole 
correction being a very small fraction of the measured deflection. 

The second series of throws were then treated in the same manner as the first, and 
a second pair of values of p^ and p^ obtained. These generally differed somewhat from 
the first, for the electromotive force of the battery — ^a combination of Danietx*s cells 
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— was not absolutely constant throughout an experiment. Now the observations of 
deflection refer to a motiient of time about half way between the two throws, so that 
the mean of the two values of pi+p^ will give us the value of that quantity corre- 
sponding to the value of qi+qz obtained for the deflections. 

For the first series of observations the difference in the values of p^ before and after 
the deflection reading was sometimes, but not often, as great as 1 millim. in a throw 
of about 215 millims. 

A copy of the observations requisite for one experiment will perhaps render the 
above details more complete. 



Observation No. IL, Jime 8th, 1881, 11'45 a.m. Observers, R. T. G., J. M. D. 

Time of swmg 23"-277. 

Bridge reading value of a; f U, W direct 1 500 

„ „ X L U, W interchanged J 4 1 

Temperature. 
R 13^7 S 13°7 Galv. 14^-5 

Scale observations. 
Zeros 235-5 



235 
235 



227-5 

227-8 



Left. Right. 
Throws 7 

455 
454-5 

7-8 

Zeros 225 

225-2 
225-3 



238 
238 
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Left 


• 


Right. 


Deflections 87-2 




364-8 




94-5 


377 


87-5 




364-8 




94-6 


377 


87-8 




365 


Zeros 


287-8 
287-5 
237 


224-2 
224-5 




Right. 


Left. 


Throws 


454-2 
454 


6-0 
6-5 


Zeros 


234-5 
234-2 
234 


227 
227 




Temperatures. 


R IS"-? 


S 13°-8 


Galv. 14" 8 



Bridge reading value of a? f Direct 1 630 

„ „ XI Interchanged J 5 40 

Battery: four ordinary Daniell's in series. 

From these observations we obtain the following value for the zero and deflection 

readings : — 

Zeros 231-4 231*5 230'8 230'6 

Left. Bight. 

Deflections 91*0 370*9 

Thus the mean zero for the first throw is 231*45, and combining this with the 
observations of the throw we get 
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j9j = 454-75— 231-45=223-3 
^3=231-45- 7-4 =224-05 

While for the second throw the zero is 230*7, and the values are 

J9i=4541— 2307 =223-4 
P2=2307— 6-25=224-45 

Thus the mean value of pi for the experiment is 

223-35 
and of Pq 

224-25 

These numbers require correcting for scale error. 

The correction to p^ is 

+ 1-2 

that to p^ is 

+ 1-0 

so that 

Pi= 224*55 millims. 

^^2=225-25 millims. 

The difference between them being only 7 millim. it is clear that the adjustments 
are all right. 

Before taking the deflections the zero reading was 231-5, after taking them it had 
become 230*8. Thus interpolating, the zero reading at the moment of the deflection 
to the left was 231-3, and we find 

52=231-3-91-0=140-3 

while at the moment of the deflection to the right the zero reading was 231-1, and, 

hence, 

5i = 370-9-2311 = 139-8 

Correcting for scale error we have 

r/i=140-6 millims. 



We have also 



q^=l4:l'l millims. 

Mean value of temperatures — 

R 13^-65 S 13°-7 Galv. 14^-65 

Mean value .x . . . 565 
„ X , , . 475 
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We proceed now to give in tabular form the results of our first series of experi- 
ments made in June, 1881. 

The table will contain the values of , -, the temperature of .R, the mean 

values of x and x^ and the time of swing. The corrections introduced by the varia- 
tion in the temperature of S and the galvanometer we shall show, when we come to 
discuss the results, are so smail that they may be neglected. We may, therefore, treat 
the results throughout as if the temperature of S were 13^"2., and that of the galvano- 
meter 14^ 

The battery used in all cases was four Daniell's cells. 

The average difterence between p^ and jt)^, irrespective of sign, was about '32 milhm., 
in one case only was it as great as '9 millim. ; it is hardly necessary, therefore, to give 
both 'Py and p^ ^^ ^^ table. 

The rods used to separate the two coils, primary and secondary, were the same, but, 
as has been explained, the coils were placed in each of four positions, numbered 
respectively I., II., III., and IV. 

Table I. 



Foaition. 


Mean throw. 


Mean deflection. 


T. 


Temperatnre S. 


z. 


«'. 


I. < 


226-10 
226-25 
223-00 
222-70 


142-15 
142-40 
140-26 
139-70 


23-277 
23-250 


161 
16-2 
151 
15-2 


670 
583 
420 
540 


590 
500 
360 
470 




224-55 
224-90 


141-40 
140-86 


23-277 


13-8 
13-7 


690 
440 


600 
355 


M 


223-65 
222-80 
222-25 


140-30 
140-20 
139-85 




13-7 
13-9 
13-9 


750 
605 
265 


665 
420 
175 


-{ 


218-00 
217-60 
217-50 


13705 
136-90 
136-70 




14-2 
14-2 
14-3 


770 
480 
325 


670 
390 
240 


M 


216-05 
21610 
215-85 


135-85 
136-55 
135-50 


23-274 


14-3 
14-5 
14-5 


778 
532 
400 


680 
440 
310 



The first four observations were made on June 7th, 1881, the last eleven on 
June 8th. 

For the first four observations, therefore, we take the time of swing as 23'''264, for 
the last eleven aa 23'''275. 

The mean temperature of R during the experiments is about 14®'6 ; we take this 
then as the value of <q. The temperature coeflBcient of R— a platinum-silver coil — 
may for the small range considered be taken as '0003 per ohm per degree. 

Thus the values of the constants in the formula (5) for Rq are 
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1.!: 



«o=14°'6 a=-0003 

T=-0007 X=-0159 

a=259 centims. 
p= -000072 ohm. 
S + V 307339 



V ~ 10167 
while giving p and q their mean values for the whole series of experiments, the tei-m 

jl+^^^^l comes to 1-0018 

As we have explained, the value of M is slightly different for each of the four 
positions. 

The methods used to determine have been explained ; the values obtained were 

Mi=l-55636 
M2= 1-55430 
M3= 1-55539 
M^rr 1-55744 

where the suffixes refer to the positions. 

Table II. gives the results of the calculations. As the results stand there, the 
negative erroi-s are fewer in number than the positive, the two greatest errors being 
negative. 

The greatest of these is -453, which is about 1 part in 350. 

Table II. 



Position. 


R„ in ohma. 


Error from 


Mean valne of 


Error from 


1 
Percentage 


mean of aet. 


B, for each poaition. 


mean of whole. 




r 


158-82 
158-98 


•147 
•307 








I. ^ 


158-84 
158-48 
158-70 


•167 

-193 

•037 


158-673 


•047 


•029 


v_ 


158-22 


-•453 


J 


• 




r 


158-27 


-•297 


1 






n. { 

f 


168-68 
158-76 

158-69 


•103 
•193 

•093 


\ 158567 
1 


—•069 


-•039 


:n. { 

r 


158-77 
158-33 

158-87 


•173 
-•267 

•241 


\ 158-597 
1 


-•029 


-•018 


'M 


158-51 
158-51 


-119 
-119 


\ 168-629 


•003 


+ •002 



Mean value 158*626 ohms. 

Mean eiTor of mean of each from mean of whole . . '037 

Mean percentage error '023 
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We shall retain the whole series of observations and take aus the resistance of oui* 
standard coil R at a temperature of 14°'6 C, the value 

^ ^r^ /•.>/. earth quadrants ■ 

158-626 — ^ 

second 

It remains now to explain the method used to determine the values of the 
resistances. 

For this purpose the coils in a post office resistance box, made by Messrs. Elliott 
Brothers, were compared with the standards at the Cavendish Laboratory. The 
1 unit coil of the box was compared with the coil known as Flat in Professor 
Chrystal's report, then the 1-unit +Flat were balanced against the 2-unit coil of the 
box, then this 2-unit against the second 2-unit, which we will denote by 2', then 
1+2+2' against the 5-unit coil, and so on. 

In this manner all the coils between 1 and 2000 B.A. units were compared. 

The British Association wire bridge was used in making the comparison. 

In the ordinary use of this (Carey-Foster's method) the two coils to be compared 
are connected to the ends of the bridge wire and a measurement taken, the coils are 
then interchanged and another observatioil is taken, and from these two the difference 
between the coils is expressed directly as the resistance of a portion of the bridge wire. 
We, however, could not apply this method, for, calling P and Q the coils to be com- 
pared, since P and Q are coils in the same box, one end of P is always in electrical 
connexion with one end of Q. The following arrangement therefore was adopted : — 

Two coils of known resistance were connected one to each end of the bridge wire, 
while P and Q formed the other arms of the bridge. The coils actually used were 
those marked F and G in Chrystal's report. 

The sliding contact was adjusted till no current passed through the galvanometer, 
and its position noted. 

Let a+a5 be the resistance of the portion of the wire connected with F, a— a; of 
that connected with G, so that 2a is the whole resistance of the bridge wire. Let 
1+8F, 1+8G be the resistances of F and G at the temperature of the observation. 

8F and 8G are very small. 

At 14° 

8F=- -00084 ohm 

8G=--00112 „ 

Then we have 

P_ l + SF+a+a? 

Interchange F and G and let aj' be the new value of x 

P 1+BG+a+a' 
Q~l+SF+a-a?' 
Whence x+af=BGSF. 

MDCOCLXXXIII. 2 K 
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Thus X and x are exceedingly small, and if we neglect squares and higher powers 
of SF, SG, Xi and x\ we obtain 

Now a=-036 mean B.A. unit. 

If then we know Q, the value of P can be found from the observations of a; and a^. 

Two series of observations were taken, one by R. T. G. the other by J. M. D., each 
observation in each series being the mean of 2 or 3. 

The extreme difference between the two series was in no case more than 1 in 3000. 

The box remained in the room for some time before taking the observations, and 
the temperature was supposed to be that of the room as indicated by a thermometer 
laid on the box. A small correction was made for the resistance of the copper rods 
which connected the box to the bridge and the plugs in the box. This was deter- 
mined by one observer (R. T. G.) only, so that any error in it will aflfect both mea- 
surements equally. We shall show, however, shortly that it cannot affect the value 
of the B.A. unit as determined from our measurements. Having thus obtained the 
values of the resistances in the box in terms of the B.A. standard units, the value of 
Rq in these units was determined by the ordinary method. We found thus the mean 
of several closely concordant measurements 

Ro= 160-821 B.A. units 

the temperature being 1 4^*6 C. 

The resistance S of our secondary circuit and galvanometer was determined in terms 
of the coils in the same box, and we found 

8=3072-38 B.A. units 
at a temperature of 13°'2 C. 

Owing to the difl&culty of determining the value of the resistance of the plugs in 
the box and the copper connecting pieces, either of these results may possibly have an 
error of about 1 in 15.00. Now the value of S enters into the value of Rq in absolute 
units and affects it in the same way. 

To determine the value of the B.A. unit we require the ratio 

earth quadrant 
^ second 
Rq in B.A units 

Its value is 

158'626 



160-821 
Whence we get 



ohms. 



1 B.A. imit =-98635 ohm 

But the error we have been considering affects in exactly the same manner the 
numerator and denominator of this ratio. If in consequence of it one is too great so 
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also ifl the other in the same proportion. Thus the accuracy of our result is not 
impaired hy the uncertainty of this correction. In fact, although to determine the 
resistance of our coil R in absolute measure we require to determine accurately a 
ratio of 1 to 3000, and this determination has generally been held to be one of the 
main objections to our method, yet to determine the value of the B.A. unit we have 
in addition to compare a ratio of 160 to 1. Thus, in fact, to determine the value of 
the B.A. unit the ratio to be compared is 160 to 3000, or about 1 to 19, and this is a 
much easier experiment to make. 

Our 160 and 3000 have both been expressed in terms of the resistances of the box, 
and even though there may be some considerable error in the actual values of these 
resistances, the error in the ratio of any two of them is a quantity very small indeed 

In conclusion, we would refer to another objection which has been made to the 
method Nearly the whole of the battery current is allowed to flow through the 
coil V, whose resistance is about 1 ohm ; the eflPect of this must be to heat V and 
alter its resistance, thus producing error. We shall show that the error in our case is 
vanishingly small. 

The electromotive force of the battery was at most about 5 volts, and the total 
resistance of the primary circuit was about 80 B.A. units. The coil V was of German- 
silver wire, about 450 centima being used to make it ; the wire thus was very thick, 
its radius being '06 centim. The wire, silk covered, was loosely wound in a coil and 
enclosed in a brass case, which was immersed in water. 

From these data we find that the amount of heat developed per minute in the coil 
will be '055 imit. 

If we suppose all this heat to be retained, the rise of temperature will be '015® C. 
per 1', and the increase of resistance '0000045 B.A. unit, and this will be too small to 
afiect our results. As a matter of fact, it is clearly impossible for all the heat to remain 
in the coil, and the correction is, d fortiori, too small to be considered. 

During the second series of experiments a hole was bored in the brass case of the 
coil and a thermometer inserted. The thermometer agreed throughout in its readings 
with that in the water bath in which the coil was immersed. 

Thus we conclude as the final result of this series of experiments that the value of 
the B.A. unit is -98635 ohm. 

The agreement between the individual experiments of the series is remarkable. 
They are, however, open to the objection that the conditions under which they were 
taken remained unaltered in some essential particulars^ Thus the rods used to 
separate the primary and secondary coils were the same throughout, while the battery 
was also the same. It was decided, therefore, to make a second series of observations 
in which these quantities were varied This was done during November and December, 
1881. Mr. DoDDS had left Cambridge, and his place was taken by Mr. E. B. Saroant, 
of Trinity College. 

2 K 2 
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Part IL 

Profiting by our past experience, the arrangement of the apparatus was modified 
slightly. 

In Part I., as has been explained, one electrode of the coil V dips into the mercury 
cup H, while the other is connected by means of a piece of copper wire with the cup L. 

In Part II. the mercury cups and resistance coils were so placed that the second 
electrode of V dipped directly into the cup L ; the piece of copper wire between the 
two, therefore, was dispensed with. 

Again, in fig. 1 it will be seen that between P and M in the secondary circuit 
there is a variable resistance T, used to adjust the resistance of the circuit until it 
balanced R. 

This variable resistance formed a part of one of the two paths open to the current 
when measuring the deflection, and, as we have said, renders the exact proportion 
into which the current was divided in each experiment uncertain to the amount of 
about 1 in 6000. 

In fitting up the apparatus for Part II., T was placed between B and N. As before, 
the resistance of the secondary circuit could be adjusted, but that of the primary 
remained unaflTected by alterations of T, which in this part formed no portion of it. 

Three sets of rods were used to separate the primary and secondary coils, we shall 
call them A, B, and C, respectively. The rods A were those used in Part I. 

With the rods A three different electromotive forces were used; the batteries 
employed being respectively four ordinary Daniell's, two ordinary Daniell's, and five 
Thomson's tray Daniell's. 

In position B we had five Thomson's-Daniell's, and in position C five Thomson's- 
Daniell's and six Thomson's-Daniell's. 

As before, the coils were placed in positions I., II., III., and IV., but the order 
of taking the observations was somewhat varied. In Part I. three observations were 
taken in each position without altering the coils; in Part II., however, after taking one 
observation in position I., one of the coils was reversed so as to bring them into posi- 
tion II., and an observation made; the other was then reversed, and so on, and after the 
four measurements had been taken the whole series was repeated. This method 
necessitated rather more handling of the coils than the other; it had, however, the 
advantage that each set of four observations was taken under more nearly similar con- 
ditions, while, in consequence of the more frequent setting of the coils, the error due 
to any one chance bad setting was reduced. The time of swing was observed more 
frequently, being taken twice and generally three times for each set of four. The times 
corresponding to the mean throw and deflection are given in the table, being obtained 
by interpolation from those actually observed. 
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Table III. gives the same observations for Part II. as are given in Table I. for 
Parti. 

With reference to the table we must notice that the experiments were not always 
made in the order I., II., III., IV., and therefore the times of swing in the column 
headed T are not in order of magnitude. Thus, in the second set, the real order of the 
experiments was II., I., III., IV., and in this order the values of T increase uniformly 
by 0"'005. In the experiments with two Daniell's, experiment IV. was made on 
November 16th, experiment II. on November 18 th, and experiments III. and I, on 
November 21st. 

Table III.— Series A, 



Battery. 


Position. 


Mmui donbl. 
throw. 


Mean double 
defleeUon. 


T. 


Temperature 
B. 


X. 


y. 


r 


I. 


3591 


223-35 


23-384 


l§-4 


495 


400 


4 Daiyiill's . •< 


II. 


860-4 


224-5 


23-384 


12-7 


640 


555 


III. 


362-75 


225-2 


23-386 


12-8 


630 


540 


L 


rv. 


361-9 


225-3 


23-388 


131 


615 


525 


r 


I. 


364-2 


227-35 


23-415 


13-4 


850 


270 


4 Damull's . < 


II. 


364-55 


227-7 


23-410 


13-4 


300 


215 


III. 


359-4 


223-8 


23-420 


13-3 


615 


530 


t. 


IV. 


352-45 


220-2 


23-4^5 


13-0 


565 


455 


r 


I. 


451-2 


280-8 


23-373 


11-9 


610 


420 


6 Thomson's . < 


II. 


453-2 


281-9 


23-367 


11-8 


420 


330 


III. 


452-2 


280-4 


23-380 


12-2 


525 


435 


L 


IV. 


450-9 


280-8 


23-378 


12-1 


515 


430 


r 


I. 


190-55 


119-1 


23-386 


12-4 


575 


490 


2 Daniell's . '< 


II. 


191-8 


119-8 


23-405 


13-4 


415 


335 


III. 


190-75 


118-8 


23-382 


12-3 


805 


716 


*- 


rv. 


191-3 


119-6 


23-391 


13-4 


570 


490 



Table III. — Series B. 



Battery. 


Position. 


Mesn double 
tbrov. 


Mean double 
defleeUon. 


T. 


Temperature 
B. 


r. 


«'. . 


r 


I. 


374-5 


287-95 


23-344 


li-6 


630 


545 


5 Thomson's . < 


II. 


373-26 


286-5 


23-365 


11-9 


896 


800 


III. 


3751 


288-3 


23-822 


10-8 


415 


335 


L 


IV. 


374-15 


286-9 


23-833 


11-2 


780 


700 


f 


I. 


870-9 


285-6 


23-406 


12-6 


675 


486 


5 Thomson's . < 


II. 


3720 


286-3 


23-405 


12-6 


465 


385 


m. 


369-16 


286-15 


23-407 


130 


480 


380 


l 


rv. 


370-6 


286-2 


23-406 


12-8 


606 


415 
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Table III.— Series C. 



Battery. 



5 Thombox'8 . < 



6 Thomson's . < 



6 Thomson's . < 



Poaitioo. 


Mean donble 
throw. 


MeM doable 
deflection. 


T. 


Temperalure 
B. 


X. 


X'. 


I. 


227-4. 


289-8 


23-379 


12-4 


560 


420 


II. 


229-6 


292-4 


23-382 


12-5 


655 


575 


III. 


228-0 


290-7 


23-384 


12-8 


705 


620 


IV. 


228-2 


290-5 


23-381 


13-0 


690 


605 


I. 


252-9 


3219 


23-389 


13-6 


655 


485 


II. 


253-1 


323-4 


23-391 


133 


545 


475 


III. 


264-7 


323-9 


23-393 


13-2 


445 


340 


IV. 


250-2 


318-9 


23-395 


12-9 


425 


335 


I. 


243-25 


310-95 


23-381 


13-4 


950 


860 


II. 


242-8 


309-8 


23-374 


12-7 


680 


690 


III. 


240-75 


307-1 


23-392 


14-0 


915 


830 


IV. 


240-65 


806-85 


23-3S4 


13-8 


280 


190 



Tliese direct experimental results require to be substituted in our formula in order 
that we may obtain the values of Rq. The coils were placed in the four positions 
I. to IV. in order to eliminate any small unknown error in the position of the mean 
plane. 

Now our first series of experiments have been sufl&cient to show that this error 
must be exceedingly small, and the result obtained by taking the mean of the four 
will certainly eliminate it. 

Instead, therefore, of giving the value of Rq for each position, we shall only calculate 
the mean value for each set of experiments, using, of course, as our value of M, the 
mean of the values M^, Mo, M3, M^. 

The correction for damping is the same throughout the whole series of observations, 

the value of l-\ — ^^77-; — , of course, differs for the different currents used; it therefore 

is included in the table. 

The value of M for each of the three series A, B, C, is also given in the table. 
The value of \ found from a large series of closely concordant measurements was 

X=-01368 

In these experiments the temperature was somewhat lower, generally, than in 
Part I., so that the mean value of the temperature of R was about 12° and ^q=12^ 
The distance between the mirror and the scale was different, and we found 



also 



a=218 centims. 

a=-0003 

p= -000072 B,A. unit 
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a being the coefficient of increase of resistance of R per B.A. unit per degree, p the 
resistance of 1 millini. of the bridge. 

The values of the resistances S and V were different from those in Part I., for the 
piece of copper wire which was included in the value of V in Part I. had been 
removed while the variable resistance T was no longer in circuit with S. 

The values employed in the calculations are 

y= 1-00096 unita 

8=3059-89 
so that 

V+S_ 3060-891 
V ~ 1-00096 

The temperature of V and the 3000 ohms, which was in the same water bath with 
it, being 12°, that of the galvanometer 13^-5 ; this latter temperature being the mean 
of the temperatures of the galvanometer during the observations. 

As before, we shall describe later the methods used to determine these values. 

Table IV. gives the results of the calculations. 

The mean value of Rq deduced from it is 



158-386 



earth quadrant 
second 



As we shall see afterwards, the value of Rq in B.A. units is 160-520. 

Thus 

158-386 



1 B.A. unit 



160-520 
= '986706 ohm. 



ohms 



Table IV. 



Series. 



B 



'{ 



Batery. 



4D. 
4D. 
6Th. 
2D. 

6Th. 
6Th. 

6Th. 
6Th. 
6Th. 



».l-55587 xl08< 



•25768 xl08 



•762092x108 



{ 



llj»'-8fl» 



•00167 
•00167 
•00263 
•00045 

•00136 
•00136 

—00019 
-•00015 
-00016 



Bg in ohms. 



158-233 
158-472 
158-296 
168-564 

158171 
168-368 

158-397 
158-301 
158-676 



Error in Bo 

from mean 

of atfrlM. 



-168 
•081 

-•096 
•173 

-099 
+ •098 

-•061 

-•157 

■218 



Mean ralno 

ofBnfor 

series. 



(.158391 



158-270 



} 



158-458 



Error 
from 



•005 



-116 



•072 



' Percentege 
error. 



•003 

--072 
•046 



Mean of whole series 158*386 ohms. 
Mean error for each series '064. 
Mean percentage error '040. 
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Taking each series separately, the values we obtain are 



Series A 


-98673. 


„ B 


•98598. 


„ c 


•98716. 



The greatest difference is '00118, or about "12 per cent. 

Again, if we refer to the Table IV., we cannot find any clear indication of an error 
depending on the length of the rods used to separate the coils. The values of Rq in 
series B are, it is true, somewhat small ; there are, however, two values in series A 
and one in series C which are smaller than one of those in series B. 

Neither do we find any connexions between the differences and the electromotive 
force used. Arranging the values in order of electromotive force, we have 



2 Daniell's . . 

4 „ 

5 Thomson's . . 


. 158-564 . . 
. . 158-353 . . 
. . 158-209 . . 


. . 1 experiment. 
. . Mean of 2. 
„ 4. 


6 „ . . 


. . 158-488 . . 


» 2. 



We must notice, however, that only one experiment was made with the smallest 
electromotive force. 

It will be instructive to arrange the results in order of magnitude, noting the 
series, the battery, and the date of each experiment. 

We have 



Ditte. 


R.. 


S«rfet. 


Battei7. 


Error. 


Peroent|g« eimr. 


Dec. 2 

Nov. 16 

„ 21 

„ 26 

Deo. 2 

Not. 23 

.,18 

„ 16, 18, and 21 . . 

„ 28 


158171 
158-233 
158-296 
1.58301 
158-368 
158-397 
158472 
158-564 
158^676 


B 
A 
A 
C 
B 
C 
A 
A 



5 Thomson's 
4Danikll's. . 

4 „ . . 

6 Thomson's 

6 „ . . 

5 „ . . 
4 Daniell's. . 
2 „ . . 

6 Thomson's 


-•215 

-•153 

-•090 

-•085 

-•018 

•Oil 

•086 

•178 

■290 


-136 

-095 

-066 

-063 

-Oil 

•007 

•053 

•111 

•181 



An inspection is sufficient to show that there is no definite order in any column 
but the second with the fifth and sixth, which are consequences of it. The greatest 
difference between any two experiments is '505, and this in 158 is rather less than 
1 in 300, or about '32 per cent. 

Of the actual errors of each experiment from the mean, five are negative and fouir ate 
positive ; the mean error itself is only '125 ; the mean percentage error is "OTS. 

The niunber of experiments made is too small for the calculation of the probable 
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error to have any value, but the distribution of errors round the mean is satisfactory, 
and the mean percentage error is very small, if we consider the complicated nature of 
the observations and the variation in the important conditions. 

We turn now to the measurement of the resistances of the coil used in Part II. and 
their comparison with the B.A. standards. 

It will be remembered that in the comparison between the coil Flat of the B.A. 
units and the 1 ohm of the box used in Part I., the correction to be made for the 
copper pieces connecting the box to the wire bridge and the resistance of the plugs 
was thought to introduce some error, which, however, it was shown would not affect 
seriously the value of the B.A. unit. To reduce this error the 1-unit coil of the 
box was not compared directly with the B.A, standard. Lord Rayleigh had had 
wound two 5-unit coils and one 10-unit, which had been carefully compared by him 
with the B.A. units. The comparison was repeated by. one of us (R. T. G.)f and the 
differences between the two results were found to be so small that we could use either 
value with all the accuracy required. 

Thus the values at 12® were 

5 units . . . -< 
L4 

10 units . . . -< 

The second 5-unit coil was only measured by Lord Ra.yleigh and Professor 
Fleming; it belonged to the latter, and had been taken away by him before our 
comparison was made. 

A third 5-unit, denoted afterwards by 5', however, had been constructed for the 
laboratory to replace it, and its value was found to be 5*00890 at 12° C, while 
Professor Fleming's coil had a resistance of 5*02444. Lord Eayleigh's value of the 
10 units was found by comparison with the 5 units + Fleming's 5 units in series ; 
our value was obtained by comparison with 5+5'. The close agreement between the 
two results is sufficient test of the accuracy of the comparisons. 

In determining the values of the resistances of the boxes, we started from these 
5 and 10-unit coils. Two boxes were used — one by Messrs. Elliott Brothers, No. 229, 
the other by Warden and Muirhead, No. 202. The 10-unit coils in each of these 
boxes were compared with our 10-unit standard, using the modification of Carey- 
Foster's method already employed to compare II and the resistance of the secondary 
circuit. Then 20 units in the box, made up in three difierent ways (viz. : by taking 
out (a) plug 20 ; (6) plugs 10 and 10'; (c) plugs 1, 2, 2, 5, and 10), was compared 
with the 10-unit and two 5-unit standards in series. 

A large number of determinations were made both by R. T. G. and E. B. S. on 
different occasions. The various values obtained for the Elliott box, reduced to a 

MDCXJCLJCXXni. 2 l 



4-99392 . . 


. . Lord Raym!igh. 


4-99376 . . 


. . R. T. G. 


9-98360 . . 


. . Lord Rayleigh. 


9-98393 . . 


. . R. T. G. 
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tempemture of 12'', are given below ; the temperature is that recorded by a thermo- 
meter laid on, or on some occasions inside, the box. Each number is the mean of 
three or four measurements taken at the same time. 



.1! i•^^rL ^'i 



Plug «nt 


Yalae. 


OlMenrer. 




' 9-9903 


R. T. G. 


10 < 


9-9902 


E. T. G. 




. 9-9890 


E. B. S. 




^ 9-9887 


R. T. G. 


W < 


9-9907 


R. T. G. 




. 9-9908 


E. B. S. 


1+2+2+5 


9-9870 


E. B. S. 


20 j 


r 19-9772 


R. T. G. 


.19-9775 


£. B. S. 


10+10' 


19-9769 


R. T. G. 


1-10 


19-9756 


R. T. G. 



For the Wa^rden and MuiRHEAD box the differences between two sets of experi- 
ments were quantities of the same order as here. 

The two boxes were then placed at opposite ends of the bridge-wire, the other two 
arms of the Wheatstone's bridge being the pair of 30-ohm coib used in the previous 
part of the experiments. 

The 50-unit plug was taken out of one box, and out of the other all the plugs from 
1-20. The difference between these two nominal 50 imits was thus obtained. Then 
plugs 1-20 were taken out of the first box, and the 50 units out of the second, and 
another difference obtained. In this manner the values of the coils 50, 100, 100', and 
200 were obtained. 

After this the differences between the two boxes became too large to be measured 
in terms of the resistance of the bridge-wire, and recourse was had to the method 
employed in Part I., by which one coil in a box was compared with a combination of 
coils in the same box. 

Two coils, each of about 5 ohms, were connected with the ends of the bridge-wire, 
while the coils to be compared, P and Q, formed the other arms of the bridge. 

Let 5+ a, 5+/8 be the resistances of the two 5-ohm coils, and let x, y, x\ y' have 
the usual meanings. 



Then 



Intercharge the 5-ohm coils 



P 



"5+)9+y 
'5 + « + V 
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Hence 

Q~ "^ 5 

~ 5 

neglecting (■=) and such terms. 

Now the values of the 5 units being known, we know a and /S, and we find at the 

temperature of the observation 

a—B 
-r^='0061 



Hence 

P-.Q=QJ-0061+^} 
and 

P-Q=QJ^— 006l} 

The values of x, y, &c., actually obtained were such as fully to justify the neglect 
of (|j and such terms. By this means the values of the 500, 1000, 1000', and 2000- 

unit coUs in the Elliott box were determined. 

Having thus determined the values of the resistances of the box, they were used to 
determine that of R in the following manner. 

R was connected with one end of the wire of the bridge, and the two boxes in 
multiple arc with the other, two 30-unit coils forming as before the third and fourth 
arms. 

170 units were then taken out of the Warden box, and the Elliott box adjusted 
tmtil the diflFerence between R and the total resistance of the compound circuit formed 
by the two boxes could be measured in terms of the bridge-wire. This was the case 
when 2920 units were out of the box. The actual value of these resistances at 12® is 
known from our table of resistances of the box. Making the cx^rrection for temperature 
and for the diflference between R and the multiple arc resistance, we find 

R^= 160-602 B.A. units. 

A second determination, in which 180 units were out of one box and 1490 in the 

other, gave 

Ro=160-570B.A. units. 

Each of these results is the mean of several experiments. 
We may take, therefore, as the value of R^ the mean 

Rq= 160-586 B.A. imite. 

The value of S, the resistance of the circuit through which the fractional part of the 

2 L 2 
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current ran when the deflection of the galvanometer was observed, was determined by 
direct comparison with the Elliott box. 

The values 

3060-71 B.A. units 
and 

3060-90 B.A. units 

were obtained as the means of several determinations on two different occasions. 

The mean is 

8=3060-80 

The value of V was determined by comparison with the B.A. coil Flat, using the 
form of bridge devised by Professor Fleming. 
We found on four separate occasions the values 

1-00096 
1-00096 
1-0009.5 
100098 

The temperature throughout at which these values are correct is 12°. 

These methods involve the use of the resistance boxes, and, of course, there must 
be some uncertainty in the temperature of the coUs in the interior of the box. 
Another series of determinations, therefore, was made of the values of R and S, in 
which the boxes were only used to determine the values of certain small corrections. 

There is at the laboratory a coil of about 24 B.A. units — ^the standard used by Lord 
Rayleigh in his experiments on the value of the B.A. unit. This he had compared 
with the B.A. units and found that at 12° its value was 23-92820. He suggested 
that we should compare our standard of about 160 units directly with it, and this was 
done by one of us (R. T. G.). 

I first determined ab initio the value of the 24 ohms in terms of the B.A units. 
I found by a method to be afterwards described the three values 



and 

The mean is 



23-92807 
23-92810 

23-92850 

23-92822 



which is practically identical with that found some months previously by Lord 
Rayleigh. 

Now the ratio of 24 to 160 is between 1 : 6 and 1 : 7. 

I therefore arranged a Wheatstone's bridge in the following manner : — 
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Two arms were the two standards I wished to compare; the coil R of about 
160 units and Lord Ra.yleigh's standard, which we will call X, of about 24. 

The third arm was two single unit coils and a 5-unit arranged in series, and the 
fourth arm a single imit^ the coil Flat. 

The two single units were the B.A. imits C and G of Professor Chrystal's report, 
their values and that of the 5-unit are accurately known in terms of the mean B.A. 
unit. 

In all cases the electrodes of the coils were well amalgamated and rested securely 
on the copper discs at the bottoms of mercury cups. 

The electrodes of the Elliott box were connected with the two ends of the 7-unit 
arm, so that the box formed a shunt, and by altering the plugs in the box the 
effective resistance of the arm could be finely adjusted, and the ratio of the resistance 
of the Flat coil to that of this arm made equal to that of R to X. 

Thus I found that with 164 units out of the box there was a deflection of the 
galvanometer of +33*2 scale divisions, while with 163 out the deflection was — 5'6. 

Thus the true value of the shunt is 163*143. Correcting this to the proper tempera- 
ture we find that the effective resistance of this third arm is 670438 units, that of the 
Flat coil at the same temperature being '99944 unit. 

Now the temperature of R at the time of observation was 13°*3, that of X being 
13^-4. 

Hence 

•^"•» 6 7 4 8 8 

-A. 18-4 

Whence substituting the value of X and reducing to the standard temperature 12° 

Ro= 160-523 B.A. units. 

A second experiment was made at a different temperature, and instead of noting 
the deflections of the galvanometer produced by altering the box by 1 unit a second 
shunt was introduced and varied until the deflection was zero: the value of this shunt 
was 30,000 units. 

From this experiment I found 

B^= 160-518 B. A. units. 
We take as the true value of Rq deduced from these two experiments 

Ro= 160-520 B.A. units. 

We have now to compare directly the values of Sq and Rq. Sq is about 3060 units, 
so that the ratio of Sq to Rq is between 19 to 1 and 20 to 1. 

Four sets of coils were, therefore, arranged for a WHEATSTONifs bridge, two arms of 
which were S and R, the other two arms being 20 units — made up of the two 5 and 
10-unit standards already described, while the fourth was the single coil G. 
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The box was used as a shunt to the 20'Unit arm, and adjusted as before till the 
galvanometer showed no deflection, the effective resistance of this arm was found to 
be 19*0444 units, while at the same temperature the value of G is '99887 unit. 

Substituting the value of R at the temperature of the observation and reducing our 
result to the temperature 12®, we find 

So=3059-37 units 

A second series of observations on a different occasion gave 

So=3059-86 B.A. units 
The mean is 

So= 3059-62 B.A. units 

and this is the value we have used in our calculations.* 

The coils were in all cases placed in water baths and allowed to stay for some hours 
in them. Before making the observations the temperature was read by thermometers 
graduated to fifths of a degree, which were compared with eadi other. 

To determine then the value of the B. A. unit we must use the value of Ro= 160*520, 
found in this series of measurements. Now the values of Sq and Rq ^^^^^ fr<>Da the 
boxes were respectively 

3060-80 and 160-586 

These differ from the values we have obtained in our last observations by 1'18 and 
'066 unit respectively, or rather more than 1 in 3000. This difference would 
correspond to an error of about 1° in the measurement of the temperature. 

Considering then the uncertainty which must attach to the temperature of the coils 
inside the box, it seemed best to take our last values rather than the mean of the two 
— we would rather regard the first series as a check upon any large error. But though 
this difference in the value of S will affect to the amount of 1 in 3000 the value of 
Rq in absolute units, it does not affect at all sensibly the value of the B.A. unit, for 
this latter depends on the ratio of Sq/Rq ; taking the values of Sq and Rq from the 
boxes, we have 

1^=19-0602 

while, if we use the last values obtained for Sq and Rq, we get 

1^=19-0607 

the difference is only about 1 in 40,000 and does not concern us. We shall therefore 
put Rq= 160*520 ohms, the temperature being 12^ 

* The Yalue 3059'89 nfied on page 255 is obtained from this by applying a temperature correction to the 
60 units, the resistance of the galvanometer, which was at 13^*5. 
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The contrivance designed by Lord Rayleigh by means of which our 24-unit 
standard was compared with the B.A. units needs a special reference : it has been 
described by Lord Eayleigh in his second paper on the value of the B.A. unit, an 
abstract of which was read before the Royal Society on March 9, 1882, while the 
paper is published in the Phil. Trans., Part I., 1882. 

Five coils each of approximately 5 ohms resistance were wound and enclosed in a 
box, from which the two electrodes, copper rods with amalgamated ends, of each coil 
protrude. By means of two series of mercury cups this system could be put either in 
series or in multiple arc. Then, if each coil of the series is so nearly equal to 6 \mits 
that we may neglect the square of the difference, it is easy to show that the resistance 
of the system in series is exactly 25 times that which it has when in multiple arc. 
The coil of 24 units and a single imit were arranged in series so that they could 
readily be put into connexion with Fleming's bridge. The set of five 5 -unit coils in 
multiple arc was compared with a single unit. The connexions were rapidly altered, 
and the five 5 units in series were compared with the 24+1 ; then again adjusting the 
connexions, another comparison between the 25 units in multiple arc and the single 
was made. 

In this manner a value of the 24 ohms was obtained in terms of the single ohm, the 
result of the comparison being as already stated. 

Thus, whether we use as the values of E^ and Sq those found from comparison with 
the box or those determined by comparison with the coUs, we have as values of the 
B.A. unit determined from this second part 

Series A . . . . '98673 . . . . mean of 4 

,, O . . . . '98716 .... » 3 

While the mean result is 

•986706 ohm. 

The result obtained in Jime, 1881, Part I., as the mean of three complete sets, was 

'986350 ohpa. 

Our discussion has shown us that the possible errors of this determination are 
considerably greater than that obtained in Part IL We will, therefore, give to each 
experiment in Part I. only half the weight of an experiment in Part II., and obtain 
thus as our final value for the ohm 

'98665 ohm. 

The value obtained by Lord Bayleigh in his second experiments with the rotating 
coil (Phil. Trans., Part I, 1882) is 

•98651* ohm. 

* Since this paper was read Lord BATLitoH has obtained by two modifications of Lo&knz* method 
the two values '9867 and '9868. 
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The difference, amounting as it does to about 14 parts in 100,000, is obviously less 
than the probable error of our result, and there can be little doubt but that the value 
•9866 is only two or three parts in 10,000 from the truth. This value, as Lord 
Rayleigh has pointed out, is strikingly confirmed by Joule's latest determinations 
of the mechanical equivalent of he^t. 

In conclusion, we would discuss further one or two possible sources of error. We 
have assumed that the ratio of V/S is independent of the temperature. This is not 
true, for S consists of two parts ; one part of about 3000 units has the same tem- 
perature coefficient and is always at the same temperature as V, so that for it our 
assumption is justified ; the other part of the galvanometer, of about 60 units, is 
of copper, of which the temperature coefficient is '003, and it is not at the same 
tempemture as V. 

Now the whole range in the temperature of the galvanometer is about 3°, the range 
on either side of the mean 1°*5, and an error of 1°'5 in the temperature of the galvano- 
meter we can show would affisct R to the amount of about one part in 8000. Thus 
those values of R for which the temperature of the galvanometer differs most from 
the mean may be affected to the amount of 1 in 8000 by this source of error. Taking 
the mean of all onr observations, however, the error vanishes. 

Professor Chrystal had warned us that he had had some difficulty in securing 
sufficiently good insulation between the wire of the coils A and B and the brass rings 
in which they were woimd. We therefore tested both coils to see that this was 
maintained. One pole of a battery of 25 Leolanoh]^ ceUs was connected with tlie 
brass ring, while the other pole was put in contact with one electrode of a galvano- 
meter of 2000 ohms resistance, the second electrode of the galvanometer being 
connected with the wire of the coil. 

Deflections of 60 and 80 divisions of the scale were observed for the two coils A and 
B respectively. The same battery through 100,000 ohms when the galvanometer is 
shunted with 8 ohms gave a deflection of over 100 divisions, the insulation resistance 
therefore is considerably over 

100,000 X 2000 
8 
or 

26,000,000 ohms. 

The error that might arise from the use of a paper scale has been discussed. In the 
calculations coirections have been applied to the scale readings to reduce them to the 
standard metre. The corrections taken were the mean of four series of observations- 
two by R. T. G., two by E. B. S. ; and these, though made at very different times, 
varied only by quantities comparable with the error of an observation. 

The most serious objection, however, that can be raised applies to all observations 
in which a ballistic galvanometer is used, and there were two points here which 
seemed to require special notice. Is it right to assume that on reversing the primary 
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current the change that takes place is over in a time which is small compared with 
the time of swing ? 

Now our reversals were made with an ordinary rocking commutator dipping into 
mercury cups, and only occupied a small fraction of a second. We therefore made a 
series of experiments to see if we could find the effect produced by holding the 
primary circuit open for definite small periods* 

On reversing in the usual rapid manner we obtained a throw which varied between 
119-5 and 119-3 millims. 

When our primary circuit was held open for one second the throws were 118-9, 
119-3, 119*3, and 119-1, while if the contact was broken for two seconds the effect on 
the throw was marked. Thus if by chance in any experiment the primary circuit was 
open for as much as a second, so that the battery current took something over a second 
to get steady, it would only produce an effect of about 1 in 1000 in the result ; we feel 
quite certain that in no case the period of break occupied more than a small fraction, 
from a quarter to one-sixth, of a second. 

Again, it might happen that the somewhat powerful induced current* passing through 
the galvanometer coUs might alter — temporarily or permanently — the magnetic moment 
of our needle. 

A permanent alteration would of course be indicated by variations both in the throw 
produced by the induction current and in the time of swing. In the actual experi- 
ments after the induction current had been passed in one direction through the coils 
of the galvanometer, and the throw observed, it was passed in the other direction 
to stop the vibrations of the needle, and it was possible that each current might have 
produced real permanent changes in the magnetic moment, but of exactly equal 
amount, so that we had observed no appreciable alterations in the time of swing 
which we could assign to this cause. 

We therefore took a series of measurements of throws in which the cfurrent was 
only allowed t6 pass in one direction through the coils, the vibrations of the needle 
being stopped by means of an external damper ; the times of swing also were observed 
at intervals. 

The table below gives the result. 



'ime of swing. 


Throw. 




115-8 


28*383 






116-0 




116-0 




115-7 




116-0 




115-9 



23-389 
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f( 

^'*'^**V Second series. — Throws in opposite direction. 

T ! .' IT »'i I ii .^ I . Time of swing. Throw. 

..;..'' 115-5 

. , 23-389 

115-6 
116-2 
115-8 
23-392 

The throws throughout are very nearly equal ; the time of swing, it is true, has 
increased by '009", but this change cannot be due to an alteration in the magnetic 
moment of the needle, for if the current passed in the one direction had decreased the 
magnetic moment and so increased the time of swing, that passed in the other direction 
in the second series would have increased the magnetic moment and so decreased the 
time of swing. The alteration in T then we must rather ascribe to a variation in the 
value of the horizontal intensity. This has been allowed for in the experiments by 
the repeated observations which were made of T. As regards the temporary eflfect of 
the induced magnetism produced by the current while it lasts, we notice that its 
direction would at each instant be perpendicular to the plane of the coils, so that 
the force between the magnet thus formed by the current and the current forming it 
would be along the axis of the temporary magnet and have no tendency to cause it 
to move. In fact, the field of force produced by the coils being uniform, the actual 
force on the induced magnetism will be zero. 

A number of observations were also made to see if the time taken by the battery 
current to become steady after a reversal was appreciable. The galvanometer circuit 
being open the battery circuit was reversed, and then the galvanometer circuit closed 
at an interval of from '25'' to '3'^ after. 

If after this interval the battery current had still been varying an induction current 
would have shown itself in the galvanometer, but though the reversals were made 
in three separate experiments, 13, 7, and 10 times respectively, in time with the 
period of the galvanometer, no effect was produced. 

We are sure, therefore, that the battery current has attained its steady value in 
less than *3" after reversal, while our former experiments have shown us that if the 
period of change were as great as V the error produced in the throw would be less 
than 1 in 1000. 

The direct effects of the connecting wires and commutatoi-s on the galvanometer 
during the experiments were carefully tested for but no result could be found. 
Copper wire insulated with gutta-percha was used for the connexions, and the wires 
in each circuit were carefully twisted up together. 

Most of the apparatus employed belongs to the Cavendish Laboratory, where the 
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experiments were conducted. Our best thanks are due to Lord Raylbigh for his 
unceasing kindness and his many valuable suggestions which have helped us satis- 
factorily to surmount several serious difficulties, and have added greatly to the 
accuracy of the results. 

Note. 

(Added December 2, 1882.) 

Another source of error should have been mentioned in the previous discussion. 

The external diameter of each layer was measured necessarily before the layers 
external to it were wound on. There will probably be a tendency in each layer to 
compress those below it, and thus to make the mean radius of the coil somewhat less 
than we have assumed. 

In fact, Lord Eayleigh found in his experiments (Phil. Trans., Part I., 1882) that 
the value of the mean radius obtained from measurements made as the coil was 
unwound was less by 1 in 2000 than that obtained from the measurements made 
while winding. 

Several reasons lead us to believe that any effect of the kind would be much less 
with our coils. 

The error is produced probably by the silk being pressed over the top and bottom 
of the layer into the intervals between the wires — ^the wires being circular in section 
there is necessarily a space between them. 

Now the amount of this free space would be proportional to the area of the cross 
section of the wire, while the amount of silk would depend on the circumference of 
this cross section. 

The diameter of our wire was only about two-thirds of that used by Lord Rayleigh, 
there would, therefore, be less space in proportion to the amount of silk into which 
the silk could be squeezed, and the error produced would be less. 

Again, if this yielding is going on, it is clear that the average thickness of a layer 
should appear to decrease as we get near the outside surface. A reference to the 
measurements shows that this is not the case. On dividing the whole series of layers 
into sets of five, and taking the average for each set, omitting a layer in which 
paraffin paper had been used, we find the values for the average thickness '128, '123, 
•127, -128, and 127. 

No gradual decrease is here observable. We therefore feel confident that the error 
was much less than in the coils wound by Lord Rayleigh. 

A strong indirect confirmation of the accuracy of the value of the mean radius used 
is afforded by Lord Bayleigh's recent measurements by Lorenz' method. 

The same coils were used as in our observations, and Lord Rayleigh has shown 
that an error in the mean radius would affect the two methods by about the same 

2 M 3 
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amount but in opposite directions. If 8M be the error in M produced by an error 8a 

in a tlie mean radius, it follows that in our case -^7- is about 2 — , while in Lokenz' 

Ma 

method, M being the induction between the disc and the coils, for the arrangement 

adopted -^= — 2 — approximately — ^in the one case 8M is of the same sign as 8a, in 

the other the signs are opposite. The mean of the results then obtained from the two 
methods will be free from an error in a. But the two results are '98665 and '9867. 
They are identical to the fourth figure. Thus we infer that the error in a is probably 
very small. 
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V. On the Normal Paraffins. — Part IV. 
By C. ScHORLEMMER, F.RS., and T. E. Thorpe, F.RS. 

Eeceiyed December 5, — Bead December 21, 1882. 

In the last communication made by one of us on this subject (Phil. Trans., 1880, 
p. 451), it was stated that we contemplated making a joint investigation on the 
heptane from Pinus Sahiniana. A large quantity of the pure heptane was treated 
with chlorine in the manner described in this series of communications (Phil. Trans., 
1872, p. Ill), and the chlorides boiling between 143° and 157°'5 were converted into 
the alcohols in the ordinary way. The primary alcohol boiled between 165° — 170°, 
whilst the secondary alcohol distilled over, for the most part, between 156° — 158°. 
The alcohols were then oxidised in the manner described in Phil. Trans., 1872, 
p. 121. The ketone obtained from the secondary alcohol was further oxidised by 
being heated with the chromic acid solution in sealed tubes at 100°; The liquid 
was then neutralised and the unattacked ketone was separated by distillation. Li 
order to isolate the acids contained in the residue small quantities of sulphuric acid 
were added, and the acid which separated out (pentoic acid) was distilled off in a 
current of steam — the operation being repeated imtil the pentoic acid was no longer 
recognisable by its smell. The acetic acid contained in the residue was then sepa- 
rated by a further addition of sulphuric acid and distilled off by direct heating. The 
respective silver salts of the two acids were then prepared from the several fractions 
in the ordinary way. Analysis showed that the separation of the acids waa complete. 

I. Silver salt from the normal alcohol. 

(a) 0*4035 grm. salt gave 0'1842 grm. Ag=45*6 per cent. 
(6) 0-210 „ „ 0-0953 „ =45*4 

Calculated for silver heptoate 45-5 per cent. 

II. Silver salts from ketone from secondary alcohol. 

0*2022 grm. salt A gave 0-1050 grm. Ag=51-9 per cent. 
0-1491 „ „ 0-0771 „ =51-7 

Silver pentoate =51-6 Ag. 

0235 grm. salt B. gave 01518 grm. Ag=64-59 per cent. 

Silver acetate =64-67 per cent. 
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The results of the oxidation show therefore that primary heptyl alcohol and methyl- 
pentyl-carbinol had been formed, as in the case of heptane from petroleum. 

Another portion of the mixture of the monochlorides was then heated to 100° with 
alcoholic solution of potash, whereby in addition to heptylene a mixture of the ethyl 
heptyl ethers was obtained. The heptylene, purified by repeated rectification over 
sodium, boiled constantly at 98°'5. It was placed in contact with an excess of fuming 
hydrochloric acid in the dark and in a well-closed bottle for six weeks. Heptylene 
from petroleum heptane was similarly treated. 

Now it is remarkable that whilst hexylene from mannite combines completely with 
hydrochloric acid imder these circumstances forming secondary hexyl chloride (PhiL 
Trans., 1880, p. 457), the greater part of the heptylene from Pinus heptane was found 
to be imattacked, not more than 10 per cent, of heptyl chloride having been formed. 
On the other hand, about one-half of the heptylene from petroleum had been converted 
into the chloride in accordance with the former observations made by one of us on this 
point. 

The uncombined portions of both specimens of heptylene were again placed in con- 
tact with the fuming acid, and (the research being interrupted by other work) they 
were allowed so to remain for many months. At the expiration of this time it was 
found that the Pinus heptylene had united almost completely with the acid, whilst 
an additional quantity of the heptylene from petroleum had likewise entered into 
combination. It follows from this that, contrary to expectation, hydrochloric acid 
acting in the cold is not capable of effecting the separation of isomeric paraffins (Phil. 
Trans., 1880, p. 451). 

It is remarkable that the Pinus heptylene should require so long a time to bring 
about its union with hydrochloric acid, since, as will be shown Immediately, its con- 
stitution is exactly analogous to that of the hexylene from mannite or propyl-methyl 
ethylene, C3H7.CHrsCH.CH3, which so easily goes into combination. 

In order to establish the constitution of the heptylene from Pinus it was oxidised 
by means of a solution of potassium dichromate in dilute sulphuric acid in the manner 
adopted by Hecht in the oxidation of hexylene from mannite (Ber. Deutsch. Chem. 
Ges., Bd. XL, S. 1152). The acids so formed were converted into the silver salts and 
analysed with the following results : — 



Fraction. 


Salt taken. 


Silver fonnd. 


Silver pentoate 51-67 


1 


0-0855 


0-0443 


51-81 


2 


00560 


0-02875 


51-34 


3 


0-1140 


0-0590 


51-75 


4 


0-1350 


0-0700 


51-84 


5 


0-0685 


0-0350 


51-09 


6 


0-1000 


00540 


54-00 


7 


0-2200 


0-1370 


62-27 


8 


0-1370 


0-0855 


64-60 


9 


0-1400 


0-0910 


65-00 
Silver acetate 64-67, 
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The first five fractions consisted of a fine crystalline powder, the last three were 
glistening needles. 

These observations clearly indicate that only pentoic and acetic acids had been 
formed by the oxidation, and therefore that the Pinus heptylene is pure butyl- 
methyl-ethylene, C4H9.CH=CH.CH3, which had been formed from the secondary 
heptyl chloride, Q^B.^-GR^-CBGl.Q]!^. 

These results, taken in conjunction with those of former investigations, leave no 
doubt, therefore, that by the action of chlorine upon a normal paraffin not all the 
chlorides indicated by theory are formed, but only the primary and a secondary 
chloride which contains the group — CHCI.CH3. One of us has formerly shown tliat 
by the action of bromine upon normal paraffins from petroleum only secondary 
bromides corresponding to chlorides are formed (Phil. Trans., 1878, Part I., p. 49). 
Venable has since shown that Pinus heptane is acted upon in the same way (Ber. 
Deutsch. Chem. Ges., Bd. xiil, S. 1649). 
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VI. On a Collection of Rock Specimens from the Island of Socotra. 

By T. G. BoNNEY, M.A., F.R.S., F.G.S., Professor of Geology in University College, 
London, and Fellow of St. John's College, Cambridge. 

Beceiyed June 12)— Bead Jane 15, 1882. 

[Plates 6-7-] 

The specimens of rocks — about 500 in number— collected by Professor Bayley 
Balfour during his late exploration of the Island of Socotra, were forwarded to me 
for examination. Several of these specimens, as was to be expected under the circum- 
stances, were in a condition unfavourable for precise determination, being often frag- 
ments from weathered surfaces and sometimes much decomposed. Each, however, has 
been described as far as the circumstances would admit, and microscopic slides have 
been prepared for me by Mr. Cuttell from about 80 of the more interesting. 

As it happens, certain of these offer diflSculties which in the present state of our 
knowledge are almost insuperable. While the use of the microscope has dispelled 
much confusion in our petrological ideas and supplied us in many respects with a firm 
basis of knowledge, it has not in every case — owing to the novelty of this mode of 
research and the inherent difficulties — enabled the student to feel perfect confidence in 
some of his conclusions, especially when he is restricted to this method of examination. 
Perhaps the greatest of our petrological difficulties is the distinguishing in every case 
between certain higlily metamorphosed rocks and those of similar chelnical composi- 
tion which are truly igneous. It has, indeed, been maintained by some eminent 
geologists that certain sedimentary materials may be so altered by the combined 
action of water, heat, and pressure as to be converted in situ into a rock indistinguish- 
able from one of those commonly held to be of igneous origin. Accordingly we read 
not seldom of " metamorphic granite " and of " gneiss passing into granite,'' for it is of 
these that the above opinion is commonly held. Other geologists, indeed, go yet 
further and make a similar assertion, not only of the more coarsely crystalline rocks 
such as syenite, diorite, and gabbro, but even of the more compact varieties of felstone 
and greenstone, which in like manner are said to afford indubitable examples of tran- 
sition into beds of true sedimentary origin. As regards this view, we may admit that 
if a mass of clastic materials be once reduced to a molten magma its past history is 
obliterated ; and, further, that there is no reason, so far as we know, why this melting 
down should not occur. In this sense, any igneous rock whatever may possibly 
deserve the name of metamorphic. But, while admitting the d priori possibility of 
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such a cliange, I must confess to being sceptical as to whether any case of it has yet 
been fully proved to exist. I have studied not a few of the alleged instances patiently 
and, as I trust, without prejudice, always with the following results — either that there 
was no evidence which was conclusive on either sidB, or that to a practised eye there 
was very clear evidence against the asserted transition — i.e., that (to refer to the 
instance named above) either the so-called granite was clearly only a granitoid gneiss 
or else that it was distinctly intrusive in the schistose rock. In these investigations 
the microscope is a very great help, but I freely admit that there are many cases 
where we cannot rely upon it alone, and must also study the rock in the field. Our 
knowledge at present does not enable us to pronounce upon the classificatory value of 
certain structures which we observe in the microscopic study of some specimens. This 
difficulty, however, is one which time and experience will probably remove. To admit 
the existence of cases where it is at present safer to suspend the judgment in no way 
concedes that it is impossible ultimately to arrive at a conclusion. So then, while not 
professing in every case from examination of hand specimens alone to decide whether 
a rock is a granitoid gneiss or a true granite, I believe in the distinctness of the two 
rocks. As it happens, some of the specimens from Socotra belong to this dubious 
class; and I cannot say positively, even after microscopic examination, whether in 
certain cases we have a granitoid gneiss or a true granite, and in others a homblendic 
rock of sedimentary origin or a true diorite. 

In drawing up my report on Professor Balpoub's collection I have thought it best 
to give, first, a general description of the petrology of those parts of the island over 
which he travelled, and then to describe the more important varieties of each group of 
rocks with which his journey has furnished us.* 

The island of Socotra is about 72 miles long from east to west and about 22 miles 
in breadth. The general physical features are thus described by Professor Balfoub 
in his account of the island printed in the volume of reports of the British Association 
for the year 1881 :— 

" The surface features of Socotra at the present time are those of an island moun- 
tainous in the extreme. The shore line on its southern aspect is, as the map shows, a 
tolerably continuous one, unbroken by deep inlets or bays. On the northern side 
occur a few shallow bays at the mouths of the streams, which aflFord the only 
anchorage to be obtained around the island, but no one of them is safe at all seasons 
of the year. On all sides the hills rise with considerable abruptness over a wide area, 
forming bold perpendicular cliffs of several hundred feet in height, whose base is 
washed by the waters of the Indian Ocean, but at other places leaving plains varying 
in breadth up to as much as five miles between their base and the shore. On the 
south side of the island is the largest of these shore plains (Nogad), which, extending 

* In writing the first draft of this paper I followed the other plan, and described the specimens as 
thoy were collected by him daring each section (generally representing a day) of his journey ; but as I 
found this involve prolixity and needless repetition, I have recast the paper into its present form. 
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nearly the whole length of the island, is for miles covered with dunes of blown sand. 
On the north these plains occur chiefly at the mouths of the streams^ and are the sites 
of the only places which may be called towns. 

" The internal hilly part of the island may be roughly and shortly described as a 
wide undulating and intersected limestone plateau of an altitude averaging 1,000 feet, 
which flanks on the west, south, and east a nucleus of granitic peaks approaching 
4,000 feet high. The whole of this hilly region is deeply cut into by ravines and 
valleys. These in the rainy season are occupied by roaring torrents, but the majority 
of them remain empty during the dry season. There are, however, many perennial 
streams on the island, especially in the central granitic region, where amongst the hills 
the most charming bubbling streams, dashing over boulders in a series of cascades or 
purling gently over a pebbly shingle, make it hard to believe that one is in such 
proximity to the desert region of Arabia. Few of the perennial streams reach the 
shore in the dry season— most of them are fiumaras. 

*' The eastern end of the island is most destitute of water. Here in the dry season 
are no rivers, and, springs being rare, it is the most arid region. 

** Igneous, metamorphic, and sedimentary rocks compose the island. The funda- 
mental rock is granitic. This crops out, as I have mentioned, towards the middle of 
the island, forming a series of bare pinnacles and crags, projecting, with singularly 
fantastic look, from the plateau below. This rock also shows on the slopes of the 
valleys and ravines below the compact limestone which caps it and forms the surface 
rock of the hill plateaux. This limestone attains in places, as seen on the cliff faces, a 
thickness of two or three hundred feet. Superficially, over wide areas it is rotted and 
broken into a jagged surface, over which progression is by no means easy, while at 
other spots it forms broad, smooth slabs-. A shaly rock and coarse-textured purple 
sandstone, in beds dipping at all angles, crop out in the valleys and on the shore, 
whilst forming the shore-plains and the bases of the valleys is a recent breccia and 
conglomerate. Cutting through all these rocks, and altering them to a considerable 
extent, occur dykes and extensive masses of doleritic rocks and felstones, which vary 
much in texture.'' 

Professor Balfour landed on the shore of Gubbet Gollonsir at the north-western 
extremity of the island and explored the district fringing this bay for some distance 
inland^ so as to examine the high groimd on either side of the level valley which opens 
out to the sea. The uplands here consist of a thick deposit of limestone, probably of 
middle tertiary age, but in many caaes remarkably compact and hard, so that it has at 
times considerable resemblance to the well-known dolomites of the Italian Tyrol. This 
mass of limestone rests unconformably upon a group of highly crystalline gneisses, asso- 
ciated with diorites and perhaps with hornblende schists, which in general character 
correspond with the Hebridean series in the north-west of Scotland. These older rocks 
are frequently exposed in the beds of valleys and in the lower part of the walls of the 
plateau. The same description applies to the elevated districts traversed by Professor 
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Balfour on his way to the shore in Kurmeh Bay ; but judging from the specimens 
which he has brought, I think it probable that some true granite is also associated 
with the gneissic series. The limestone, supported as usual by the latter, extends 
along the shore of Kurmeh Bay, and towards the eastern part it is cut (together, of 
course, wdth the older rocks) by basalt dykes. Felsite also occurs somewhere in this 
district, probably inland towards the south-east. 

Further east along this plain, in the vicinity of Kadhab village, basalt dykes are 
seen cutting the limestone rock, and there are scattered boulders of .granite or grani- 
toid rock, of red felsltes and rhyolites, and of a hornblendic diabase. The cliffs by 
the sea between Kadhab village and Hadibu Plain are composed chiefly of the usual 
massive limestone, which rests on a green flinty shale or argillite. The lower part of 
the limestone is a breccia, in which are fragments of the subjacent rock, and bands in 
it even resemble the latter (possibly being composed of the same material redeposited). 
In this neighbourhood occurs a mass of a kind of kersantite, the presence of which may 
account for the peculiar " baked " aspect of the shale. 

Similar argillites occur along the line of strike in the valley to the south-east of 
Tamarida village, overlain as before by the limestone. They have a rather shai'p dip 
to the south-south-west, and '' an imperfect vertical cleavage, or possibly, jointing." 
Apparently beneath, but possibly intrusive in the argillites, are some compact pale 
grey felsites. 

Inland rises the fine Haggler range whose outlines somewhat remind us of the 
peaks of Sinai. The bulk of the specimens from this place are reddish or pinkish 
felspathic granites, not generally very rich in quartz and .always poor in the third 
constituent, generally rather coarsely crystalline, to which we may give the name of 
pegmatite. ^'^ This is cut by veins of a more compact granite and by at least one dyke 
of mica-trap. It is possible that gneiss also is present in this region. About the 
margin of the range the limestone rests upon the granite, and contains detritus from 
the latter in its lower part. The approximately highest point of the range is a 
pegmatite. On the south side about Adona we have the same pegmatites with 
a mure hornblendic granite, and intrusive dykes or veins of compact purphsh quartz- 
felsite or rhyolite. 

Eastwards from Hadibu, on the way to Jebel Omhari, blocks of reddish felsite or 
rhyolite are shown on the plain, and the limestone is presently reached. The extreme 
north-west of the Girgha range is formed of pegmatites similar to those of the 
Haggler mountain, varying from coarse to fine in texture, and of a rather compact 
quartz-felsite ; the latter constitutes a considerable hill mass, and is probably intrusive 
in the former. There is also some intrusive diabase. 

Between Kami and the hamlet Ma-aber, on the Motaha, the rocks vary considerably. 
Granites of the usual type, compact reddish or greyish quartz-felsite or rhyolite alter- 

* There is some aathoritj for applying this term (often nsed vaguely) to granites which consist almost 
wholly of quartz and felspar. Of these, "graphic granite *' is a variety. 
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nate one with another. A mica-trap is also found. Evidently this is an extension 
of the last group of rocks. A specimen of an epidotio quartzite proves that there 
are, at any rate, some indications of the metamorphic series. 

Following the Motaha river in a south-south-west direction we find pegmatites, 
coarse and fine-grained felsites, red, bufi*, and grey in colour, together with a green- 
stone so much decomposed that it is difficult to decide whether it be augitic or horn- 
blendic. The specimens prove that the typical rocks of the Haggler range extend at 
least thus far to the east. 

Returning to Ma-aber and continuing the section eastwards for three or four miles 
to Gedidery, Professor Balfour found first more red felsite, and then, near the latter 
place, much variation in the character and the colour of the rocks— "grey, white, 
yellowish, and red beds alternating." The specimens from these show that the follow- 
ing rocks are represented : fine-grained granite, compact felsites, diorite or, possibly, 
homblendic schist and decomposed greenstone. It is also seen that the felsite, like 
the granite, is overlain by the usual limestone. 

Between Gedidery and Gharrieh fine-grained granites and compact quartz felsites 
were collected, indicating that the Haggier group is prolonged as far as Khor Gharrieh, 
where these rocks come down to the sea. The granitic series was traced inland up the 
course of a stream, flowing generally north-north-west as far as the hamlet Vishas, and 
is cut by diorites. From this place up the Goahal Valley, in an easterly direction, 
crystalline rocks may be traced beneath the limestone, but some of the specimens 
must, I think, be gneisses, so that the ancient metamorphic series probably occurs in 
the eastern as well as in the western part of Socotra, Probably it could be traced still 
further east, but Professor Balfour, owing to indisposition, was unable to collect any 
specimens for the next seven miles. The limestone plateau stretches away to the 
eastern extremity of the island, specimens of this rock being brought from Ras Mom, 
a hill at the neck of the long terminal peninsula, which was the turning point of the 
expedition. 

After retracing his steps for a few miles to the west. Professor Balfoub travelled for 
some distance over the limestone plateau as far as Kittim, shortly after leaving which 
place he turned to the north-north-west, passing first over considerable masses of 
rhyolitic breccias, conglomerates, and grits. A specimen was also brought from a vein 
of calcite, containing fragments of red rhyolite and pinkish felspathic granite. Some 
of these fragments appear to be of volcanic origin, and there are masses of compact 
quartz-felsite, and of rhyolite with distinct fluidal structure, which, as Professor 
Balpour remarked, appeared very like lava flows. All these rocks are overlain by 
the plateau limestones. 

From Azorah Professor Balfour turned in a west-south-west direction, following 
the Mitgahon gorge down to Baha, a village lying at the base of a peak called Tof, 
the easternmost summit of the Haggier range. Very compact quartz-felsites, and 
rhyolites abound. They form a conspicuous hill called Afero, which appeared to him 
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to resemble the neck or " core " of a volcano. Near the opening .of the gorge are 
doleritic rocks, which extend for some distance, and are, at any rate in some cases, 
intrusive in the granitic series which is sometimes fine-grained and is more 
hornblendic than usual. The red felsite also occurs. 

After returning to Hadibu Professor BalfotTb crossed the Haggier range, and 
travelling in a general southerly direction reached the Nogad plain about the middle 
of the south coast of Socotra. But few specimens were collected during this part of 
the expedition, and the only two of interest were a red rhy elite, near Feraighey, and a 
rather peculiar dolerite, which will be more minutely described under their proper 
heads. On the plain were loose blocks of a hard conglomerate containing well- 
rounded pebbles (up to about 1 inch or- longer in diameter) of compact red quartz- 
felsite and purplish rhyolite with well marked fluidal structure embedded in a silicious 
paste. Besides these, blocks were found of white cherty fragments, also in a silicious 
matrix, which contains grains of the above igneous rocks. After leaving the Nogad 
plain Professor Balfour again crossed the limestone plateau to the north coast near 
Gubbet Kadhab, whence he returned to Hadibu. 

I now proceed to describe the more conspicuous and interesting varieties of rocks in 
Professor Balfour's collection, taking the more crystalline and most ancient series 
first in order. 

Gneissic rocks. 

The existence of a series of highly crystalline metamorphic rocks in the Island of 
Socotra is indubitable, notwithstanding the difficulty already mentioned, of deciding 
without further examination whether certain of the specimens are to be referred to 
the granitoid gneisses or the granites. This series forms the floor on which rest the 
greiit limestone plateau and some other sedimentary deposits, and is well exposed in 
the western and to some extent in the eastern part of the island, being replaced in the 
central and most elevated region by true granites. The following are the principal 
varieties : "(a) gneisses, not conspicuously foliated, consisting of quartz, felspar (gene- 
rally of pinkish colour) and mica, black and white, and possibly hornblende. As a 
type of these a specimen from a hill near the opening of GoUonsir Valley was 
examined microscopically. The slide exhibits quartz, felspar, little elongated clusters 
of green hornblende with some epidote, opacite, ferrite, and a few scales of white mica. 
The felspar is chiefly microdine, a variety which is remarkably abundant in the 
Hebridean gneisses and in others of great antiquity. There is also* a plagioclase, 
probably albite,* and some of the felspar crystals contain groups of small colourless 
microliths with a parallel arrangement. This structure I have also observed in some 
of the old gneisses from Greenland. The quartz contains small cavities (rarely with 

* In attempting to determine the species of the felspar I have made nse of the optical tests given by 
Professors Fouque and hikyx (among others) in their magnificent work " Roches Eruptives Francises," 
I oannot, however, say that I feel great confidence in the resnlts of the method, 
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bubbles), prismatic microliths of very pale green colour, and numerous colourless hair- 
like microliths, scattered irregularly throughout the grain. The resemblance of the 
specimens to examples from the Hebridean series of Scotland, the Laurentian series of 
America, and other Archaean rocks is very striking. [4115], one of a large series from 
the right bank of the upper part of the GoUonsir Valley, contains a fair proportion of 
black mica instead of hornblende. Apatite can be recognised, and the small, almost 
colourless, prismatic microliths already mentioned, some of which may be referred to 
this mineral, though I am of opinion that the majority are different. There is no 
microcline, but a good deal of plagioclase, probably both albite and oligoclase. [4124] 
contains hornblende with a black mica and sphene. (6) granitoid gneisses, consisting 
mainly of quartz and felspar, belonging to the group for which I have proposed the name 
granitoidite.* In these the quartz and felspar correspond with those described above, 
and the principal difference is that the rock is mainly composed of these two minerals, 
with an occasional grain of iron peroxide and a flake or two of iron glance or a ferra- 
ginous mica, hornblende or epidote. (c) homblendic rocks, which we shall notice in 
the next paragraph, and {d) an impure quartzite from near Kami, north-east of th? 
Haggier range. This rock consists of quartz, decomposed felspar, epidote, and 
perhaps a little hornblende, with, in parts, a good deal of magnetite. 

Diorite and other hornhlendic rocks. 

I have made this division somewhat vague for two reasons : one that in rocks of 
igneous origin the hornblende is not unfrequently of secondary origin, having replaced 
augite or diallage, so that the rock is more properly a uralitic or homblendic diabase 
than a true diorite : the other, that the means of making a thorough study of some 
difficult examples of these rocks — corresponding with those already mentioned in the 
gneisses and granites — are only now being obtained by me.t From the hill near the 
opening of GoUonsir Valley is a series of specimens, which, according to Professor 
Balfour, come from what appears to be a dyke in the Archaean series. Some are 
coarser in texture than others. Two of these [4009] and [4005] have been examined 
microscopically, of which the former was in situ, the latter from a loose block. They 
consist of a decomposed felspar, in which, however, the remains of the twinning 
characteristic of plagioclase can occasionally be discerned, of hornblende, black mica, 
and opacite, vnth some apatite, and a few grains of epidote. The hornblende is green in 
colour and exhibits very characteristic cleavage. The mica is sometimes altered to a 
greenish mineral, and often contains needles and grains of opacite, generally arranged 
parallel with the principal cleavage planes. In [4053] "from the slope of the hill 

• Quart. Jour. Qeol. Soc., vol. xxxv., p. 322. 

t It niTUit be remembered, in excuse for this ignorance, that it is of no use to purchase specimens for 
study of these difficult cases, or, bs a rule,- to trust the statements which one finds in print. The student 
must ooUect his own specimens, and to do this it is necessary to visit distant localities and expend much 
time and money. Hence difficulties are but slowly removed. 
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above Hanigon, to the west of the former locality," the felspar is less altered, and 
some of it, if we may trust the optical tests, is albite, and more of the green mineral 
appears to be an altered mica. Among the Archaean rocks on the right bank of the 
upper part of the Gollonsir Valley are two dykes. One of these [4145], a dark 
speckled rock with the felspathic constituent weathering yellow, consists of long 
narrow crystals of rather decomposed plagioclastic felspar and a homblendic mineral ; 
some of this shows very characteristic cleavage, other crystals when cut parallel with 
the edges of the prism exhibit a rather fibrous structure and look as if they might be 
of secondary origin. One or two possibly replace magnesia-mica. There is a little 
quartz, epidote, and some black iron peroxide, with, perhaps, a little apatite. The 
other dyke has much of its hornblende in long narrow crystals with the same secon- 
dary aspect, and the felspar crystals also, which to a great extent are replaced by 
secondary microliths, are long and narrow like those of a dolerite. A third specimen 
[4197] from a rock on the bank of a stream is of the same character, but rather more 
porphyritic. Many of the felspar crystals show a zonal structure, and the outer part 
remains clear, while the inner is replaced by secondary microliths. The small extinc- 
tion angle, where observable, leads me to conclude that oligoclase is the dominant 
felspar. In this slide magnesia-mica is recognisable. 

From the tracts traversed on the east of Ghubbet Kurmeh a remarkable rock has 
been brought, which, with some hesitation, I class among the diorites. The compact 
matrix is a dark blue, almost black colour, in which are thin crystals of felspar often 
nearly 1'' long. With the microscope the ground mass is seen to consist of small 
elongated felspar crystals having a rather fibrous or* " teazed " aspect, associated with 
much opacite and some green microliths of hornblende or chlorite, rather irregularly 
disseminated, and some flakes of brown mica. The larger crystals of plagioclase 
felspar show the greatest absorption at very small angles with the vibration planes of 
the crossed nicols, and parallel lamellae extinguish almost simultaneously, so that they 
are probably oligoclase. The hornblende, however, has very much the aspect of a 
secondary product, and I am disposed to regard the rock rather as a homblendic 
diabase than a true diorite. 

From an isolated hill in the middle of the Gharrieh Plain (mainly limestone), which 
is covered with a peculiar vegetation, come some dioritic rocks (associated apparently 
with granites or granitoid gneisses). One of these consists of a plagioclastic felspar, 
which (though in part replaced by microliths) from its large angle, where unaltered, 
between successive extinctions (often quite 30°) is probably, in part at least, anorthite, 
and of hornblende, also with a secondary aspect, some chlorite, with epidote, apatite, 
and a dichroic fibrous lamellar green mineral, which extinguishes parallel with the 
lamellse, and is more probably an altered mica than hornblende. A few grains of 
quartz are also present. 

Other homblendic rocks were noted during my examination of the specimens. 
Those described above certainly appear to be in all cases igneous rock, but it is quite 
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possible that among them may have been qpme of metamorphic origin referable to the 
Archaean series, for, as my experience in Cornwall and Scotland has shown me, it is 
sometimes by no means easy to distinguish the one from the other in hand specimens. 

Dolerites, basalts, dc. 

The information furnished to me does not allow me to attempt any claasification of 
this group. Some of the basalts cut the limestones and so are among the most modem 
known igneous rocks of the island, but whether all these augitic rocks are of the 
same date it is impossible to say : probably they are not. 

A dolerite from the plain on the south-west of the stream in GoUonsir Valley [4051], 
is a rather coarsely crystalline rock, consisting mainly of whitish felspar and black augite. 
The former, under the microscope, proves to be well preserved labradorite, the crystals 
of which have fairly regular linear boundaries, and in form are rather broad oblongs. 
The augite, which has solidified after the felspar, is full, in one or two cases, of irregular 
grains of opacite, which sometimes make up almost the whole of the crystal. Incipient 
conversion into uralite is exhibited, crystals of augite having sometimes an irregular 
border of the latter mineral ; while sometimes minute scales of it are disseminated in the 
nearly colourless augite crystal. In one or two instances almost the whole crystal is 
replaced by uralite. 

One of the dykes near Kadhab village [4198], I leave, after microscopic examination, 
with some hesitation among the basalts. It retains some traces of a clear glassy base 
crowded with opacite and other microliths, some acicular and colourless, which with 
some larger crystals are rather like anorthite, others are of a greenish-yellow colour, 
fibrous or filmy ; these being generally associated in irregular patches, with interspersed 
specks of opacite. They are most like replacements of an augitic constituent. A little 
hornblende can also be recognised. There are some indications of fluidal structure, 
and the rock evidently approaches the augite-andesite group. 

[4454], one of a group of rocks of doleritic aspect, from the base of Azalin on the 
bank of the Hasainho, speckled whitish and blackish, consists of (a) labradorite in well 
defined crystals, evidently the first mineral to consolidate ; (6) a slightly brown, rather 
dichroic augite, which in one case approaches diallage in its close cleavage ; (c) a dark 
brown hornblende, sometimes inclining at the edges to sap-green (Plate 7, fig. 1). 
This paragenesis — for I think the whole aspect of the hornblende forbids the idea that 
it is of secondary formation (the uralites being generally green, and often quite pale) — 
though not very common is &r from being unprecedented. It seems, for example, 
rather frequently in the old diabases of North Wales, and in the gabbro of Mont Colon 
(Pennine Alps). [4449], one of a very similar group of specimens, from the "rocks of 
which Azalin is composed," consists of well crystallized labradorite in good preservation, 
olivine, sometimes partially replaced by serpentinous microliths, opacite, augite, with a 
little diallage and hornblende. Some of the last mineral is certainly of secondary 
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origin, bordering augite crystals, but one or two grains of darker colour may possibly 
be original constituents. The latter specimen then comes near to the true dolerites, 
the former to the Labrador-diorites, 

From boulders in the bed of a stream-course near Femaighey (no rock occurring in 
situ), come some specimens, of which [4499] may be taken as a type. The ground mass 
consists of a mass of small crystals of a white felspar and a black mineral, in which 
are scattered larger felspar crystals, sometimes 2 inches long. Under the microscope 
the rock is seen to consist of a rather decomposed labradorite, of a dull green, dirty- 
looking mineral associated with and occasionally replaced by opacite, probably a decom- 
posed augite or diallage, and of a fibrous or scaly green mineral, giving bright tints with 
crossed nicols, also associated with grains of opacite. These aggregates have probably 
replaced olivine. There are also some fair sized crystals of apatite. The rock then 
has been an olivine-dolerite, but would now be more properly classed with the 
diabases. 

Granites. 

For the reasons given above I am unable to decide whether some of the specimens 
brought by Professor Balfour are true granites or only exceptional examples of the 
granitoid gneisses or granitoidites.* At the same time we need not hesitate to admit 
the existence of a considerable amount of this rock, especially in the more central part 
of the island, as for instance in the Haggler range. The gnmites of Socotra, as a rule, 
consist mainly of quartz and felspar, and so belong, as we have said, to the variety 
pegmatite. The latter mineral usually predominates and is commonly of a reddish 
colour. They are frequently much decomposed and not seldom show some indications 
of a graphic structure. It will suffice to select two or three from a large series as 
examples. [4249], " from the high cliff on the northern face of the Haggler range, one 
of the specimens typical of the rock forming the highest peaks," is a good example 
of the coarse red and white pegmatite. Microscopically it consists of a decomposed 
felspar, most, if not all, being orthoclase, quartz with numerous microlithic enclosures 
and minute fluid cavities, and a little of a dark green strongly dichroic minei-al. Some 
of this is hornblende, but part of it much resembles tourmaline, to which mineral some 
acicular microliths, in one case in a tufted group, almost certainly belong. A second 
[4241] *'from the slopes above Hadibu," has among it felspar, microcline, and a fair 
quantity of plagioclase (? oligoclase), grains of magnetite and a green chloritic mineral 
associated with clots of opacite, evidently replacing a magnesia-mica, associated with 
which is a little of a colourless mineral, possibly apatite. [4264], from the same region, 
is a "vein-granite, which cuts the coarser variety.'' It is a very finely crystalline 
quartz-felspar rock of a warm grey colour, containing some dark crystals about 0*25'' 
long. With the microscope it is seen to consist of intercrystallised quartz and felspar, 
the latter often exhibiting close twinning and sometimes being probably microcline. 

* Quart. Joar., Qeo. See., yoL xxzy., p. 322. 
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The crystals occasionally exhibit rectilinear boundaries, but often interlace one with 
another and with the quartz in a very complicated way, as is not seldom the case in 
vein-granites. The slide contains some brown mica and tourmaline, the latter certainly 
a pseudomorph after the former. Two crystals retain a cleavage resembling hornblende, 
but behave optically as a uniaxial mineral, and when properly placed absorb the 
polarised beam far more completely than is usual with hornblende — a curious case of 
pseudomorphism, which, however, is not without parallels (Plate 7, fig. 2). [4205], 
an erratic near Kadhab village, doubtless from the western part of the Haggler range, 
is a red felspar-granite rather similar to the last, with a little iron-mica. [4207], a 
rather similar rock from tbe same region, exhibits in part a distinct micrographic 
structure; the decomposed felspar crystals are intimately interbanded with quartz, 
possibly of secondary origin ; these two are most likely vein-granites. [4439], near 
Hesainho, in a region cut by felstone dykes, is a fine-grained pink and white granite 
with green specks, which under the microscope shows intercrystallised quartz and 
decomposed felspar (orthoclase and (?) oligoclase), with an approach to a graphic 
structure, besides some altered biotite — ^the rock is cut by a dyke of gabbro. Between 
these two rocks is a thin zone composed of the granite and the gabbro crushed, and to 
some extent mingled, though the materials of the former predominate. The constituents 
have been subsequently recemented, probably by deposition of quartz; this crushing was 
doubtless subsequent to the solidification of the newer rock. From the north-west of 
the Girgha range comes a series of specimens varying from coarse to moderately fine 
crystaUine, and consisting of quartz and felspar with small quantities of hornblende 
and black /nica, having a general resemblance to those already described from the 
Haggler range. Microscopic examination of one [4335] shows that the felspar is ortho- 
clase, and perhaps microcline, with oligoclase. Small quantities of a chloritic mineral 
and a few microliths, possibly of tourmaUne, are also present. The structure of the 
rock is rather abnormal for a granite, having some resemblance to the granitoid gneisses, 
but as there has been some local crushing and recementation, it may, notwithstanding, 
be a true granite. 

Felstones and rhyolites. 

Under this head I have retained a large nmnber of rocks, which in some cases it 
would have been easy, but in others impossible, to subdivide. Petrologists are at 
present hardly in a position to agree upon precise definitions for the names of certain 
of the more acid igneous rocks, or upon the classificatory value of some of their 
minute structures. For example, a felstone must have a ground mass which is either 
microcrystaUine or cryptocrystalline. But at present we cannot say whether or not 
these two structures correspond with different conditions in the past history of the rock, 
and so are of specific rather than of varietal value. Again, the latter structure, in 
some cases, appears to have been produced during the solidification of the mass, in 
others long afterwards. These, at present, it is often impossible to distinguisL Again, 
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although we can often make a reasonable conjecture, we have no sure criteria for distin- 
guishing between specimens taken from a dyke and from a flow, if they happen to have 
solidified under approximately similar circumstances. Hence, seeing that while in the 
present extensive series from Socotra there are some which are certainly from intrusive 
masses and others which are almost as certainly from lava flows, there are several which 
I cannot separate, either lithologically or petrologically, I have thought it better to 
group them under one general title, and indicate in the description what seems the 
most probable history of the rock from which the specimen has been taken. The 
majority of these Socotra felstones are of a warm red or purplish colour, though some of 
a grey tint also occur. They vary from minutely crystalline (approaching on this side 
vein-granites) to very compact subvitreous rocks which sometimes show a well marked 
fluidal structure. It will, perhaps, be more convenient to describe them as they occur 
geographically rather than to attempt to make a lithological arrangement. 

The first specimen [4049] is from a dyke in the ArchaBan series, not far from the 
coast of Gubbet GoUonsir, about 1^ mile east of Has Bedu, at the western extremity 
of the northern coast of Socotra. It is a compact dull-coloured felsite, weathering a 
pale yellowish-brown, containing many little black crystals. Under the microscope 
the rock appears to have a glassy base, stained with ferrite so as to present a rather 
muddy aspect, in which are scattered many small and well-foimed crystals, both of 
felspar and green hornblende ; among the former orthoclase and a plagioclase, possibly 
albite, can be recognised ; the latter crystals are generally well formed but sometimes 
include portions of the ground mass. This, when examined with the two nicols, is 
to be seen full of minute microliths of felspar, but there appears to be some^ remains of 
a glassy base. There is no free quartz. The rock then appears to be intermediate 
between the hornblende andesites and the sanidine (or orthoclase) trachytes. From 
the same neighbourhood also comes a rather granular quartz-felsite containing some 
hornblende. Several specimens have been examined from an interesting series 
obtained on the plain near Kadhab village; unfortunately none of these occur in situ, 
but, as Professor Balfour informs ine, they doubtless come from a part of the Haggier 
range lying to the south-east. [4206], a compact dark felsite with paler spots and 
wavy bands of a more crystalline material, containing small scattered crystals of pink 
felspar, exhibits under the microscope a clear base (perhaps not wholly devitrified) 
studded with numberless minute graiiules and rods of opacite, indicating a fluidal 
structure. The spots and bands prove to be groups of spherulites crowded together 
with irregular interlocking edges.* There is some green hornblende, generally in 
clustered granules, possibly associated with minute tourmaline. The larger felspar 
crystals resemble orthoclase or sanidine, and there is a little free quartz. It is there- 
fore a rhyolite, but not one of the kind which, judging from this collection, is so com- 
mon in Socotra. Of this [4203, 4213, 4214] are types, "compact red felstones or 

* As in the figures of a devitrified glass : Daubbi^.e, * fitudes Synthetiqnes de Qfologie Exp^rimentale,' 
1» Partie, pp. 170 and 171. 
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rhyolites," exhibiting on their weathered surfaces a beautifully distinct and rather 
parallel fluidal structure. This is most perfect in the second specimen. Microscopic 
examination shows it to be produced by ferrite-stained bands and lines of opacite 
granules and trichites with clearer interspaces. Small crystals of quartz, felspar, and 
little spherulites occur occasionally. The ground mass seems to be wholly devitrified. 
The first specimen shows traces of *' flow brecciation" and is more unequally devitrified, 
with but few imperfect spherulites. The last [4214] has irregular spherulites and bands 
with a brush-like arrangement of microliths : it contains a little more free quartz. 
From " the banks of the Kereguiti stream, south of Hadibu," apparently intrusive in 
the green slaty rocks and the lower part of the overlying limestone, come pale buff or 
grey felsites. [4234] exhibits under the microscope an extremely minute devitrified 
structure, the slide is slightly clouded with fenite and contains small scattered granules 
of quartz and felspar and minute specks of ({) hornblende. This rock is not unlike 
some of the most compact varieties of felstone from the Bala group of North Wales. 
From '• the spurs of the Haggier range nmning towards the sea " come compact red 
quartz-felsit-es and rhyolites, generally resembling those already described. [4285] is 
cryptocrystaUine, with a rather coraloid or arborescent structure, occasionally spheru- 
litic; it is much stained with ferrite, contains a few scattered grains of quartz, decom* 
posed felspar, iron peroxide, and hornblende or tourmaline, and is more probably from a 
dyke than from a flow. 

A pinkish quartz-felsite [4331] **from the interbanded group of rocks underlying 
the conglomeratic base of the limestone, south of Ma-aber," has a cryptocrystalline 
ground mass of quartz and decomposed ferrite-stained felspar; the former mineral^ 
which is very abundant, has at first sight a rounded or polygonal outline, giving the 
rock a superficial resemblance to one of fragmental origin. In this ground mass are 
scattered grains of quartz, crystals of felspar, and (probably) magnetite. In the 
eastern part of the Haggier range near Adona the coarse red pegmatite is cut by duU 
purplish compact felstone dykes. [4399] has been taken from a vein only about f 
thick. The junction with the granite is beautifully exhibited in the slide, one or two 
small fragments of the latter being included in the former. This exhibits a crypto* 
crystalline structure, almost microcrystalline in parts, which, however, is in no respect 
remarkable. In the other [4368], also a junction specimen, the intrusive rock is 
minutely devitrified, shows slight fluidal structure, and has a general resemblance to 
the rhyolites already described ; a small band of crushed granite occurs at the junc* 
tion, as shovm in the figure (Plate 7, fig. 3). 

The felsites, which are associated with the argillites and calcareous rocks on the 
banks of the Kereguiti stream (Hadibu Plain), being apparently intrusive in them, are 
of a different character ; they are compact flinty felsites of a pale buff or grey colour- 
One [4234] under the microscope exhibits an extremely minute cryptocrystalline struc- 
ture, the ground mass being irregularly and lightly clouded with ferrite, containing 
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specks of a homblendic or chloritic mineral, with grains of quartz and felspar, some of 
which show the twinning of plagioclase. 

Rhyolites of a purplish colour, exhibiting fluidal structure, and of the former type, 
occur among the boulders on the plain between Girgha and Omhari, and pinkish 
quartz-felsites come from the extreme north-west of the Girgha range, where, in the 
ascent of a valley from the Hadibu plain, *'red granite, white granite, reddish 
felstone, and intrusive dark rock, alternate one with another with marvellous rapidity, 
and disappear under the limestone on the northern side." One of the quartz-felsites 
[4285] under the microscope exhibits a rather irregular cryptocrystalline structure, 
approaching coralloid or aborescent, here and there spherulitic ; the spherulites having 
an irregular outline. The slide is stained with ferrite, contains a few scattered grains 
and imperfect crystals of quartz, decomposed felspar, with microliths of iron-peroxide, 
and hornblende or tourmaline. From the group of compact felsites or rhyolites, 
which are members of a very variable series of rocks near Gedidery, one of the most 
compact, of a purplish colour [4364], exhibits under the microscope a clear base, inter- 
spersed with minute aggregated granules of ferrite, varying from a sienna-brown 
colour to almost black, which gives a mottled aspect to the slide. Scattered in this 
are crystals of sanidine and plagioclase (? albite), and other crystals, now occupied by 
yellowish-brown secondary minerals and clotted ferrite, but which, judging from their 
outlines, have in some cases almost certainly been augite, others, however, may have 
been biotite. The felspar crystals have a curiously rounded outline, and contain 
numerous enclosiu*es of brown glass. No free quartz is visible, so that the rock must 
be classed with the sanidine trachytes. The compact red felsites intrusive in granites 
"from the side of Khor, near the village of Gharrieh," are very much of the normal type, 
compact reddish or pinkish felsites, containing minute specks of quartz and of a 
gi'eenish mineral, with small felspar .crystals. [4359], examined microscopically, 
exhibits one of the slightly " arborescent *' cryptocrystalline structures already noticed, 
and is clearly related to types described above. [4360], from the same region, is very 
closely related to the vein-granites in structure. The groimd mass is microcrystalline; 
the quartz, which occurs in irregular grains of variable size, has many microlithic 
enclosures; there are one or two distinguishable crystals of orthoclase, and clusters of 
small crystals of biotite. 

Several specimens of compact felsites or rhyolites have been brought from the dis- 
trict to the west of Kittim and then north-north-west as far as Azorah, where these, 
together with a conglomerate or agglomerate containing a similar rock, form a large 
part of the hills of this district. Ten slides have been examined microscopically, but 
after what has been already said it will be needless to do more than indicate their 
distinctive features. [4443] and [4482] are microcrystalline and exhibit an imperfect 
micrographic structure, the former having a more porphyritic structure. It contains a 
good quantity of plagioclase (? albite) among its felspars and a few specks of decomposed 
grown mica. [4458], [4472], and [4473] are reddish rhyolites with a cryptocrystaUine 
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ground mass, and more or less of a spherulic structure. The second is a particular 
interesting example, longish microliths of ferrite-stained felspar being scattered, or 
irregularly grouped, among clear quartz and occasionally formed into true spherulites, 
which are often enclosed by a dark ring. The microliths frequently indicate by their 
grouping an incipient micrographic structure (Plat^ 7, fig. 4). [4408] and [4413] 
are rhyolites showing a very marked fluidaJ structure, the former affording one of the 
best examples of " flow brecciation " that I have ever seen ; fragments of lava, often 
differing considerably in their minor characteristics, being entangled in the matrix of 
the slide, showing that the partially solidified rock from time to time has been broken 
up and swept along by the pressiure of the still liquid mass behind (Plate 7, fig. 5). 
The rock has been subsequently cracked and the fissures cemented by infiltrated 
minerals, among which is opal. The locality of the last two rocks is indicated as " close 
to Azorah (almost halfway between the north and south coasts).'* [4446] and [4448] 
are rocks of a dull purple colour, with small amygdaloids (Plate 7, fig. 6). The matrix 
consists of very minute elongated felspar microliths in a base, rendered almost opaque with 
ferrite and opacite ; opal, chalcedony, and a clear mineral resembling felspar occupying the 
vesicles of the rock. Its relations are perhaps rather with the andesites than the true 
trachytes. [4431], from nearer Kittim, where it is associated .with conglomerates and 
forms low hills, looking in places much like a lava flow, differs from the others in 
colour, being a compact pale grey rock like some of those which I have obtained from 
Moneadhmore Glen, in Arran, or even from North Wales ; it has a rather variable 
cryptocrystalline base, ferrite-stained, in which are scattered many small felspar crystals 
(probably orthoclase), quartz, and a chloritic mineral. Apart from the confirmatory 
evidence given by Professor Balfour, I should have felt no hesitation in asserting 
that some, at least, of these rocks formed parts of lava flows ; they are anterior in 
date to the limestone beneath which they pass. 

From the hill of Afero, which. Professor Balfour states, reminded him of a volcanic 
neck, west-south-west of Azorah, approaching the eastern end of the Haggler range, 
come more reddish compact quartz-felsites and rhyolites of the usual type. A specimen 
[4436] which has been examined microscopically exhibits a fluidal structure, in parts 
cryptocrystalline, in parts rather microcrystalline, and much ferrite-stained ; but it is 
needless to dwell on points of only varietal interest. 

The last specimens from this group of rocks examined microscopically were collected 
in situ near Feraighey, on the southern side of the Haggler range. [4440] is a very 
compact pale Indian-red felsite, resembling a group described above [4458, &c.], but is 
a little more spherulitic. [4420] is nearer to [4446] in general character; there are 
some curious rounded concretionary spots of opacite, and perhaps one or two minute 
amyefdaloids. 

Mica-traps. 

From Socotra we have one or two representatives of this outlying and rather vague 
but convenient group. One [4270] is from a dyke forming the floor of a gully on the 
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northern side of the Haggler MountainB, inland from Hadibu. The gully is excavated 
in the coarse reddish pegmatite, which is cut by a vein granite [4264] (p. 282). This 
mica-trap is a rather compact variety consisting of a reddish felspar, mica, and a dull 
greenish mineral. Microscopically it consists of felspar, mainly orthoclase, in t^rhich 
are scattered numerous microliths of opacite, hornblende and mica, with larger crystals 
of brown and white mica, chiefly the former, hematite and hornblende, the last being 
often crowded with opacite and clear microliths, perhaps apatite. The rock then is a 
minette and follows its usual habit of occurring in a dyke or vein. 

From the shore west of Hadibu, near the argillites (p. 289), comes a very minutely 
crystalline rock of dull-grey colour, which when microscopically examined consists of 
decomposed felspar, probably plagioclase, altered magnesia-mica, iron peroxide, a 
little hornblende, apatite (?), and interstitial quartz. This then is a kersantite. 

From between Kami and the hamlet Ma-aber, on the Motaha, comes a minutely 
crystalline rock [4309] associated with felspathic granitoid rocks already mentioned 
(p. 276), which consists of pale grey felspar, mica, and some quartz, grains of each 
occurring porphyritically in the ground mass. The microscope shows that a good deal 
of the felspar is plagioclase, some being oligoclase, but orthoclase is also present ; the 
larger crystals often enplose numerous clear microliths, there is also much biotite and 
some quartz, with grains of iron peroxide. The rock then is a quartz-kersantite. 

Unaltered clastic rocks. 

Passing now to the comparatively unaltered clastic rocks, we have first to notice the 
agglomerates or conglomerates from the district near Kittim, where they occur in large 
masses in association with the rhyolites as already described (p. 277). There are 
conglomerates and breccias (generally rather decomposed) of a compact red rhyolitic 
rock, some of which reminded me in appearance of the specimens of late Precambrian 
age, which are so common to the west-south-west of Bangor, a mile or two from the 
town.* 

[4437] has been examined microscopically. It is composed of fragments of rhyolitic 
lava, subangular to rather rounded, with some quartz grains, containing very minute 
cavities, and a very little of a cementing matrix, which is generally stained with fenite 
or viridite. The lava fragments vary considerably in their structures. One, containing 
some small felspar microlites, has a marked fluidal structure, being banded with very 
dark ferrite ; it is almost certainly a fragment of scoria or from the slaggy exterior of 
a lava flow ; others exhibit various fluidal and microlithic structures. Most of them 
are ferrite stained, and more or less devitrified : materials derived probably from more 
than one source. There are also some grains of viridite, these being probably altered 
fragments of augite or hornblende. The rock is a rhyolitic grit, the materials of which 
are certainly of volcanic origin, but probably (in this particular case) have been 
transported by water. The resemblance already noticed to the Welsh Precambrian 
* Quart. Joam. Geol. Soc, vol. xxxv., p. 309, and Geol. Mag., Dee. ii., vol. vii., p. 298. 
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rocks does not disappear under the microscope, and I think we have in this group 
of specimens evidence of volcanoes of very considerable geologic antiquity. 

The conglomerates of rhyolite and felsite, which occur as boulders on the Nogad 
plain (p. 278), though their materials have been derived from the same group of igneous 
rocks, are probably far more modem than the last. These I have not deemed it 
necessary to examine microscopically. Breccias and conglomerates of various kinds 
are not infrequent in Socotra, but generally present no special interest. Some occur just 
at the base of the limestone series, others may be quite modem ; subsenal or stream 
detritus, cemented by tufaceous deposit. 

Argillites. 

This group of rocks, found underlying the limestone near Hadibu Bay (p. 276), is 
one upon the exact nature of which it is difficult to decide. I am not able to satisfy 
myself, from the specimens which I have received, whether there is a true cleavage or 
not ; the rock has a somewhat porcellaneous aspect, as if it were at least of palaeozoic 
age, but as there appear to be intrusive rocks in the neighbourhood, one hesitates 
without further evidence to assign it to a remote geologic period. As, however, there 
is at the base of the limestone a breccia of fragments, seemingly in the same mineral 
condition, and as there seems to be an unconformity here, the interval between the two 
groups of rocks is probably considerable. Shaly bands are, indeed, said to occur in the 
lower part of the limestone, but it is possible that these may be formed of detrital 
material from the older group. Microscopic examination does not throw much light 
on the history of the latter. The specimens are composed of earthy material and 
minute, rather angular, fragments of a clear mineral (quartz, with possibly some 
felspar), and a number of exceedingly minute, doubly-refracting, rather highly-tinted 
granules ; these are probably in some cases a variety of hornblende, in others epidote. 

Limestone and dolomite. 

Several specimens of the massive limestones which form so much of the upland 
district in Socotra are among Professor Balfour's collection. Generally they are 
compact in texture, with a dean subconchoidal fracture^ buff, whitish, or sometimes 
pinkish in colour ; in aspect often remarkably like the ordinary dolomitic rock of the 
Italian Tyrol. The weathered sur&ces are sometimes curiously rough and cavernous. 
I have examined microscopically a few specimens from different parts of the island. 
The first [4168] is one of a series collected in the district extending from the head of 
the Gollonsir Valley towards the Kadhab Plain. These are compact in structure with 
a subconchoidal fracture, buff coloured and pinkish, the former being more crystalline. 
The specimen examined is a very pretty pinkish rock that would take a good polish. 
It contains numerous organisms, both tolerably perfect and fragmentary, among which 
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foraminifera abound. Among these we can recognise* Globigerina (abundant) 
jKotoZi/w»— probably two forms of Planorbulina, one like Ammonoides, and the other 
outspread like MediteiTanensis — Textularia (more than one form), Amphisteginay and 
possibly a small NummuliteSy with fragments of mollusca, polyzoa (?), and of other 
organisms which I cannot recognise. The matrix is rather earthy. 

A specimen [4048] from the cliff capping the ridge above Hainjou (west end of the 
island) is a very compact pale cream-coloured limestone. Microscopic examination 
shows a matrix of dusky grey material, with minutely-crystallized calcite and probably 
a little dolomite, which occurs also in thin veins, and some minute granules which may 
be glauconite. It contains several RotalincB, possibly Planorhvlina and Discorhina, 
and perhaps Rotalta, together with a large fragment rather resembling a piece of 
a Cristellaria. 

Buff limestones from the Kadhab Plain, [4188] and [4195]. The former contains 
numerous mineral fragments, apparently quartz and felspar, with organisms broken 
and whole, among which Amphistegina and Miliola are recognisable, and bits of the 
shells of mollusca. The organisms are more or less dolomitized. The latter contains 
many GlohigerincB with Amphistegina (small), perhaps an Orhitoides, and fragments of 
mollusca and polyzoa. This rock also is slightly dolomitized. 

A specimen of limestone [4107] from the plateau west of Ras Mom, near the 
eastern extremity of Socotra, is a buff-coloured rock with a minute oolitic structure, 
the weathered surface being full of small holes. Under the microscope we found a 
clear dolomitic matrix full of darkish rings, circular to irregular oval in form, with a 
radial-fibrous structure, and as a nucleus commonly either a fragment of quartz or of 
a foraminifer, though sometimes they inclose simply the matrix ; sometimes also the 
concentric structure extends to the centre of the oolitic grain. 

[4456] — a very compact pale buff Umestone from the top of Ras Mom, in appearance 
almost exactly like a bit of Schlem or Dachstein dolomite, is shown on microscopic 
examination to be a true dolomite. It contains numerous organisms, which, as is 
commonly the case, are more completely dolomitized than the matiix, and so rendered 
rather diflBcult of identification. There are many foraminifera, among them certainly 
Amphistegina, and perhaps Nummulites, Globigerina, with fragments which I believe 
to be polyzoa. 

As regards the geologic age of these limestones, Globegerina has had a long exis- 
tence, like Textularia ; Nummulites began long since, and still lingers, but was most 
abundant in the eocene time ; Orbitoides began in cretaceous and disappeared before 
the latest part of the tertiary age ; Amphistegina, however, which is one of the most 



* As I have not worked much at tbin sections of foraminiferal limestone, I submitted all tbese slides 
-to Professor Rupert Jones, F.R.S. With bis wonted kindness, though at the time fiur from well, he 
examined them and gave me a series of notes, which are embodied in the text, so that the identifications 
rest upon his authority, than which it would be difficult to find a better. 
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abundant foraminifers in these rocks, ranges from the miocene upwards, hence it is 
probable that the age of these Socotra limestones is miocene. 

Conclusion. 

From the above remarks it would appear that in Socotra we have, as the foundation 
stones and " core " of the island, if the phrase be permissible, a mass of rock of very 
great antiquity. There is clear evidence of the presence of gneissic rocks which in 
their lithological characters resemble closely those which exist in the north-west of 
Scotland, the Malvern Hills and one or two other localities in our own island, in 
Northern America, and in many other parts of the globe. By whatever name these 
may be called, and however they may be correlated one with another, it is evident 
that their antiquity is enormously great, and that they had attained their present 
mineral condition before the earliest palaeozoic rocks were deposited. Associated with 
these are granites, which, though of later date, are probably also of great antiquity. 
In the Sinai peninsula we have also gneiss, schists, and various granitic rocks. Of the 
latter I possess a small collection, given to me by Professor E. H. Palmer,* and the 
resemblance of some of the specimens to those of Socotra is very remarkable. In the 
geological notes added by the Rev. F. W. Holland to the Report of the Ordnance 
Survey (ch. viii.) we find it stated, indeed, that the prevailing rock, in the Sinai region, 
is syenite (by which term probably homblendic granite is meant), so that out of several 
himdred specimens he only possessed two or three of true granite. This may be, but 
my specimens from the summits of Serbal, of Jebel Musa, and Um Shomer closely 
resemble some of the Socotra rocks, especially the first and second, which are coarse 
reddish granites composed almost wholly of quartz and felspar (pegmatites). From 
the simimit of Serbal also comes a finer grained granite, and I have an ordinary granite 
from Wady Sigillia. Other specimens, exactly as in the Socotra collection, might be 
either true igneous or highly metamorphic rock. In the Sinai region the old gneiss 
appears only to have been recognised in the northern part, where it forms an irregular 
trough to the north of Jebel Serbal, the higher peaks (like the Haggier range in 
Socotra) being granite. I miss, however, from the Socotra district, or find but feebly 
represented — for there is one specimen which may belong to it — the friable variably- 
coloured sandstones which form so marked a feature in some parts of the Sinaitic 
peninsula (e.gr., Wady Mokatteb)t, These, after having been assigned to more than 
one geological epoch, were referred by Mr. Holland, on the evidence of fossils, to the 

* He was a member of the Sinai Survey Expedition in 1868-9. Two months after this paper was 
read, he was murdered by Arabs. The circumstances of his death are well known, but I may be allowed 
to pay a passing tribute to the memory of a singularly accomplished and learned man and very valued 
friend. 

t This absence of the sandstone is probably an accident (the rock being very friable), for Professor 
Balfoub mentions ** purple sandstones '' (see p. 275). 
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carboniferous. In Sinai, as in Socotra, we have huge masses of limestone, which in 
like way form great plateaux — as, for example, the Tih — and were deposited in an 
ocean, in which the well-known peaks of Sinai probably formed rocky islands, but 
deposition there commenced at an earlier period than we can venture with the evidence 
at present before us to claim for Socotra, for the limestones of Sinai are assigned to part 
of the cretaceous and to the eocene age ; the Nummulitic limestone, for example, being 
finely developed as in Wady Dhaghadeh. Coraliferous beds of miocene age are, however, 
found in that region.* The rocks of Sinai are cut by dykes of " basalt, greenstone, and 
porphyrite," the first of which, as in Socotra, are probably comparatively modem, but 
we do not find there, so far as I can learn, representatives of the great group of the 
quartz-felsites and rhyolites which seem so enormously developed in Socotra and were 
certainly connected with active volcanos. The geological age of these cannot be 
determined. They are undoubtedly older than the limestone group ; so that, if no 
part of this is earlier than the middle tertiary, they might belong to any geological 
period between that and the latest Precambrian, to the volcanic rocks of which they 
have, indeed, considerable resemblance. I am not aware that the "argillite" of 
Socotra — of wiiich I can only say that it is older than the limestone — ^is represented 
in Sinai. As here, so also in Socotra, there are basalts of comparatively late geologic 
age — post miocene— and in the latter some compact trachytic rocks, which, however, 
differ from the older rhyolites, and are generally paler in colour. 

We have, then, in Socotra, as it seems to me, evidence of rocks of an inunense, and 
a land surface of a very great, antiquity. Excepting this argillite of uncertain age 
and limited extent, and perhaps some sandstone (abo local), there is no evidence in 
the specimens before me to show that this island was submerged during any part of 
the palaeozoic or mesozoic period.t During the kainozoic it undoubtedly shared in the 
downward movement which affected so large a portion of the globe in and about the 
North African and mid- Asiatic districts ; but I should infer that the invasion of the 
sea commenced much earUer in the Sinaitic peninsula, and think it possible that the 
topmost peaks of the Haggier Mountains were at no time wholly submerged. As it 
again rose from the waves — ^perhaps being for a while connected with the African 
continent — the meteoric forces resumed their work of sculpture and the waves began 
their work of insulation. Since then the fauna and flora have undergone their own 
modifications, but in the Haggier Hills we have probably a fragment of a continental 

• Bauebhan, Qaarfc. Jour* Geol. Soc., vol. xxv., p. 37. 

t '* Africa soath of the Sahara was probably ft stable area dnring many of the alterations of the relative 
levels of land and sea of the north and of Europe." — Professor P. M. Duncan, Presidential Address to 
Geol. Soc. 1877, Journal, vol. xxxiii., p. 86 (Proceedings). West of the Sinai Peninsula old schists and 
granite crop out in Egypt, and east of it on the opposite side of the Gulf of Akabah, flanked in both 
cases by ''Nubian sandstone." See the map attached to the Presidential Address to the Geologists' 
Association (delivered November 3, 1882), by Mr. W. H. Hudleston (Proceedings, vol. viii., p. 1), in 
which is given an admirable summary of the Geology of Palestine and the neighbouring districts. 
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area of great antiquity and of a land surface which may have been an *' ark of refuge " 
to a terrestrial fauna and flora from one of the very earliest periods of this world's 
history. 



Description of Plates. 

PLATE 6. 

Sketch map of Socotra. 

The information at the Author's disposal has not enabled him to attempt to 
lay down the geological boundaries with any accuracy or to insert minor features, 
such as dykes, &c. It will be understood that the rock in the parts lefb blank 
(except where alluvial plains occur) is limestone of approximately middle tertiary 
age. Only the more important names are placed on the map. 



PLATE 7. 

Labrador diorite from base of Azalin (p. 281) X 20. 

(a.) Labrador felspar, in parts rather decomposed ; the striping is indicated as 
when a polarizing apparatus is used. This haa consolidated before the 
hornblende. 

(c.) The sap-green hornblende, within which is a crystal of iron oxide, probably 
ihnenite, and the pyroxenic constituent (6) of the text Since writing this I 
have noticed that one of the two vertical sections of the mineral extinguishes 
when the cleavage lines coincide with the vibration planes, and is rather 
dichroic, giving reddish and greenish tints, according as the vibration of the 
polarized beam is perpendicular to or parallel with the cleavage lines of 
the mineral. The cross sections, though much resembling augite, are rather 
abnormal in some respects. Thus, though the evidence is insufficient for 
certainty, I think it possible that we have here the rhombic pyroxene 
(hypersthene ?) lately described by Mr. Whitman Cboss (* Amer. Jour. 
Science,' Feb., 1883) and Mr. Teall {' Geol. Mag.,' Dec. ii., vol. x., p. 145), 
Vein granite from the slopes above Hadibu (p. 283) X 20. 

The figure contains two crystals, selected from difierent parts of the slide, 

to represent those crystals which while resembling hornblende in cleavage have 

optical characteristics agreeing with tourmaline. They are extremely dichroic, 

changing horn a clear sap-green to a blue-black. 
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3. Junction of fekite and granite. Haggier range, near Adona (p. 285) X 20. 

(a.) Very compact felsite. 
(6.) Crushed granite, 
(c.) Granite. 

Drawn with polarized light. 

4. Ehyolite with spherulites. Azorah district (p. 287) X 40. 

Selected as a fably typical example of a rather frequent type of rock. 

5. Rhyolite exhibiting " flow brecciation," near Azorah (p. 287) X 20. 

The dark streaky part (a) is the general ground mass of the rock in which 
fragments are entangled ; (h) exhibits small lath-like crystals of a decomposed 
felspar in a ferrite stained ground mass somewhat resembling that of the last 
sUde ; (c) exhibits a minute " speckled " devitrification structure ; (d) with a 
high power exhibits minute felspar microlites crowding a dark ferrite-stained 
base, while in the centre of the slide is a fragment showing a well-marked fluidal 
structure, the lighter parts of which are devitrified. It is of course possible that 
some of the ftrigments may be entangled lapUli, but the absence of a slaggy 
border and the general cleanness of their edges corresponds better with the idea 
of their having formed parts of the flow. 

6. " Trachyte *' with minute amygdaloidal cavity. Near Azorah (p. 287) X 30. 

The minute felspar microliths are slightly more evident in the slide than in 
the drawing, and one or two of the cavities are larger than that figured, but 
unfortunately their contents have partly torn away in grinding. 
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VII. Experiments yhy the Method of Lorentz, for the further Determination of 

the Absolute Value of the British Association Unit of Resistance^ with an Appendix 

on the Determination of the pitch of a Standard Tuning-Fork 

By Lord Rayleigh, F.R.S., Cavendish Professor of Experimental Physics in the 
University of Cambridge^ and Mrs. H. Sidgwick. 

Received December 8, 1882,--Read January 11, 1883. 

§ 1, In this method, which was employed by Lorentz in 1873,* a circular disc of 
metal is maintained in rotation at a uniform and known rate about an axis passing 
through its centre, and is placed in the magnetic field due to a battery ciu*rent which 
circulates through a coaxal coil of many turns. The revolving disc is touched at 
its centre and circumference by two wires. If the circuit were simply closed through 
a galvanometer, the instrument would indicate the current due to the electromotive 
force of induction acting against the resistance of the circuit. The electromotive force 
corresponding to each revolution is the same as would be generated in a single turn of 
wire coincident with the circumference of the disc by the formation or cessation of the 
battery current. If this be called y, and M be the coefficient of induction between 
the coil and the circumference, m the number of revolutions per second, the electro- 
motive force is mMy. In the actual arrangement, however, the circuit is not simply 
closed, but its terminals are connected with the extremities of a resistance R, traversed 
by the battery current, and the variable quantities are so adjusted that the electro- 
motive force Ry exactly balances that of induction. When the galvanometer indicates 
no current, the following relation, independent, it will be observed, of the magnitude 
of the battery current, must be satisfied — 

R=mM; 

and from this, M being known from the data of construction, the absolute resistance 
R of the conductor is determined. 

One of the principal difficulties to be overcome arises from the smallness of the 
resistance R, necessary for a balance, even when m and M are both increased as far 
as possible. Lorentz employed three resistances, ranging from "0008 to '002 of a 
mercury unit, and he evaded the necessity of comparing these small resistances with 
ordinary standards by constructing them of actual columns of mercury. His result 
was accordingly obtained directly in terms of mercury, and was to the effect that 

* PoGG, Ann., cxliz., p. 251. 
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1 mercury unit=-9337 X 10» C.G.S- 
diflPering neaxly 1 per cent, from the value (•941) obtained by ourselves, 

§ 2. Under the conviction that this method offers in some respects important 
advantages, and influenced also by the fact that the arrangements for producing and 
measuring the uniform rotation necessary were ready to our hfiinds, we determined to 
give it a trial, in the hope of obtaining confirmation of the results already arrived at 
by ourselves and by Glazebrook with other methods. At first the intention was to 
follow LoBENTZ in using for the resistance a glass tube full of mercury, with two 
points of which contact would be made by platinum wires passing through the glass. 
It appeared, however, that there would be diflSculty in making the measurements 
with the degree of accuracy aimed at. If the wires were sealed into the glass, the 
section would probably be rendered irregular. An attempt was made to avoid this 
difficulty by using a tube from which the ends had been cut with the aid of heat. 
After small nicks had been filed sufficiently deep to receive the platinum wires, the 
ends were replaced in their original positions and secured with shellac. In this way 
a satisfactory uniformity of section near the points of derivation could be attained, but 
the measurement of the distance between these points, which is required to be known 
with full accuracy, was rendered difficult by the presence of the cement. It is possible 
that these difficulties might have been overcome, but at this point a method of 
shunting occurred to us, allowing the use of mercury to be dispensed with. Merely 
for the purpose of connecting the mercury unit with the B. A. unit or other standard 
of resistance, it would not> be desirable to use tubes of such large bore.* This problem 
may more conveniently be taken by itself, and has already been treated by us in a 
former communication to the Society.t 

FLg.1 




§ 3. In the shunt method the greater part of the main current y passes on one side 
through a relatively small resistance a (see fig. 1), and the difference of potentials 
at the points of derivation B, C, is due to the passage of a small firaction only of the 
total current, the resistance (6+^) being great compared with a. If at the same 
time h be small relatively to c, the difference of potentials is doubly attenuated. Its 
value for a given main current y is found at once from the consideration that the 
current divides itself between the two branches in the inverse ratio of the resistances. 

The current through h is thus , y, and the difference of potentials at the points 

• If the distance between the points of derivation were 1 metre, R='002 mercnry unit would require 
a section equal to 500 square millims. 

t Phil. Trans., 1883, p. 173. 
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of derivation is . , . y. The quantity — r — thus takes the place of R in the 

simple formula, and is called the effective resistance. By taking for instance a=i, 
6=1, c=100, we get an effective resistance of about xJxy; and the resistances 
employed may be those of ordinary resistance coUs, capable of accurate comparison 
with the standards. 

§ 4. In designing the apparatus we were influenced by the fact that we had at our 
disposal two very suitable coils of large radius, wound some years ago by Professor 
Chrystal, the same in fact as were used by Mr. Glazebbook in his investigation by 
another method. By bringing the two coils close to one another and to the plane of 
the disc, the inductive effect is rendered a maximum. This arrangement accordingly 
was the one first experimented with, as being the most likely to prove successful. 

The diameter of the disc is limited by two considerations. If it be too small, the 
whole inductive effect, and with it the sensitiveness of the arrangement, suffers. On 
the other hand if it be too large, the circumference enters the more intense region of 
magnetic force which lies near the wire, and the coefl&cient of induction changes its 
value rapidly when any alteration occurs in the mean radius of the coils, or in the 
diameter of the disc, and thus the final result becomes too sensitive to errors in the 
magnitudes of these elements. In the Phil. Mag. for November, 1882, the reader 
will find a calculation of the values of M for various cases, and a general comparison 
of the principal methods for determining absolute resistance especially in respect of 
errors arising in connexion with the fundamental linear measurements. For the 
experiments now to be described, the diameter of the disc was chosen so as to be 
somewhat more than half that of the coils (§§ 22, 23). 

§ 5. The disc was of brass and turned upon a solid brass rod as axle. This axle 
was mounted vertically in the same frame that carried the revolving coil in the 
experiments described in a former communication to the Society* (see Plate 48), an 
arrangement both economical and convenient, as it allowed the apparatus then 
employed for driving the disc and for obsei*ving the speed to remain almost undis- 
turbed. The coils were supported horizontally upon wooden pieces screwed on the 
inner side of the three uprights of the frame. 

During the earlier trials, extending over the month of May, 1882, the edge of the 
disc was bevelled, and contact was made with it by means of a brush of fine copper 
wires held in a nearly vertical position. No suflSciently regxdar results could be 
obtained until the sliding surfaces were amalgamated, and even then there were 
discrepancies between the work of one day and that of another, whose cause was not 
discovered until a later period. It soon became manifest, however, that the bevelled 
edge would not answer the purpose, for it cut its way by degrees into the wires of the 
brush in such a manner as to render the effective radius imcertain. The substitution 
of a cylindrical for a bevelled edge promised better results. The width of the edge 

♦ Phil. Trans., Part IL, 1882. 
MIKX«LXXXIII. 2 r> 
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(equal to the thickness of the disc) was 4^ millims. and allowed sufficient room for 
the contact of the brush though placed tangentially. In this way broader bearing 
surfaces were available, and the small extension of the contact in the direction of the 
axis is unobjectionable, provided everything is arranged symmetrically with respect to 
the middle plane of the disc. 

As will presently appear, the success of the method is independent of any constant 
thermo-electric force at the sliding contact, but it is evident that good readings cannot 
be taken if the thermo-electric force changes its magnitude often and suddenly. It 
was found advisable to renew the amalgamation of the edge at the commencement of 
each day's work. The excess of mercury, if any, attaches itself to the brush, and 
does not appear to render the diameter of the disc uncertain. 

The inner contact was made in a similar manner by a brush pressing against the 
shaft itself at a place a little below that at which the disc was attached. The 
coefficient of induction to be employed in the calculation is the difference between the 
coefficients for the coil and the outer and inner circles of sliding contact respectively, 
but the latter is quite subordinate (§ 25). 

§ 6. The disc was driven by the same water-engine that was employed for the 
revolving coil of former determinations,* the connexion being made by a long cord 
passing round a wooden pulley attached to the lower part of the shaft. To the upper 
face of the disc was cemented a circle of paper on which were marked a series of circles 
of alternately black and white teetL One observer looking through the prongs of an 
electro-magnetically maintained fork regulated the speed of the disc by application of 
the necessary friction to the driving-cord, which passed through his fingers. When 
one of the series of circles is seen to be stationary, a simple and easily expressed 
relation is established between the frequency of the fork and that of revolution. At 
intervals the number of beats per minute is counted between the notes of a standard 
fork, and (the octave of) the electric fork. There is no difficulty in thus determining 
the speed of rotation to within one part in 10,000. With respect to the absolute 
pitch of the standard fork itself, see the Appendix to this Memoir. 

§ 7. When the disc is caused to rotate, and the galvanometer circuit is closed, a 
deflexion is observed, although the battery which generates the main current is not in 
action. This deflexion is due to two causes — thermo-electric force at the sliding con- 
tact, and induction dependent upon the vertical component of the earth's magnetism. 
Although not a direct source of error, this deflexion is better avoided, both for 
convenience in reading the galvanometer and because it implies the actual passage of a 
not insensible current through the sliding contacts and thus brings into consideration 
the resistance of these contacts. The compensation was effected by the introduction 
of an opposing electromotive force ; for which purpose two terminals of the galvano- 
meter circuit J, K, fig. 2, instead of being connected directly, were attached by 
binding screws to two points on a stout copper wire forming part of a circuit which 
♦ Proc. Roy. Soc, May 5, 1881, p. 112 } Phil. Trans., Part XL, 1882. 
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included a sawdust Daniell (L) and a resistance coil of 100 ohms (M). By shifting 
one of the binding screws, the galvanometer reading, in the absence of the main 
battery current, and after attainment of the proper speed, was made to be nearly the 
same as when the galvanometer contact was broken. 




§ 8. The general plan of the connexions and the modus operandi will now be 
intelhgible from fig. 2. The poles of the battery A, consisting of 20 Daniell cells, 
were connected with a mercury reversing key B, the two positions of which were 
distinguished by the letters E and W (east and west). From thence the current 
passed through the induction coils C and the equivalent resistance R, of which the 
details are reserved for the moment. The reflecting galvanometer, G, is placed at a 
considerable distance in order to avoid the direct influence of the coils, and is connected 
with the inner sliding contact^ F. Its resistance is about ^ ohm ; and by the aid of 
the compensating magnet the vibrations 'of the needle were made slow enough to be 
readily observed. The terminals of the galvanometer branch, which includes also 
a commutator, I, are connected to the extremities of the resistance, R. 

If, while the disc is maintained in uniform rotation, the reading of the galvanometer 
is the same whichever way the battery key may stand (correction being made, if 
necessary, for a direct effect upon the needle), it is a proof the contemplated balance 
is actually attained. In this way all disturbance from the earth's magnetism, and 
from thermo-electric forces whether situated at the sliding contacts, or within the 
resistance coils of which R is composed, or at any other part of the galvanometer 
circuit, is eliminated from the result. The adjustment is effected by varying a 
comparatively large resistance, taken from a box, and placed in multiple arc with 
one of the components of R. 

2 Q 2 
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§ 9. In actual work, however, it is not necessary, or even desirable, to hit off the 
balance with great accuracy. An unmistakable difference of readings when the 
battery key is put over, is rather an advantage than otherwise, as giving an indication 
that the circuits are properly closed. The plan adopted was to take a series of 
readings of the effect (E — W) of reversing the battery current with an effective 
resistance Rp not very different from R. Single readings were liable to considerable 
irregularity in consequence of change in the friction at the sliding contacts, and of 
momentary variations in the speed. These errors cannot possibly be systematic, and 
are in great measure eliminated in the mean of a series. Having thus obtained the 
difference of galvanometer readings (E — W) corresponding to Rj, we altered the 
resistance in multiple arc so as to change R^ into Rg, the difference being some such 
fraction as xoTF ^^ ^^^ whole, and in such a direction that the sign of E — ^W is changed. 
The two series give by simple interpolation (after correction for the direct effect) the 
true value of R, that is thQ effective resistance corresponding to the balance. In 
order to get the best result relatively to the time occupied, the number of observa- 
tions of E — ^W in each set was taken roughly in inverse proportion to the values. 
To diminish the influence of a progressive change in the strength of the battery 
current, the observations with Rg were interspersed between those with Rj as 
effective resistance. The readings were usually taken continuously, with no more 
delay than was necessary to allow the vibrations of the needle to become of moderate 
extent after each change. When they were completed, the driving cord was reversed, 
as well as the commutator, I, and a similar set of observations was taken with 
rotation in the opposite direction. 

§ 10. In the earlier experiments the resistance coils composing the effective 
resistance were arranged as in fig. 1, in which A, B, C may be supposed to represent 
mercury cups, the bottoms of which were formed of amalgamated copper discs. On 
these discs rested the amalgamated terminals of the various resistance coils and 
connecting wires. The shunt a consisted of two unit coils in multiple arc, between 
which the greater part of the main current was equally divided. The magnitude of 
the main current was less than -^ ampere. The resistance h between the points of 
derivation was a unit, while the third resistance c was alternately 105 and 106. 

In reckoning the resistance of the galvanometer circuit we have to include 6. The 
remainder scarcely exceeds the ^ ohm due to the galvanometer itself. It appears 
therefore that the deflections obtained with the arrangement described are only one- 
third part as great as they would be if a quite small resistance were substituted for 
the unit in 6. Ab the sensitiveness appeared likely to be inadequate, we afterwards 
replaced the unit by y^, using for c a coil of ten units. As in this case the addition 
or subtraction of a whole ohm in c would make too great a difference, the adjustment 
was obtained by varying a comparatively large resistance placed in multiple arc 
with a. 

In the light of subsequent experience it is doubtftd whether this change waa an 
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improvement. The increase of galvanometer deflection was not really of much advan- 
tage, since the diflSculty of getting sharp results arose from electromotive disturbances, 
and these were magnified in the same proportion. It would probably have beea 
better to have retained the unit in 6, and to have replaced the galvanometer by one 
of higher resistance. 

§ 11. Preliminary trials having given apparently satisfactory results, we proceeded 
to make regular series of observations in the manner already described. We had not 
gone far before anomalies revealed themselves of such a character as to prove that we 
were not yet masters of the method. It usually happened that each day's observa- 
tions agreed well together, showing that the sensitiveness was suflScient ; but when 
we came to compare the results obtained on different days unaccountable discrepancies 
became apparent. The first result of the more severe criticism to which the arrange- 
ments were then subjected was to show that suflScient thought had not been given 
to the question of insulation. The wire composing the induction coils, or rather one 
extremity of it, is necessarily at a high potential, and a very moderate leakage froicn 
the coils to the frame, and thence to the disc, might cause great disturbance. Some 
such leakage was in fact detected on application of appropriate tests. Ebonite insula- 
tion was accordingly introduced into the supports of the coils. The battery was care- 
fully insulated from the ground, as was also the frame carrying the revolving disc, and 
other precautions were taken which it is unnecessary here to detail. For the sake 
of definiteness one point of the galvanometer commutator was connected to earth. 
With these improvements tests were satisfied more severe than that of actual use, and 
these tests were renewed at intervals during the spinnings. 

The results however still showed that some defect existed which we had not yet 
succeeded in detecting. It made no appreciable difference which way the disc rotated, 
but the means of different days' work failed to exhibit the desired accordance. Two 
months' work had already been spent upon the experiments, and we had begun to 
despair of a satisfactory issue, when it occurred to us that the connexion of the coik 
for compounding the effective resistance was faulty. 

§ 12. By reference to fig. 1 it will be seen that the main current traverses part of 
the cup C, and that part of the same cup is also included in b. Now, although for all 
ordinary purposes the resistance of the parts of the cup might be neglected, in the 
present case it is the small effective resistance R with which it comes into comparison. 
If we aim at an accuracy of ToioTr> we cannot afford to overlook a resistance entering 
in this manner, even though it may not exceed aoooooo ^^^- The discrepancies were 
doubtless due to small differences in the position of the wires and coils in cup C, 
moved as they were from day to day in order to verify the soundness of the contacts. 

In order to avoid the diflficulty we have only to take care that no part of 6 can 
possibly be traversed by the main current, and this is easily done by the introduction 
of another mercury cup. Fig. 3 shows the arrangement adopted The main cun*ent 
enters at the cups A and D, and the greater part is taken by the two unit coils in 
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multiple arc whose terminals rest in these cups. The galvanometer terminals are led 
into two other cups B and C. The ends of these are beaten flat and the legs of the 
-^ rest upon them. The connexion between C and D was through a stout copper 
rod, which may be regarded as part of c. For the first series the connexion between 
A and B was through a single coil of 10 units' resistance, replaced in subsequent series 
by other coils giving altogether 16 and 20 units' resistance respectively. 



OIIK^ / \ ^GAL^. 




To make the necessary adjustment and variation of resistance, a box, E, was placed 
in multiple arc with the two unit coils. The resistances taken from the box were 
afterwards carefidly determined, but they enter into the final results in quite a 
subordinate manner. 

§ 13. Further trials now led to the satisfactory conclusion that the defect was 
remedied, for the means obtained on different days agreed well together, even although 
the resistance coils were taken down and remounted in the interval. As we had now 
every reason to suppose that our experiments would have a successful issue, we pro- 
ceeded to make the final adjustments preparatory to a complete series of observations. 

In the first and second series the two coils were near one another, separated only 
by three slips of glass, and held firmly together by wooden clamps. The adjustments 
presented no particular difficulty. By means of an iron finger clamped to the disc 
and carried gradually round, it could' be verified that the coils and disc were concen- 
tric and in parallel planes. The coils were gradually wedged into their places, and 
secured when their mean planes occupied the desired symmetrical positions relatively 
to the disc. It is evident that errors of maladjustment influence the result only in 
the second order. 

§ 14. Experience in this series having shown that the arrangement was satisfactory, 
and that the sensitiveness was fully sufficient, we proceeded to make a second series 
of observations without displacement of the induction coils, but at a speed of rotation 
lower than before in about the ratio of 16 : 10. This, of course, entailed a corre- 
sponding change in B, which was effected by increasiug the component c. An 
agreement between the final results of the two series would give an important con- 
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firmation, inasmucli as leakage of electricity from the main circuit into the galvano- 
meter branch would exert a different influence in the two cases. The observations 
were not reduced until some time afterwards, and it then appeared that the agreement 
was even better than it would have been reasonable to expect. 

§ 15. The final nxmiber, '9867X10®, expressing the value of the B.A, unit in 
absolute measure as determtaed by these two series of observations, is almost identical 
with that previously obtained by ourselves, and by Glazebbook, using other methods. 
With respect to the independence of these determinations, the only thing calling for 
notice is the fact that the same induction coils were employed both by GiiAZEBROOK 
and in the present investigation. In other respects there has been, we believe, 
scarcely any point of contact. But it is evident that an error in the measurements 
of mean radius of these coils must propagate itself into both results. The point to 
which we now wish to direct attention, is that the error of mean radius will influence 
the final number in opposite directions. In the method employed by Glazebbook, an 
\mder-estimate of the mean radius would lead to an under-estimate of the induction 
coeflScient, whereas with us it would lead to an over-estimate of that quantity. So far, 
therefore, as the error of mean radius is concerned, it would appear that the use of the 
same coils is fex from impairing the value of the results. Even with respect to the 
number of turns, an error, if that be supposed possible, would affect the results in a 
different manner, for Glazebbook was concerned with the product of the numbers for 
the two coUs, while we evidently are concerned with the sum. 

§ 16. In researches of this kind it is proper to calculate the influence upon the 
result of errors in the fundamental measurements. The value of M depends upon 
three linear quantities : the radius of the disc (a), the mean radius of the two coils (A), 
and the distance between their mean planes (26). In the present case, however, the 
latter element enters in a very subordinate degree. From § 25 it appears that 

dM ^ , dk , ^ , da 

— =-1-4 — + 2-4-. 
M A a 

It has been shown* that these conditions compare favourably with those of most of 
the other methods that have been employed. From its nature a is much more easily 
measured than the diameter of a coil. 

§ 17. The results deduced from the several days observations, when corrected for 
slight variations of temperature of the resistance coils, &c., exhibit a remarkable 
accordance. By reference to the tables (§ 27) the reader will see that the maximum 
divergence from the mean in Series L is only about one part in 4000, while in Series II. 
it is even less. We were thus encouraged to carry out a modification of the method 
which we had had in view all along, and the results of which would be in great 
measure independent of those of Series I. and II. 

• Phil. Mag., Nov., 1882. 
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§ 18. The modification referred to relates to the position of the induction coils 
relatively to the disc. In the arrangement with which we have been dealing hitherto, 
the mean planes of the. coils are nearly coincident with that of the disc, and the 
accuracy of the final number depends upon an exact knowledge of the mean radius of 
the coils. It has, on the other hand, the advantages of being practically independent 
of measurements parallel to the axis, and of giving the maximum coefficient of induc- 
tion. In the new arrangement the coUs are separated to such a distance that the 
result is nearly independent of a knowledge of the mean radius. How this may come 
about wiU be readily understood by considering the dependence of the coefficient of 
induction M upon A, when a and 6 are given. It is clear that M vanishes, both when 
A is very small, and also when it is very large ; from which it follows that there must 
be some value of A for which the effect is a maximum, and therefore independent of 
smaJl variations of A. 

In carrying out this idea, it is not necessary to approach the above defined state of 
things very closely ; for of course we have in reality a good approximate knowledge of 
the value of A. In our apparatus the distance of mean planes was about 30 centims., 
so that h = about 15 centims. (A=26, a=16). From the calculations in § 25 it 
appears that with the actual proportions 

-i^'= + -12'^-96f+l-?^^; 
M A h a 

SO that the error of A enters in quite a subordinate degree. The positive coefficient of 
dK shows that with the given coils and the given disc the separation was somewhat 
too great to secure the utmost independence of c?A. 

§ 19. The success of this arrangement depends principally upon the degree of 
accuracy with which h can be determined. The two rings upon which the coils are 
wound were held kpart by three equal distance-pieces, against which they were firmly 
pressed by wooden clamps. The distance-pieces were hollow, of massive brass, and 
the terminal faces were carefully turned. Central marks upon them facilitated the 
adjustment of the coils into the symmetrical positions. The distance of mean planes 
does not however depend solely upon the diBtance-pieces. Even if we could assume 
that the mean planes are symmetrically situated relatively to the grooves in which the 
wire is wound, we should still have to take account of the thicknesses of the flanges. 
All uncertainty in this matter is eliminated by following the plan adopted by Glaze- 
brook of reversing the rings (without interchange), and then repeating the measure- 
ments. Whatever may be the situation of the mean planes and the thicknesses of 
the flanges, the mean result thus obtained corresponds to a distance equal to the 
length of the pieces plus half the total outside thicknesses of the rings. These 
quantities can all be measured with great precision, and as easily after the coils are 
wound as before. Full particulars are given in § 24. There can hardly be a doubt 
but that the determination is much more accurate than tlxat of the mean radius of a 
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coil ; and, what is also of some importance, it admits of repetition at pleasure with 
comparatively little trouble. 

§ 20. The sensitiveness of this arrangement was about the same as in Series IL, and 
the table shows a good agreement among the results obtained on different days. The 
final number from this series is *9868, almost the same as from Series I. and IL 

The small difference of effective resistances required for balance in the two positions 
of the induction coils, amounting to about one part per thousand, is almost exactly 
accounted for by the small difference of distances of mean planes in the two cases, as 
deduced from Professor Chbystal's measurements of the thicknesses of the flanges. 
In the first position (see § 24) the coib are nearer together by ahnost exactly one part 
per thousand, a difference which, according to the formula given above (§18), should be 
reproduced almost without change in M and therefore in R, the greater values of 
M and B corresponding to the smaller distance. 

§ 21. If we combine all the results of the present investigation, giving equal weights 
to the two arrangements of the induction coils, we have 

I B.A. unit=-98677 X 10» C.G.S. 
With use of the ratio between the mercury unit and the B.A. unit found by us 
(Proc. Boy. Soc., May, 1882), this gives 

1 mercury unit=-94150X 10» C.G.S. ; 
or, which is the same thing, the ohm is the resistance of a column of mercury at 
0® centigrade whose section is 1 square millim., and whose length is 

1062-14 millims. 
We now pass on to the details of the measurements. 

Details of Measubements. 

Diameter of disc. 

§ 22. Preliminary measurements of the disc while still mounted were made on 
August 11, 1882, with callipers by Messrs. Elliott. Bead by the vernier of the 
instrument itself the mean diameter was 

2a=310-76 millims. 
The opening of the callipers was also determined independently by reference with 
the aid of microscopes to a verified scale of millimetres. In this way 

2a=310-77 millims. 
The circumference was also measured by a steel tape, afterwards compared with 
the millimetre scale. Correction being made for the thickness of the tape, the 

result was 

2a= 310-84 millims. 

KDCXXTLXXXin. 2 R 
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After the disc had been dismouDted, the diameter could be determined more advan- 
tageously by direct observation through microscopes focussed upon its edge with 
subsequent reference to the standard scale. It was found (August 19, 1882) that 
a very appreciable difference existed between the diameter of the upper and lower 
faces, showing that the edge was somewhat conical. At the upper edge the diameter 
was 310*80, and at the lower edge 310*58. These were the extremes. At the middle 
of the thickness the diameter was 310*75. This departure from the truly cyliDdrical 
form was undoubtedly a defect in the apparatus, which could easily have been avoided 
if detected in time. When the apparatus was first set up, the success of the experi- 
ment was problematical, and a minute examination of the disc seemed premature. 
The diameter to be adopted is an average taken with reference to the conductivity of 
brush contact. The whole width of the brush being decidedly less than the thickness 
of the disc, and the pressure being greatest at the central parts, we decided (of course 
without knowing to what precise final result the estimate would lead) to take the 
mean of 31075 and ^ (310*58+310*80). Thus 

2a=310*72 millims. 

The error due to the conicality of the edge cannot exceed one part in 5000 at the 
worst, and thus it appeared scarcely worth while to correct the defect and repeat the 
spinnings. 

The diameter of the shaft at the place where the other brush contact was made, was 
found to be '825 inch, or 20*96 millims. 

The induction coils. 

§ 23. These are the same as were used in Mr. Glazebrook's measurement, and 
were wound by Professor Chrystal in 1878. The following are the dimensions ; for 
further particulars reference may be made to Mr. Glazebrook's Memoir.* 





A. 


& 


Hew. 


Mean radius in centims. (A) 

Badial width of section (2A) 

Axial width of section (2A;) ..... 

Nnmber of windings 

Besistance (approximate) in B.A. nnits 


26-763 
1-92 
1-896 
797 

84 


25-766 

1-90 

1-899 

791 

83 


26-760 

1-91 

1-897 

4x1588 

|xl67 



Since the coils are so nearly similar and were used symmetrically, it is sufficient to 
use the numbers in the last column. The section of the ring is shown in fig. 4 
full size. 

To find the distance of mean planes the following measurements of the thicknesses 
of the rims are required. They are given in centimetres. 

♦ Phil. Trans., 1883, p. 223. 
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A. 


B. 


Bim (marked side) .... 

Channel 

Bim (nnmarked side) . . . 
Total thickness of rim . . . 


•478 
1^896 

•488 
2^862 


•446 
1899 

•466 
2810 



Now that the rings are wound it is diflBcult to verify these numbers. However, the 
total thickness of the rings at the places touched by the distance pieces in the 
arrangement used for Series III. was taken, with the result 





A. 


B. 


Mean of three places. . . . 


2-8625 


2-8067 



These latter values of the thicknesses will be used in the calculation of Series III. 

In Series I. and II. the rings were not reversed, and we must use the numbers above 
given for the thicknesses of rims which were contiguous to the slips of glass ; but in 
this case the result is not at all sensitive to changes in the distance of mean planes. 
The rims contiguous to the glass were for both coils the marked rims, of which the 
aggregate thickness is '924. If we add to this the thickness of the glass strips '454, 
we obtain 1'378 as the distance between the wire sections. Again, adding the mean 
axial width of section 1*897, we find as the distance of the mean planes 

26=3'275 centims. 





Fvg^- 












WiffE 





The distance-pieces, 

§ 24. The measurement of the distance-pieces used for the third series was made 
with great care. As only the mean is required, the three pieces were held under the 
microscopes in one length by a nut and a long bolt running through. Readings were 
taken in several positions, as the pieces were turned round, and reference was finally 

2 R 2 
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made to the standard scale. Two independent measurements gave 83'580 and 83'579, 
mean 83'5795 centims., as the aggregate length. This was further verified by measuring 
each piece separately with callipers, the sum of the lengths thus found being 83*582. 
For the mean length of these distance-pieces we take 

27-8598 centims. 

As has been already explained, the rings were used in two positions relatively to 
the distance-pieces, with the view of eliminating any uncertainty as to the situation 
of the mean planes, and of rendering the final result independent of all measurements 
of thickness except that of the total thicknesses of the rings. Thus the mean distance 
of mean planes in the two positions is 

27-8598+i(2-8625 +2-8067)=30-6944 centims. 

To compare the partial results for the two positions separately, we must use the 
thicknesses of the rims which were in contact with the distance pieces. In the first 
position these were the marked rims, and thus the distance of mean planes 

=27-860+-478+-446+l-897=30'681 centims. 

In like manner for the second position we find 

27-860+-488+-465+l-897=30-710 centims. 

The induction coefficients. 

§ 25. Series I. and II. The distance (b) of the mean planes of the coils from the 

middle plane of the disc is 

6=1-637 centim. 

The extreme distances, required to be known for the quadrature, are 

&+i=2'585 centims., 6— i='689 centim. 

The extreme and mean radii are 

A— A=24*805 centims., A=25760 centims., A+A=26-715 centims. 

while a= 15*536 centims. 

The coefficient of induction between the disc and the middle turn of the coil, 
denoted by M(A, a, 6), is equal to 4irv/(Aa)./(y), where /(y) is a function of y given 
by tables.* The angle y itself is defined by 

. 2^(Aa) 

* Maxwell's ' Electricity and Magnetism,' 2nd edition, § 706. 
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It 18 not necessary to give the details of the calculations, which have been carefully 
checked. The tabular interval being 6', it was found desirable in many cases to 
proceed beyond the simple interpolation by first differences. The results are 

M{A, a, 6)=215-4674 
M(A+A, a, 6)=205-19l7 
M(A-A, a, 6)= 226-9835 
M(A, a, 6+ife)=211-7246 
M(A, a, 6-J5;)=2l7-5972 

The mean coefficient for the area of the section is found by doubling the first of 
these values, adding in the others, and then dividing by 6. 
Thus 

M=215'405* 

The separate values allow us to form an estimate of the effect of errors in the 
fundamental data. If we write 

<2M . ^A dh da 

ir=^A+'*y+''7' 

we may take approximately 

. _ M(A+A, a, ft)-M(A-A, a. h) . M_ , ._ 
^- 2A ^^--13b 

In like manner, /*= — '02, whence, since X+fi+v^l, v=+2*38. 

Series III. In this case the data remain precisely as before, except that we now 
have &= 15-3472. 



We find 



whence 



M(A, a, 6)= 110-9240 
M(A+A» a, &)=tlll-2573 
M(A— ^, a, &)= 110-2442 
M(A, a, 6+*)= 104-5571 
M(A, a, 6-*)= 117-6519 

M= 110-926 



Determining X, fi, v , as in the former case, we find 

<^M . ,„_<iA r,^^dh , . «__<«* 
Tr;r=+-123 -. — -956 t + 1'833 — 
M A a 

From these values, calculated for the circumference of the disc, we have to subtract 
* The faotor expressing the number of windings is omitted. 
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the value (Mq) applicable to the small circuit touched by the inner brush. The area 
of this is ^n (2096)^. For the first and second series we have 

For the third series in like manner 

Mo=-534 

Thus finally for the first and second series 

M— Mo=2l4-569, 

and for the third series 

M-Mo= 110-392 

The resistance coils. 

§ 26. In all three series the resistance &, fig. 3, was a German-silver coil of about 
-^j referred to for brevity as the [-^'J ; and the resistance a was composed of three 
resistances in multiple arc, the first two being standard singles, and the third a 
resistance such as 7 B.A. units taken from a box. To make the necessary cbange, 
according to the plan already explained in § 9, the 7 would be replaced by 8. The value 
of a is of course determined principally by the unit resistance coils, and only secondarily 
by the resistance taken from the box. 

The third element of the system of resistances was varied in the different series. 
In the first series c was a [10], in the second series it was [10]+[5]+[l], and in the 
third series [10]+ [5]+ [5']. Besides the standard singles, whose values at various 
temperatures was already known in terms of the mean B. A. unit, we had to determine 
accurately the values of the [i^], the [10], the [5], and the [5^], as well as the small 
resistances of the various connecting pieces employed. 

The [10] has been determined in various ways, but principally by means of the 
device referred to in the former paper.* Three German-silver wires of about 3 units 
each are wound on the same tube, and their terminals are so arranged that by means 
of a base board containing mercury cups they can be combined either in multiple arc 
or in series. In the former combination they are compared with a standard single, 
and the resistance is foimd to be (say) 1+a, where a is smalL The coils are now 
without loss of time combined in series, a change which can be effected in a moment. 
The resistance in series is very approximately 9+9a ; by the addition of the standard 
single it becomes 10+ 9a, and can now be compared with the [10]. If the difference 
observed be /8 we have [lO]=10+9a+/8. By this method it is easy to obtain an 
accuracy of at least xoooo • 

• Phil. Ti^na., Parti II., 1882, p. 697. 
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The [Sjs were determined in two ways. Five singles were combiaed in series and 
compared with one of the [5js ; afterwards the two [5 Js were compared with one 
another. In the second method, which is probably preferable, the sum of the two 
[5]'s was found by comparison with the [10]. From the sum and difference the 
separate values can of course be deduced 

The measurement of the [-nj] demanded some precaution on account of its smallness. 
Two standard singles, the [10], and the -nr, were combined with four insulated mercury 
cups, and without the use of connecting pieces, so as to form a Wheatstone's balance 
(fig. 5), care being taken to bring the associated battery and galvanometer terminals 



BATTER 




A P^^ 



into immediate contact with the legs of the [^] (see § 12). To get the means of 
adjustment, a box, giving resistances up to 10,000, was placed in multiple arc with one 
of the singles. If, as was the case, the four coils be so nearly in proportion that a 
resistance of several hundreds from the box is needed for balance, the delicacy of the 
arrangement is all that can be desired. Readings are taken also with battery reversed, 
to eliminate thermo-electric disturbances. Especial pains were taken with the measure* 
ment of the [^], and of the [10], errors of which would be propagated into the results 
of all three series. 

§ 27. The various temperatures of the coils at the time of use, and the fluctuations 
from day to day, complicate the calculation of the effective resistances R^ ^^^ ^ 
which in principle is simple enough. The results are given in column II. of the 
Tables. Thus in the first series on July 14, when the effective resistance was '0044076 
B.A., as calculated from the values of a, 6, c, for the observed temperatures of the 
coils, the effect (E-W) of reversing the battery key (corrected for direct effect) was 
—30 divisions of the galvanometer scale, the direction of rotation being positive. When 
the effective resistance was altered to '0044430, the difference E-W became + 10 
divisiona From these results we infer that E-W would vam'sh for the effective 
resistance '0044341, as given in column V. The corresponding result with negative 
rotation is given in column VI. These resistances relate to the actual speed of 
rotation determined by the frequency of vibration of the electric fork (§ 6). To 
render the results of different days fairly comparable, two small corrections have to be 
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introduced, the first relating to small alterations in the relative frequencies of the two 
forks, as shown by the number of beats per minute (column YII.), ihe second to 
variations in the frequency of the standard fork itself, dependent upon change of 
temperatura The temperatures were read by a thermometer which stood between 
the prongs of the standard, and are given in column JX. The corrections necessary for 
reduction to a standard number of beats (16 per minute) and to a standard 
temperature (16^) are tabulated in columns YIII. and X., and the corrected results 
themselves in XL and XIL In all cases the electric fork vibrated more quickly than 
the standard. 

The degree of accordance in the numbers entered in these columns shows the success 
of the observations^ so far as relates to errors of a casual character. In column XIIT. 
the results of the positive and negative rotations are combined, so as to exhibit the 
total result of the day's work. 

The Table, showing the results of the third series, is divided into two parts, 
corresponding to the two positions of the induction coils, before and after reversal 
(§ 19). In each position, it will be seen that two sets of observations were taken 
upon one of the days. Both sets, however, were complete, and in the interval 
between them the resistance coils were all dismounted. A similar precaution was 
taken at least once in each of Series I. and IL 
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§ 28, The results given in these tables axe the eflPective resistances required to 
obtain a balance, expressed in terms of the B.A. unit. To reduce them to absolute 
measure we must multiply by 10®, and by a factor, which we may call x, expressing 
the absolute value of the B.A. unit in terms of 10^ and which it is our object to 
determine. 

The actual value of the same quantities in absolute measure is found by multiply- 
ing the ooe£5icients of induction (M— Mq) already given (§ 25), by the number of 
turns in the coils 1588, and by the number of revohitions per second. 

In the first series the frequency of vibration (/) of the electric tuning-fork was in 
the standard case (see Appendix) 

/=i(128-140+if)=iX 128-407 

and the number of revolutions per second is equal to 2/*-t-10. In the second and 
third series 2/= 129 "340, a number which in the second series is to be divided by 16, 
and in the third series by 10, in order to obtain the number of revolutions per second. 
The equation to determine x is thus for the first series of observations 

214-569 X 1588 X 12-8407=a;X -00443407 X 10^ 
whence 

aj= -98674. 

From the second series 



From the third series 



214*569 X 1588 x 129 340 _ 
^- 16 xl0»x -00279157 -^^^^^ 



110-392 X 1588 x 129'340 _ 
^~ 10 xlO»x -00229762 -'^8683 



These are the final results already considered in § 21. 



Appendix. 



Frequency of Vtbratian of Standard Fork 

All our measurements, both by this method and by that of the revolving coil, being 
dependent upon the pitch of a standard tuning-fork, we have considered it advisable 
to determine this element afresh. As in the first determination,* a fork vibrating 
about 32 times per second rendered intermittent an electric current, which, passing 

• Proc. Roy. Soc, May, 1881, p. 137. 
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through the coils of small electromagnets^ mamtained in vibration not only the inter- 
rupter fork itself, but also a second fork of pitch about 128. After the apparatus has 
been a short time in operation, the vibrations of the second fork are exactly four times 
as quick as those of the first, independently of any precise tuning ; and they give rise to 
audible beats when the standard fork is simultaneously excited. In the presence of 
extraneous noises the observation of the beats is much fiEU^ilitated by the use of 
resonators, with one of which the ear may be connected by an indiarubber tube. The 
object to be aimed at is to make the intensities of the two sounds (as they reach the 
ear) very nearly equal. The moment of antagonism is then marked by a well defined 
silence, whose occurrence can be timed to within a second, although the whole duration 
of the beat may be 20 seconds or more. Without fresh bowing of the standard, the 
silences can be observed satisfactorily for at least a minute. 

In the first determination the comparison between the fork of frequency 32, and the 
pendulum of the clock was made directly. The observer, looking over a plate carried 
by the upper prong of the fork, obtained 32 views per second, i.e., 64 Views of the 
pendulum in one complete vibration. The inmiediate subject of observation is a 
silvered bead attached to the bottom of the pendulum, upon which as it passes the 
position of equilibrium the light of a paraffin lamp is concentrated. Close in front of 
the pendulum is placed a screen perforated by a somewhat narrow vertical slit. If 
the period of the pendulum were a precise multiple of that of the fork, the flash of 
light which to ordinary observation would be visible at each passage, would either be 
visible, or be obscured, in a permanent manner. If, as in practice, the coincidence 
be not perfect, the flashes appear and disappear in a regular cycle, whose period is 
the time in which the fork gains (or loses) one complete vibration. This period 
can be determined with any degree of precision by a sufficient prolongation of the 
observations. 

On account of the large number of views per second, the interval between successive 
visible positions of the bead, even when it is moving with maximum velocity, is rather 
small ; and thus the adjustment of the apparatus is somewhat delicate.* In order to 
meet this objection, a modification has been introduced, which must now be explained-t 

A few years ago it was shown almost simultaneously by La Coub and by Lord 
Bayleigh, that an electromagnetic engine could be accurately governed by an inter- 
rupter-fork. The construction (fig. 6) which has been found most suitable is similar 
to that of Froment's engine. A horizontal shaft revolving upon steel points carries a 

• In the earliest nse of this method (" Nature," xvii., p. 12, 1877) the break-fork had a frequency of 
about 13, and no difficulty of this kind was experienced. 

t [July, 1883. — It should be stated, however, that the wheel may easily be dispensed with, if proper 
care be taken in the illumination of the bead and in the management of the fork. The vibration should 
be vigorous, and the screens so arranged that the view past the fork at the moment of greatest elongation 
should be of short duration. Determinations by this method (without the wheel) have often been made 
successfully by students in the Cavendish Laboratory.] 
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number of parallel soil iron armatures, disposed symmetrically round the circumference. 
In the course of the revolution these armatures pass in succession between the poles 
of a vertical horse-shoe electromagnet, so as almost to complete the magnetic circuit. 
It is much better that the armatures should pass between the poles than over them, as 
in the most usual arrangement, for in the latter case the bearings are subjected to an 
unnecessary and prejudicial strain. The wheel may be used either with or without an 
independent driving power. In the former case the power should be very steady, and 
adjusted so as to give by itself nearly the speed intended. The currents from the 
interrupter-fork are passed also through the electromagnet of the engine, and give the 
force required to accelerate or retard the motion so that it may exactly synchronise 
with the fork, one armature passing for each complete vibration. If the independent 
power is in excess, the phase of the motion is such that the electromagnet is excited 
principally after the armatures have passed through the electromagnet ; if the inde- 
pendent power is in defect, the electromagnet is excited principally while the armatures 
are approaching it. Within certain limitB any necessary acceleration or retardation is 
obtained by suitable self-acting adjustment of phase. 




If when the wheel is moving steadily under the influence of the intermittent 
currents, a slight disturbance is communicated to it, oscillations will set in, the wheel 
being alternately in advance and in the rear of its proper position. In some cases 
these oscillations are very persistent, and interfere seriously with the utility of the 
instrument. To check them, a hollow ring filled with water is attached to the shaft, 
and revolves with it. When the rotation is perfectly regular, the water behaves as if 
it were a rigid body and offers no impediment to the motion, but it tends to check 
variations of speed of moderate period. The oscillations, when they exist, are usually 
audible ; and in any case the behaviour of the wheel in this and other respects may be 
examined by looking at the interrupter-fork through a paper disc carried by the wheel 
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and perforated symmetrically along a circle with holes equally numerous with the 
armatures. When all is regular, the prongs of the fork are seen in one phase only, so 
long as the eye retains a position fixed in space. 

When the wheel runs lightly, independent driving power may be dispensed with, a 
sufficient amount of work being obtainable from the intermittent governing current. 
In the present case the whole apparatus, consisting of the two forks and the wheel, 
was driven by one current supplied from three Grove cells. The only difficulty 
exp^ienced is in starting the wheel By means of string passed once round the shaft, 
alternately tightened for the advance and slackened for the return, it is easy to cause 
the wheel to achieve a speed in excess of the necessary eight revolutions per second. 
But it will not usually happen, every time the speed falls through the proper value, 
that the wheel will engage with the fork. For this purpose it is necessary that at the 
moment in question the phase of the wheel should be correct, within limits, which may 
be narrow when there is no great margin of power; and this can only happen by 
chance. Several attempts may be necessary before success is reached. With a little 
practice, however, there is no great loss of time, the ear learning to recognise, by the 
gradual slowing and subsequent quickening of a sort of beat, when the wheel has 
passed through the right speed without engagement, A fresh impulse is then given 
without waiting further. After a start is once effected, the wheel will usually run, 
keeping perfect time with the fork, until the battery is exhausted. 

The wheel employed in the experiments we are now concerned with, lias four soft 
iron armatures, and is governed by the interrupter-fork of frequency 32. The speed 
of the wheel is thus eight revolutions per second ; and a single hole in a paper disc 
carried round with it allows eight views of the pendulum per second, the smallest 
number of views obtainable by direct use of the fork being 32. Altogether we 
may regard the frequency of the interrupter-fork as being multiplied four times 
precisely in the frequency of the auxiliary fork, and as divided four times precisely 
in the frequency of the wheel. The former is directly comparable with the standard 
fork, and the latter with the clock. The standard fork was screwed to the table 
precisely as during the electrical measurements. A thermometer placed between 
the prongs gave the temperature with fair accuracy. 

The calculation of the results is very simple. Supposing in the first instance that 
the clock is correct, let a be the nimiber of cycles per second (perhaps ^) between the 
wheel and the clock. Since the period of a cycle is the time required for the wheel to 
gain, or to lose, one revolution upon the clock, the frequency of revolution is 8±a. 
The frequency of the auxiliary fork is precisely 16 times as great, i.e., 128il6a. If 
6 be the number of beats per second between the two forks, the frequency of the 
standard is 

128±16a±6 

To give an idea of the magnitudes of the numbers concerned, it will be advisable to 
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quote in detail the results of one day's observations. On October 19, with a certain 
loading of the interrupter-fork, the cycle of the pendulum occupied about 78 secondet, 
and the beats were at the rate of about six per minute. The interrupter was then 
sharpened^ after which several observations wei'e taken of the duration of five cycles 
of the pendulum, and of 16 beats between the forks. For the former the times 
found were 210, 210, 212 seconds; for the latter by simultaneous observation 58, 
58, 59, 59, 59, 60, 60 seconds. The temperature, as given by the thermometer, 
ranged from 17°'2 to 17°'4. After the sharpening of the interrupter, the frequency 
both of the wheel and of the auxiliary fork was increased, so that the sign of 16a in 
the expression written above is determined to be + and that of 6 to be —. Using 
the mean values we find 

16a=-3797, 6= -2712 
whence 

128+16a-6=128-108 

To this we must add '009, making altogether 128*117, to allow for the gaining 
rate of the clock, which was 6^ seconds per diem. This corresponds to a mean 
temperature 17°'3. 

The procedure adopted was quite good enough for our purpose ; but if it were 
desired to push the power of the method to its limits the work should be undertaken 
at an astronomical observatory, and extended over the whole time required to rate the 
clock by observations of the stars. In this way the comparison of the period of 
vibration of the standard fork with the mean solar second could be effected with the 
same degree of accuracy as that to which the former quantity is capable of defini- 
tion. Without this precaution we cannot be quite sure that the rate of the clock 
at the time of the observations is identical with the mean rate employed in the 
calculation. It is scarcely necessary to say that the uncertainty which arises under 
this head is common to every method by which absolute pitch could be determined. 

The results obtained, including those recorded previously,* are given in the accom- 
panying table. They are well represented by the formula 

128-140x{l-(«-16)0x -00011}, 

in which the temperature coefficient used ('00011) is that found by M'Leod and 
CLAEKE.t The numbers in the fourth column are calculated firom the formula. 



* Proc. Roy. Soc., May, 1881, p. 138. 
t Phil. Tranfl., Part I., 1880. 
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D»te. 


Tempentnra. 


Frequency by 


Frequency by 
«aleiil»lioo. 


1881 .... 


13° 

we 

15''-98 
17«-46 
17'-6 
17°-3 


128-180 
128161 
12frl4l 
128-122 
128119 
128117 


128-182 


1881 . . . 




128160 


Oci»ber, 1882 
October, 1882 
October, 1882 
October, 1882 




128-140 
128-120 
128118 
128122 



Of the small discrepancies ^hich the table exhibits it is probable that the larger 
part is due to imperfect knowledge of the actual temperatures of the standard fork. 
The use of screens to cut off radiation from the observers would probably have effected 
an improvement. For the highest accuracy some sort of jacket, or chamber, would 
have to be contrived. 



Second Appendix. 

(Added Jaly, 1883.) 
On the Effect of the Imperfect Insulation of Coils. 

in a former paper (PhiL Trans., 1882, Part IL) it was pointed out that the method 
of the revolving coil, employed by the first B.A. Committee, possesses the important 
advantage that it is possible to detect the existence of leakage from turn to turn, or 
from layer to layer, of the coil of wire. The general influence of such leakage, if 
imdetected, upon the final number x expressing the ratio of the resistance of the coil 
when measured (R) in absolute units to its resistance r X 10® as referred to B.A. units, 
is easily seen by supposing that one turn of the coil is simply short-circuited. The 
formula in C.G.S. measure is 



^"rxlO»~ 



E irH^aoi)Cotif> 



rxlO» 



(1) 



During the revolutions the short circuited turn produces its full effect in deflecting 
the magnet, and error arises only in the comparison with the standard of resistance. 
The quantity r will evidently be under-estimated by 1/n, and this will lead to an over-' 
estimate of oj, also by 1/n. This reeidt, however, is modified, if as in practice we take 
only the difference of effects observed when the wire contact is open and closed. The 
short-circuited turn will produce its effect in both cases, and its influence will therefore 
disappear from the result. For all purposes it will be virtually non-existent, and the 
error produced is the same as if n had simply been miscounted. The final number x 
will thus be over-estimated by the fraction 2/n. 

MDCJCCLXXXnL 2 T 
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In LoRENTz's method the effect of a short circuit in the induction coil is in the same 
direction, M, and therefore R and x, will be over-estimated by l/n. 

If we examine the formulsB applicable to determinations by other methods, we shall 
see that a similar conclusion holds good, so that in every case leakage leads to an over- 
valuation of X, at least whenever the result is calculated from the number of turns of 
wire in a coil.* Even without such an examination, it is pretty evident from considera- 
tion of the magnitudes involved that the large factor 10^ in the denominator of the 
formula corresponding to (1) can only be compensated by one or more large factors 
expressive of the number of windings in a coil or coils. An over-valuation of these 
factors, due to leakage, will therefore lead to an over-valuation of x. 

In carefully constructed coils serious leakage is, perhaps, not likely to occur, but its 
presence in a smaller degree is more probable, and is usually difficult of detection. So 
far as this argument applies, we may say that the smaller values of the number 
expressive of the B.A. unit, or of the mercury unit, in absolute measure are to be 
preferred to the larger. 



* The case is different when the constants of a coil of many turns are determined by electrical com- 
parison, as for instance in Kohlbausch's recent correction of the constant of his earth-indnctor. 
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VIII. On Abel's Theorem and Abelian Functions. 

By A. R. FoBSYTH, B.A.y Fellow of Trinity College, Cambridge^ 
Professor of Mathematics in University College, Liverpool. 

Communicated hy Professor Cayley, F.R.S. 

Received October 28,— Read November 23, 1882. ^ 

The present paper is divided into two sections. The object of Section I. is to obtain 
an expression for an integral more general than, but intimately connected with, that 
occurring in Abel's theorem. The latter, as enunciated by Professor RowB in his 
memoir in the PhiL Trans., 1881, is as follows: — If 

be a rational algebraical equation between x and y^ then an expression can always be 

found for 

Vdx 






hy 



where /(a?) is a function of a; only, U a rational algebraical integral function of ar and y, 

and the upper limits of the series of integrals are the roots of the eliminant with 

regard to y ofxi^^ y)=0 ^^^ ^ function 0{xy y). 

In the case here considered two equations respectively of the degrees m and n 

between three variables 

F«(a:, y, 2;)=0 

F«(x, y, z)=0 

are given (these alone being considered, as subsequent generalisation to the case of r 
equations between r dependent variables and one independent variable is obvious); 
and an expression is obtained for 






the upper limits of the integrals being given by the roots of the equation arrived at 
by eliminating y and z between F^, F„ and an arbitrary equation 

Fp(a;, y, z)=(i 

or, what is the same thing, by the co-ordinates x of the points of intersection of the 
three surfaces represented by F«, F,,, F^. 

2 T 2 
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♦ 

Some preliminary considerations (in connexion with §§92 sqq. of Salmon's ' Higher 

Algebra') are adduced in reference to the eliminants of the three equations in each of 

the variables ; thus if X be the equation in x obtained by eliminating y and z^ it is 

expressed in the form 

X=B,F«+BX+BpFp 

which afterwards proves useful. Then the ordinary case (above referred to) of Abel's 
theorem is treated on the lines laid down in Clebsch and Gordan's ' Treatise on the 
Abelian Functions;' and under the guidance of this the more general form is investi- 
gated with the result 



^J/^=<7fe]M?'--'}+« 



© being the symbol introduced by Boole. 

The remainder of this section is occupied with the discussion of two examples of this 
theorem. In the first, expressions are obtained for ^{ui-^-v^-^-u^ and Tl{ui'\-u^'\-u^^ 
E and 11 being the second and third elliptic integrals ; and in the second example 
E(t^i-|-t^2+ . . . +W7) is considered. 

In Section II. the addition-theorem for the ftmctionB presented in Wbiebstrass's 
memoir ('Crelle/ t. lii., (1856), p. 285) is investigated. [It may be pointed out that 
the fundamental equations occur as natural examples of the more general form of 
Abel's theorem proved in Section I.; but the equations which are obtained almost 
immediately are identical with those used by Weierstrass, and so this case does not 
belong distinctively to the form of Abel's theorem for the curve of double curvature.] 
For the purpose of the section use is made of the " integral-function/' the partial 
differential coefficients of which with respect to the amplitudes give the squares of the 
Abelian functions. The theory is worked out at some length, and the necessary 
formulae are deduced from the fundamental equations in a manner somewhat different 
from that of Weterstbass. From the form first obtained for the sum of three 
integral-functions an important theorem is deduced in § 21, and a verification of this 
is afterwards furnished by the expansion of the two sides of the equation. It is then 
applied, as already mentioned, to obtain the addition-theorem for the functions. 

In §§ 25, 26 is given the discussion of a particular case of the above, viz.^ when the 
functions are of the order 2, the fifteen functions being the quotients of all but one of 
the double theta-functions by that one. This has already formed the subject of a 
paper by Cayley in ' Crelle,' t. Ixxxviii. (1878), p. 74. 

Section L 

1. Before proceeding to the consideration of the theorem it is necessary to indicate 
the ferm in which the eliminant of tJiiree equations in three variableB (or in general 
of ft equations in ft variables) will be used. 
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If we oonsider two equations in two variables say 

^.=Xo+Xiy+Xs2/«+ . . . +X^=0 

and if X be the eliminant of f^ and ^. with regard to y, then we have 

X=A/4-Bf 

Now X being of degree mn in x, A must be of degree mn—n and B of «in— m ; 
while it is sufficient that the highest power of y in A be the (tn— l)"* and in B the 
(w— 1)* Write then 

A=Ao+A,y+Ajy+ . . . 4-A^i.y-"^ 

B=Bo+Biy+Bay2+ . . . +B».^-i. 

Substitute in X ; since X is explicitly free from y all the coefficients of powers of y 
in the result must be zero. This then gives 



AoiBj+AiXo +BoXi+BiXo =0 

Aoa!2+AiXi+A^ +BoX2+B,Xi+B,Xo =0 

Aoa^,+Ai«2+A^i+A3a;o +BoX34-BiX8+BjX,+B3Xo =0 



m+n— 1 equations to determine the ratios of the m-\-n quantities A, B. Le^ 



E= 



F= 



1 


y 


y^.. 


y.-l 








• • • 





^1 


^0 


. . . 





Xi 


Xo 


. . . 




% 


aj, 


Xo • ■ 





Xe 


X. 


x„... 







0. 
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y 


y*-.. 


sr-^ 
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Xo 


0. . . 




Xi 


Xo 


. . . 




^ 


Xi 


Xq . . . 




x^ 


X, 


x„... 





Then Ar bears to the minor of y in E the same ratio as B« bears to the minor of 
y* in F : thus 



Bat the diagonal term in E is 



A_B 
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and E is therefore of the degree n{m—l), i.e., of the same degree in X as A; it is 

A 
E 



A . 
obviously of the same degree in y ; hence = is merely an arithmetical constant^ and 



we may write 

A=E, B=F. 

2. When we come to apply this method to the formation of the eliminant with 

regard to y and z of three equations F^, Fg, F3 in three variables x, y, z the result, 

though of similar form, viz. : 

A,.iF,+A,,,F2+A,,3F8, 

can in general be obtained neither so directly nor without the help of the considera- 
tions in Salmon's ' Higher Algebra,' §§ 92, sqq. J£ the three equations be each of the 
degree 2, the method will apply exactly as in the preceding paragraph and we obtain 

X=A,.iFi+A..,F,+A.,3F3 
where 

J^x,r=OL:c,r+fi:c,fX+y:c,ry ) 

but if the equations be not of this degree, then the following is our rula Lst 
Fj, Fg, F3 be of the degrees m, n, p respectively : then we form all possible equations, 
which the variables satisfy, of degree not higher than m+n+p— 2 : thus we multiply 
Fiby 

and so on ; and so we obtain 

|(72+jp— l)(n+p)+|(p+m— l)(p+w)+^(7n+n)(m+n— 1) 

equations from which to eliminate 

^(m+n+p— l)(m+n+p) 

quantities. But these equations are not all independent, being connected by a 
number of identities of the form 

2yFi.F3=2yF2.Fi 

(where r+^fp— 2), of which there are \p(^'p—^)\ there are \a{ji—\) of the form 

zVFj.Fg =;3^y^F3.Fi where /+/<n— 2 
and ^m(w— 1) 

2V'F2.F3=^V'F3.Fj where r''+«''<m-2, 

and thus we have the proper number of equations. To find the eliminant X we write 
down the coeflScients (which are, of course, functions of x) in the ^(n+i>— l)(^+p)+ • • • 
equations ; and reduce them to the form of a determinant by adding the coeflScients in 
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the ip(p— 1)+ . . . equations; then the eliminant is the quotient of the determinant 

formed by any 

i(m+n+p-l)(m+/i+p) 

rows of the set first written down by the determinant formed from the second set 
after the elision of these rows. 

3. To show how this can be brought into the desired form the easiest plan will be 
to consider an example. Let 

F^=Ay+Fy^+BV+EV+D'2+C' 
F3=AY+DY«+E>^+BV+Fy+G>+JV+H"y+K"2+C" 

where the coefficient of the highest powers of % and y are constants and those of 
other powers are functions of x such as make the order of the highest expression in 
the term of the same order as the equation ; thus, for instance 



and so on. Then we have, eince m=l, n=2, |J=3 
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To find the eliminant we choose any 15 rows (leaving out say the y^Fj, ysFp ^Fo, 
y¥^ and form a determinant, and then divide by 
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E' A' F" ="• 

D' E' F G" 

C B 

A 

(As ihs object is to iUastrate the general case aud Dot merely to get the result Id 
this particular case we have not selected those rows which leave the den(»ninator in 
the simplest form.) In the determinant of 15* constituents multiply each column by 
the quantity which stands at the head of it, add the results horizontally along all the 
rows, and replace the constituents of the last column by these new constituents which 
are, in order, 

fF,, fzY,, yz^F,, z^Fi, z^F,, yF,, zF,, F^, y%, yzF^ z^F^ yF^ F^, zF^ F^ 

so that if we expand we have the numerator of our eliminant in the form 

A',.iF,+A',.,F,+A%3F, 

where the A's are determinants differing from the initial determinants in the last 
column alone ; A'^rj has for its constituents there the coefficients of F^ so long as F^ 
occurs in the later form and then zeros ; A'^^.a those of F2 where it occurs and else- 
where zeros ; A'^^g those of F3 where it occurs and elsewhere zeros. Moreover, we 
know that our eliminant is an integral function of x not extending in an infinite 
series ; hence each of the coefficients A' must be divisible by u. If not, one of the 
F's.(say F^) must be so divisible ; since u is a fimction of x only it follows that, when 
ti=0, Fi=0 whatever z and y may be. We shall assume that such factors are removed 
before the investigation begins as they are useless for the purposes for whidi the 
functions are required ; and hence we obtain our eliminant in the form 

X=A,.iF,+ A^,F8+A,^F3. 

Similar remarks of course apply to Y and Z, the eliminants with regard to z and x, 
y and x. 

4. We may also obtain the result as follows : 

Between F«=0, F^=0 ehminate z and denote the eliminant by X^ ; then, as we have 
already seen, X^ can be expressed in the form 

Xy = X^F,, + XpF;^ 
Between F^=0, Fp=0 eliminate z and denote this eliminant by X',; then 

Now Xj^ Xy are both functions of x and y; eliminating y between them and 
denoting the eliminant by X we have 
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of the same form as before. 

This method of expressing an elimmant obviously admits of generalisation to the 
case of T equations in r variables. 

5. The preceding method enables us to obtain the eliminants of the equations with 
regard to the different variables in a particular form which is useful in the proof of the 
general theorem in § 7 ; but when the object is merely to obtain the equation giving 
the roots x^ which are to form the upper limits of our integrals we should arrive at 
the result more easily as follows. 

Obviously 

where y^, z^ constitute one of the mn pairs of roots of the equations 

F,=0 F,=0 

regarded as giving y^ z in terms of x ; and the product is taken over all these pairs. 
Now the coeflScients on the right-hand side will be symmetric functions of y and z, and 
these can be evaluated (by the method given in Salmon's ' Higher Algebra/ § 74) in 
terms of x ; and there will be obtained the required equation in x. 



Abel's Theorem. 

6. Let 

x(^.y)=o (i) 

be an equation of the degree n which gives y in terms of x ; and let 

% y) 

denote a function of x of degree m — reducible to degree n—1 at most in y by means 
of (i) — the coefficients of y in which are functions of x and contain any number of 
arbitrary constants. Treating x=0> ^=0 ^ two equations to determine the values of 
the variables, these arbitrary constants will enter into the expressions for the values 
of a:, and will therefore vary when the latter vary. Let such a variation take place, 
so that 

g<fe+g<iy+&9-0 («) 

8 operating only on the constants in 6. Moreover we have from (i) 
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or writing 



the equation (ii) becomes 



or 



and therefore 



^dx+^dy^O 



J dx dy 

he _}X 

by hx 



• he 

aw= 



=f(x>») 



tUdw=%,^^B0 (lii) 



where U is any rational function of x and y, and the summation is taken over all the 
roots x^ of the equation obtained by the elimination of y between x and ft 

Let X, Y respectively denote the eliminants of x> ^ with regard to y, a; ; then we 
caji express X, Y in the form 

X=Ax+B^ 
Y=Cx+D^ 
and we write 

A=AD-Ba 

Now whatever the function U may be it can be written in the form 



(iv) 



for it must be expressible as 




T 


that is, 








M 




- 




,1-1 



whicli by means of tte equation X=0 is at once reduced to the above fonn; thus 

, T dx T se 



T dx T h9 . . 
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Each of the equations X=0, Y=0 has mn roots ; tf a5=a5^, ^=^^1' ^ ft pair which 
make x ^^^ ^ both vanish, these may be called congruous; but if aj=aj^, y^Vn''^^ 
not make x and both vanish then for these 

A=0, 

while for congruous values A does not vanish. 

Moreover, for congruous values of x and y we at once have 

the congruous values being substituted for the variables, so that 

1 A 

3{x,0)~d^dY . 
dx dy 

Now in (v) the summation is for all the oj's and for one of the y's, say y^^^ which 
may be regarded in the following way. When the equation 

X{x, y)=0 

is solved for y in terms of x, there will be n roots ; take one of these and denote it 
by yi, which is therefore a function of x. Substitute in turn a^i, iCjg, . . . , x,,^ ; then we 
obtain for y^ ^ series of values, but all derived from the single root of x* Thus 



dx dy 

since we have x=x^ ^=^1.** (/^=1> 2, . . . , mn) as the mn congruous roots. Moreover 

for roots other than these. 

A=0 

so that we may add on a number of vanishing terms to the right-hand side, and the 
removal of the restriction now gives 

T A 



dXft, dyf^ 



(where /i'=l,/i or 2,ft or ... or n,ii). 
Moreover from (iv) 



and therefore 



Ax=DX-BY . 



2 U 2 



*" by^ '-''•'' dij, 
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the term corresponding to a differential of X disappearing and the others vanishing id 
virtue of the values assigned to the two variables ; thus our expression becomes 

—2 -^ Sd ^'"'— 






1 V , 

But the coefficient of - in the expansion of ^ i^ descending powers of x in 

V. 



Cit 



and therefore the foregoing 



^dX. 



--Cit — 8d^^ 






the % referring to the n values of y obtained from the equation (i), and the expansion 
being in the factors of X alone. But since we are substituting for y from (i) we have 
X always zero in this, and therefore 

X=B^,^. 

Taking now into account the expansion for the &ctor » we have finally 






by [J>y 



the summation in each of the terms on the right-hand side being for the n values of y. 
Now on the introduction of Boole's symbol © {cf. Phil. Trans., 1857, p. 751), the 
right*hand side is merely the definition of 



r 1 IT bd 

L^r-aJ bx 



Let a:=a be a root of y(ic)=0, and in (v) expand [f{x)Y^ in a series of partial 

fractions corresponding to the roots ; then expressions of the form -^ j-^ — — are 

obtained. Moreover, from the nature of the preceding fractions and the definition 
of the symbol 8 in connexion with them, it is obviously a distributive symbol ; thus 
we have 
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^T dx ^ T ^0 



^y 

where the summation on the left-hand side is over the roots of the equation 

X=0 

while on the right-hand side it is over the n roots y of the equation x{x, y)=0. The 
variables on the right-hand side being the arbitrary constants in $ which occur only in 

to 

the factor 3-1 ^e naay integrate, and we have as the result 



''=»»rv T dx V 1 y^' f T , /,1 , n 



agreeing with the form given in Professor Rqwe's memoir (Phil, Trana 1881, p. 721). 
7. In the generalisation of the theorem we shall consider only two dependent 
variables y, z and one independent variable x ; it will be seen that the work would 
apply, mutatis mutandis^ to i— 1 dependent variables and one independent. Let the 
variables y and z be given as ftinctions of x by the equations 

F. (x, y, ^)=0 
of the degrees m and n respectively. Let 

^P {^> y> ^) 

be a function of x, y and z the coefficients of y and z in which are functions of x with 
any number of arbitrary constants ; so that as in the simple case when «, x and y 
vsltj the constants also vary. Using the same notation as before we have 



Therefore 



and 



'-t'^+'^'^y+l-'^'"- 



dz dx dy . 
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SO that 



and therefore 



f'^+t'^+'^'^y+^^'^o 






(i)' 



Let Z, X and Y be the eliminants of F«, F, and F, respectively with regard to x and y, 
y and z, z and x ; then as explained in § 3 we may write 

X=A«F.+AJ'.+A^p 
Y=B.F.+B.F.4-B^, 
Z=C.F.+aF.+C^^ 

Each of the equations «=0, a;=0, y=0, has mnp solutions; let those values 
(mnp in all) which make F«, F» and Fp vanish simultaneously be called congruous. 
Write 

A= A« An A^ 

Bg, B„ Bp 

Cm Cn Cp 

so that for non-congruous values A is zero. 

Now whatever be the value of T it can be put into the form 

4>(^, y, 2) 

where * and ^ are rational integral algebraical functions of ac, y and 2 ; and this can be 
expressed as 

where U is an integral function of a:, y and z andy][a:) is a function of x only. For it is 

^(•^» Vv %) n 4)(^, y^, z^) 

Mr* 

n 4)(a?, y^, 2^) 
M=i 

where y^, 2^ are a pair of values of y and z which satisfy the equations 

F«=0, F.= 0. 
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Now the denominator will consist of symmetric functions of the ^s and z*b, the 
coefficients in its different terms involving x. These can be expressed in terms of x 
alone,* while the new term in the numerator can be expressed in terms of symmetric 
functions of the y's and z's and of y^ and z^, and thus T is reduced to the form 

U 

and therefore 

— STc?tf;=X^- .y / pv ,(ii). 

\ a!,y,z J 

Let x=a be any root of y{a:)=0 ; then, as before, we consider 

X—OL 

that is, 

ic— a J 

the summation being for the mnp values of x ; and a definite value of y and one of z 
are to be substituted in terms of x before the summation is effected. 

Having these definite values of y and z (obtained from F«=0, Fn=0) if in them we 
substitute in turn the mnp values of cc, we shall have mnp congruous values and 
therefore all the congruous values. For these, as we easily see,. 



\ x,y,z J dz dx dy 
and therefore 

--^^Z;^^= t/^/.^^ rfY (^0 

dz dx dy 

the summation on each side being the same. But for all values not included in this 

summation we have A=:0, and therefore the restrictions on the right-hand side may be 

removed without altering its value, and we shall consider the summation to extend 

over all the roots of F«=:0, F^=0 considered as equations in y and z and over all the 

roots X. 

Let a denote the minor of A, $ that of B, y that of C (in each case with the same 

suffix) in A. Then we have 

a«.X+)8«Y+y«Z=AF, 

a,X+y3,Y+y,2=AF, 

«^X+i8,Y+y^Z=AF,. 

• (7/ Salmon's * Higher Algebra,' § 74. 
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Differentiating the first two of these with respect to y and z separately and then 
inserting the values of x, y and z as they now occur on the right-hand side of (iii) 
we have 

rfY_ iF. 

dZ hY» 



'dz 



hz 



dZ , bP. 



"dz 



6x 



and therefore 



. AF«.F.) .- ^ .dYdZ 

— A A— ^ 

^dy dz 
by a known theorem in determinemts ; thus (iii) becomes 

dx h{y, z) 
Now expanding in partial fractions we have 



K 



=S 



(.r-x,) 



dX 



and therefore the right-hand side becomes 



a;-« 6(F^, FQ |X 



considered as expanded for the factors of X alone or, including in the expansion the 
term arising from ;;;;^, it is equal to 

U 8Fp V 



aj— « 



K 



x-cL 6(F^. F.) X 



-S 



" U8F, A/ 
^(F,. F.) X 



wherein the 2 implies summation for all valuds of y and % in terms of a; derived 
from the equations F^asO and I'.ssO. Since these values are to be substituted we 
have 
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=A,F, 

and therefore substituting this in the above which will replace the right-hand side of 
(iii) 8ind inserting the value of dw the equation becomes 



_U_ dx __U SFf 

^x-a j/V„ F,\— ^ j/F,. i\\ F, 

\y.2/ -\y.«/ - 



-C.S 



u 1 iv, 

x—et j/ Fk.. F» \ F, 

\ y. « / - 



U-«J' 



u 



f/lklA F, 

V y. « / 



by the use of Boole's symbol 6 as before. The summation oq the left-hand side is of 
course over the mnp roots x ; on the right-hand side it is over the mn roots y and z in 
terms of x of the equations F,=0 and F„=0. We may obviously integrate as before ; 
and using the distributive property of we obtain as our result 



\y.?/ l\y.2/ 



• (iv). 



8. The general theorem will proceed on lines not widely different from the above, 
and may be enunciated as follows, Let 

Fi {Xi, Xj, • . • , Xr)=0 

ft (a^i. ajj. • • • . Xr)=0 



be r— 1 equations, of 4egrees |Wi, iWg, . . . , Mr^i respectively, giving o^a, . . . , a?r in 
terms of x^ ; and let 

be a fiinction of these dependent variables, the ppefficients of which are functions of Xi 
containing any number of arbitmry constants. Forn^ the elimijiant E of all the F's 
so that we shall obtain the set- of roots x^ by equating E to zero ; and denote by U any- 
algebraical rational integral function of OJj, a:^, . . . Xn Then 

^J/(^,) j/ F„ F,, . . . , Fr., y^\ Ax.) 1;^ ^ ^^/ FpF^..,,F.,y +A 
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the summation on the left-hand side being taken over all the roots of the equation 
E=0, which are assumed as the upper limits of the integrals, while on the right-hand 
side the summation is over all the roots of Fi=0, F2=Q, . . . , Fr_i=0 considered as 
r—1 simultaneous equations giving a^, 0:3, ... , Xr in terms of x^. 

9. Returning now to (iv) the conditions that the right-hand side should reduce to 
a constant are : — 

V : That J{x) = 1, or be a factor of U ; 



and 2": 


a 2^ log ^=0 


which will be satisfied by 


c,i=o. 



Now J is of the order m+n— 2 in a;, and therefore the order of U may not be 
greater than m+n— 4. In this case the number of terms in it will be 



I 
I 
I 
1.2.3 • I 

I 



m-|-?i— l.m-|-7i— 2.m+n— 3 



jdx be formed they are not all independent for 
]-jdx=0 
'dx=0 






where V,„ and V„ are arbitrary functions of the orders m— 4 and n—i respectively, 
and contain 

m— l.m— 2.m^3 , n— l.n-'-2.n-<3 

— 1:2:3 — ^^'^ — 1:2:3 — 

terms. Hence the niunber of independent integrals in the case when the right-hand 
side reduces to a constant or to zero is 

ni + ie — Lm + w— 2.m + n.— 3 m— l.m— 2.m— 3 n — l.n— 2.7i— 3 , , , .x , . 

U7s iTs TTs =i*"M'«+»-4)+i 

This assimies that the surfaces F« and F,, are the most general of the degrees 
m and n respectively and so possess no special singularities. 

10« Abel's theorem in the more simple c^e applies to the intersection of plane 
curves. There is a fixed curve given by 

X(x, y) = 
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and integrals connected with this curve are taken, the upper limits assigned being the 
abscissse of its points of intersection with another curve, the equation to which 

0{x, y) = o 

contains a number of variable parameters and therefore represents a variable curve. 

But the more general form of the theorem extends the application to curves in 
space. We take the curve which is the intersection of two surfaces 

Fu{x,y,z)=0 

(and which will, as a rule, be a tortuous curve), and forming the corresponding 
integrals we assign as the upper limits of these the ordinates x of the points of inter- 
section of this tortuous curve with a surface the equation to which 

F,('^, y> 2;)=0 

containing a number of variable parameters represents a variable sur&ca 

The discussion of this geometrical interpretation and of the deductions to which it 
leads has been carried out in a memoir by Clebsch ('Crelle,' t. Ixiii., p. 189, 1863), 
wherein he proceeds from the theorems which are the forms of (iv) and (v) when the 
right-hand sides are zero. Example I. which follows was suggested by an analogous 
geometrical illustration which Professor Cayley gave in one of his lectures at 
Cambridge in the Michaelmas Term, 1881, wherein he pointed out how to obtain 
Bn{u+v+w) from the analytical expression for the co-planarity of the four points of 
intersection of an arbitrary plane (corresponding to Fp=0) with a fixed tortuous curve 
in space which was the intersection of a circular cylinder and an elliptic cylinder 
respectively corresponding to F«=0 and F«=0. 

We now proceed to consider two examples of (iv). 

11. Example I. 

Let ¥^=f-{l^x!')=0 

Y,=z^^{l^l^x^)=0 
F^=Aa:-fB//+C2-l. 

The eliminant X is obviously 

X=U{Ax^l±B{l-a^)^±C{l^h^a^y} 

n denoting the product of the four expressions which the above includes owing to the 
two double signs. It is evidently of the fourth degree in ac; let the roots be x^^ x^ 
x^ x^. As there are three arbitrary constants there will be one relation between 
these four roots, and this can be exhibited in the form 

2x2 
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Xi 2/1 2i 1 =0- 

a'* 2/4 24 1 I 

If we choose Aa=0 and one of the two, B and C, to he unitj and the other zero, 
X=0 reduces to 

a;*=0 

and we may therefore take zero as the lower limits of all our integrals. 

Let 

j/i=+(l-x2)» 

Zj=+(1— Px»)* 

then ±yi are the roots of F„ ±2^ those of F„. We have 

J= 4yiZi=: 4(1 -a:*. 1 -Fa:^)* 

and therefore by our formula (iv) 

in which the 2 on the right-hand side implies summation for the expressions obtained 

by the substitutions 

y=: y^ and z= z^, 



2/= Ih 



2=— ;ti 



2/--2/1 >5 2=-2i. 
(i.) Lety(a:) = l, U = l ; then the right-hand side vanishes and we have 

cc^^snt^. 



where 



Thus the preceding determinantal relation will give Bti{u^'\^Uci+ii^^ which is —x^, 
in terms of the elliptic functions of ?^l, Wj, % 

(ii.) Let/(a?) = l, XJa=»^=l— Poj^; then we have 

EK)+%2)+EK)+E(^0 
= _CiS|-iog(l-Ax-By-C2)} 
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Expanding the logarithms on the right-hand side the n*^ term gives 

_2_ r B',-iy*.-» B«»-V^«-« 1 

2n-l ^[1 (l-Ax-Cai)»"-i ^ (l-Aa;+C2i)«-iJ 

~2n-l i\f^ {(l-Aa.)»-C*2i«}*"* J 

(-1)'4A:»B«-1C p rj,, 2(2>t-l)A l_ 1 
(2»-l)(A«+*»C«)--i ILI "•" A»-fi»C» « ' • "J 

I (2n-l)A««-*-(2n-l)(2n-2)A2-8 i-FC« / 2n-1.2«-- 2.27^-3 ^,,^ 

=<li5S^^[-(-l){(--)A-'-m?^iP=i A-+ . . .} 
+Sw{<^"-')A'-'-*'C.?S=i^iP=?A-+ . . .}] 

(-1)"4A«B«-^C (A+iA;C)««-(A-tX-C)»" ^ v i,* j x- j •*• • ,—7 

= /A»+MC'''>»« TkC '' ^ ^'g^* reduction and wntmgi=y/— 1 

_ (-l)«2A;B»«-» r 1 1 1 

Hence the whole coefficient as derived from all the terms in the expansion is 

_2A;r_ B B» B B" 1 

i L (A-tAC)s"*'(A-iiC)* • • • "*'(A+tkj)» (A+iiC)*''" ' * 'J 

_ __2A r B B 1 

8/MBC 



(A« + B« -k^Cy + 4A:»A»C« 

and this is the value of 

E(«i)+E(t/.j)-fE(«3)-E(«,+t/2+«,). 
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. Writing 5, c, d respectively for smi, cnu, dnw, the values of A, B and C are given 
by the equations 

A53+Bc3+Cc/3=1 



or writing 



we have 
and then 



8y Ci rfi '=A 
8a Ca eta I 



^3 ^8 ^3 



AA=< 



aB=ic aC=8 



8A;»<r/c8A 



As a verification of our formula assume 



^l=%=^3 



so that 

Then since the equation 



•^1— •''2— iCs* 

As+Bc+Cd=l 

has three equal roots, the values of A, B and C for our case will obviously be given by 

Asi+Bci+Cdi =1 
A _B?i--CP$=0 

for if we write «i+f for Si in the first, the coeflBlcient of ^ must vtuush, which condition 

gives the second equation; and similarly for the third. These last two equations 

give 

A _ B C^ 
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and substituting in the first we find 

1 

From these we have at once 

^(A«+B2— ifc^«)=A«AV-d8+iV (dropping subscripts) 

Hence 

and we therefore have to verify that 

Now the ordinary addition formula for E is 

E(t*)+E(f)— E(tt+v)=Af'snt«nrsn(jt+t;) 
so that 

E(tt) +E(2«)— E(3tt)=Fsnt«sn2t«sn3it 

2E(«)— E(2tt) =Fsn*«sn2tt 

and hence 

3E(M)--E(3w)=Fsnusn2w(8nM4-sn3w). 

But 

33-(4+4^•^)8»+6fe»a»-A^8' 

or writing D for the denominator 

D(snu+8n3u)=4«{l~(l+F)s2+(A2+A^)s*-A;¥} 
= 4s( I --&2s*)(l -«*)( 1 - A^««) 
=4s(l-ifeV)c2#. 
Moreover 

SO that 



3E(n)-E(3u)=^^g^ 



verifying the formula as required. 
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(iii.) In a similar way if we write 

(so that U=l,y(a;)=l— X'a:*) we shall obtain 

n(X, Ui)+n(x, u,)-\-u{\, M8)+n(x, u^) 



~ 2v/(l-x«)(^•»-\«) 

^^ L{(A + >•)* + (B v^roi?+ c v/F^^«)»} {(A -\)* + (B v/i -x'-Cv/;^;;^'} J 

the values of A, B, C being those which occur in the general case in (iL). 

Let X=i&ana so as to introduce the third elliptic integral in the form used bj 
Jacobi; then 

n(X. u)=u+^n{u, a) 

and the form of the theorem is now obviously as follows : — 

no^i, a)+n(w2, a)+n(u3, a)+nK, a) 

where 5', c\ d' stand respectively for sna, cna, dna. 

12. Example II, 

Take F^ and F« as in example I., but now let 

in eflPect the most general quadric relation. The eliminant X will be of the degree 8, 
and as there are seven arbitrary constants there will be only a single relation between 
the roots Xi, x^, . . ., Xg, which can be expressed in the form 

c^d^ s^c^ 8^d^ s^ Cj c/j iSj 1 =0. 
Cgr/g SgCg 8^d^ s^^ Cg c/g «8 1 
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Moreover, if we choose 

B=H=F=G=0 

-A=C=D=1 
the equation X=0 is of the form 

and we can therefore take zero for the lower limit in all our integrals. Hence wj 
shall have 

^1+%+ • • • +^8=0 
where 

and the above relation will give Qn(ui+ . . . +W7) in terms of the elliptic functions of 
Let us now find 

write 

then the right-hand side of the equation is 

On expansion, the rfi^ term gives 

So far as the result is concerned, the expression within the inner bracket is 

Now 

=ar^fXi+-Xaj say; 

MDOCOLXXXni. 2 Y 
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=^\l^i+y^i) say; 

=a^/>i(l+^) say. 
Thus the »* term gives 

-^ ^"-'i:-/-^"-^ (x.'-'+^-^v-'>,)(/h'+^.v.)+ . . .] 

I denoting \/— 1. Hence summing up for all the terms and reducing we have the 
whole coefficient equal to 

Now 

p^=G*+*'H2 /Lii=AG+BH 

PiPa=2(FG+PDH), /Li2=AFH-BD+CH 

Xi=BG-PH, Xa=CGH-BF-A:2D 

and the values of A, B, C, D, H, F, G are determined by the seven equations 
(ft= 1,2,.. ., 7) ; and therefore the above is the value of 
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SEK)-E(SmJ 






expressed in terms of the functions of the u's. 

The evaluation of the corresponding expression for the sum of the third elliptic 
integrals presents no diflBculty. 

Section II. 

Abelian functions, after Weieestrass. 

13. The theory of these functions is detailed in a paper by Weibrsteass in 
Crelle's Journal, t. lii., but such formuleB as may be necessary in what follows will 
be proved. Let 

y®— P(a;)=3^— (x— ai)(a;— c 

and 

^=My+N^ (2) 



^-(aj-.ai)(a;-a2) . . . (x-a,)=0 "1 



where M is of the degree p in a;, N of p— 1 ; say 

Then the equation for the roots x being 

My-NV=0 



•} 



(3). 



is of the degi-ee 3p and involves 2/> arbitrary constants ; thus there must be p rela- 
tions among the roots. Let these roots be denoted by x^y x^, . . ., x/, fj, fg, . . ., fpJ 
Pu P%9 • * '>Ppi so that we may consider the p jp's as given in terms of the x'q and ^s 
by the p relations which might be exhibited in a determinantal form. Write 

R(a;)=P(a)Q(ar) 
and let 

'*''~*x=J.,(a:-a.)v/Er*) ^' 

in which /i has in succession the values 1, 2, . . . ^ p as also in 

2 Y 2 



Digitized by 



Google 



348 PROFESSOR A. R. FORSYTH ON 

and in 

/='»fPA 'P(x)dx ,. 

Now the constants in M and N can be so chosen that the roots of the equation 

My— NV=0 

shall be a^, Og, . . . , a^ each occurring thrice ; for the conditions are that any one, 
say a^, shall satisfy the three equations 



My-NV=0 
^dx ^ ^ dx cte " "' dx' 

MT+^(f;-Nn-.^f)'=0 



m^+fiM-sH^-z^^=(, 



where T, U are functions of x. In order that a^ may satisfy the first of these 

N=0 
when x:=a^ ; that it may satisfy the second the additional condition is that 

M=0 

and therefore M will contain x^-aj, as a factor. Moreover, y^ contains cc— a^ aa a 
factor and therefore in My we shall have x— a^ raised to the third power; and 
therefore if we expand N in ascending powers of x— ax the first term is of the order 

Hence f — j has A(ic— a^) as its first term and so vanishes when a;=ax. But this 

is the additional condition that x=(ix should satisfy the third equation, and being 
satisfied it proves that a^ may occur as a triple root provided 

M=0 N=0 

when x=aj,. That is to say, two conditions are necessary for each root, or 2/> in all ; 
but as there are 2p disposable constants these can all be satisfied and so the truth of 
the proposition is established. But as N is only of the degree />— 1 in a;, while it has 
to vanish for p values, it must be identically zero ; and we choose M=y^, so that the 
equation is My=0 which is obvious beforehand. 

14. Applying now the general theorem from § 6 we have 



^pfr^A V(af)dx f^A V{x)dx fPx V(x)dx I _ 



A 
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since —^^^ is an integral function of x, and when ; ^ /:h7-v is expanded in des- 

«-a^ ^ * (aj— a^)v^E(a;) ^ 

cending powers of x the highest index of a; is —f. We have shown that a^, Og, . . . , a^ 

may be regarded as triple roots of the equation for the roots, and thus we may take as 

the constant 

g^=ppA T(x)dx 



Hence 



^^^r^ po 



A 



Z^l['^ P(a?>to , f^x P(a;)^' fPx P(a;)cb; 1 _ 



or 



%+v^+w^=0 (7). 



Now, by Wbierstkass's theory, given values of u^, u^^. . . yU^ iniply unique values 

of a?!, 052, . . . , ajp which are, in fact, the roots of an equation of the p^^ degree whose 

coeflScients are single- valued functions of w^, Wg, . . . , u^. Every symmetrical function 

of cCi, . • . , x^ can therefore be expressed as a function t^l, u^y • . . , u^y but in 

particular 

(a/— iCi)(a/— Xg) . . . (a/— Xp) 

{t being any of the integers 1, 2, ... , 2/>+l) is the perfect square of such a function. 

Write 

j>{x) ={x-'X^{x—x^ . . . (a;— ajp) (8) 

-QK) =Zr (r=l, 2, ...,/>) 

P(ap^,)=Zp^,(5 = l,2,...,/>+l); 

then Weierstrass defines 

lralr^=<f>{ar) (lO) 

for all values of r included in 1, 2, ... , 2/>+l. It is easy to verify that x^, a;^, . . . , a?p 
are the roots of 



I{(.:^v3}=' '"' 



for there are obviously p roots, and in order that Xi may be one of these we must 
have 

r=l(ar — «l)(ar— ttg) • • • K — ^p) 

By a known theorem of Abel's we have 

S|=0 or 1, 
dz 
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according as «< or =/>—!, the summation being extended over the p ix>ots of 
;((a;)=0; and therefore 






Thus the left-hand side of (A) 



~ii lF(aO""^^+ • • • +^')fK)"^ "J 



= 1 



all the terms disappearing except the first and so verifying (A) and proving that 
«!, x^ . . . , x^ are the roots of (II), 

15. Taking now our set of integrals u we have 






A=p 



A=i (iCx— aa)\/B(xxJ iti^ 



,^=' 

i=\% 



p(a-*) 









PCa;*) ir* 



(12). 



x-i (xa— ap)v/Ii(a:x) *«,. 



Multiply these respectively by ^^, j^, ... and add; then, in virtue of 
equation (11), 



BO that if we write 



we have 



''=*,!l;/E0 (18) 



/^<« bV 



(14). 



U is obviously a symmetric function of the x's, and is therefore a function of the u'a 
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16. Again solving the equations (12) regarded as giving t— ^ for diflPerent values of 
X, we have* 

Therefore 

= lby(ll) 
and 






= VS^' (16') 

where 5 may be any of the integers 1, 2, . . , , 2p+l- 
Writing 

1^'=^ (") 

so that (16^) becomes 

'J.|^_J_l 37. (J,) 

x-il </>(a?x) Xj,-a,\ als ^ ' 

Weierstrass defines 

^_';'r ,/Rfe> »y. I (,,) 

x=il ^(a^x) (a?x-ar)(a?x-a*)J ^ ' 

where r, 5 must be different from each other, but otherwise may be any of the integers 

• Of. ScOTT^s ' Determinants,' c. ix., §§ 11, 12. 
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1, 2, ... , 2/>+l- Evidently alr^t=al,^r, and there are therefore p(2p+l) functions 
aZr,,; these, together with the 2p+l functions al,, are the functions of the theory. 
(They are, of course, not all independent ; the complete system of relations among 
them may be found in the fifth section of the first chapter of the memoir already 
quoted.) 



Further 






and 



in which 






^'=P^,<rfA (19) 



s may have any value 1, 2, . . . , p 

r „ „ 1, 2, ... , 2/>+l, 

but r, s may not be equal. If r</>, this serves as a verification of (14). 
Again, since ccj, ajg, . . . , x^ are the roots of (11), 



.=1 (a;— a,)PXa,)"'" (x-a{)(x^a^) . . . (x—%) P(x) 



In this write x=a^^ry (^=1, 2, . . . , />+!); then 

"^ P+r— 1 

''P+r 

= l-t\ ^"^TT^ (20) 

.=1 (a,-ap+^)P'(a,) ^ ^ 

which expresses p+1 fimctions alf,+r each in terms of the p functions oZi, oZj, . . . , ciZ^. 
By (20) and (14) we have 

aZV,= l+T— ^— ^ (21). 

[17. A simpler form can be given to this equation by the introduction of a series of 
p+1 new variables provisionally given by 
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r=l C^— ^p+r 



rsl «9 — ttp+r 



r=p+l 






These new u'b are not fully determined : as the remaining equation necessaiy to 
determine them assume 

When substitution is made in U for t^i, . . . , Wp, U will be a function of Wp+], . . . , u^^+i ; 
and we shall have 

r=l H+r- »=li^* 



= 2 2 



8i/, 



and from the (/)+l)*^ equation giving the new u'b 

r=p+l i^f 
r=l «Wp+r 

Then by the principle of indeterminate multipliers 



^, 



>+r 



'p+r 



for all the />+! values of r. Multiply these />+! equations by t/p+i, Wp+2, • • . respec- 
tively and add ; then 



::r'^'i>u,.r ::rhu-'^rZ, "^^^^hu, 



'p+r 



Let the part of U which is of the order m in the u/q (s'^p) be denoted by XJm] then 
when expressed in terms of the Wp+r's it still remains the term of order m, so that 

and summing up for the terms of all orders 

r=p+l iU '=P iU 

MD(rCL.XXXin. 2 z 
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and therefore from the above 

equivalent to one of the two equations 

X=0 
or 

The latter, taken with the equation 

A%+i^ • • •» ^2p+i)=0> 

implies that there is a homogeneous relation between the quantities tt^+r ; this we 
may reject. The former leaves/ arbitrary or non-existent, and so there would be 
only p equations to determine />+! quantities, a difficulty, however, obviable at any 
time by assigning some new equation to make up the requisite number; but X=0 
simplifies the resulting equations in which it occurs, and therefore this is selected. 
Let us assume as our new equation 



v_ t^p+i 



^+...+ 



b i — ^p+i 6*-"^p+3 ' ' *""^2P+l 



where i; is a quantity which may have a definite value assigned to it at any time, if 
desired. Thus we have 

bV _'^ 1 bV 



and therefore 



<-=i+j^ 0^') 



H+r 



similar in form to (14). 

18. Let us obtain the new u'& explicitly from the above equations. Writing 

g{z)={z-b)V{z) 
we have* 



^P+r=' 



gK+r) 



Q(^i) ^ , I QK) % , Q(&) i 



Now make 6 infinite, so that the assumed equation takes the form 

and 

* Cf. Scott's ' Determinants,' Lc, 
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5<5!e±r)__£(ap+0 
g\a.) F(a,) 






so that 
As a verification of these values we may deduce (14) from (14') as follows : — 

2 — SM,i=rfU= S r OMp+r 

,ml OU, r=l 0«p+r 

Now the quantities 8w,, Si; axe independent ; hencje we must have 

0= i -A+?L__£^. 



Taking the second of these, we have 



^^ 1 . 72 



H+r 



and therefore 






r=l Q'K+r) H+r r=l Q'(«r.+r) r-1 QX^P+r) 

= -1 + 1=0 



by the theorem already quoted in the verification of equation (11). For the first 
summation we have 

•^i+i I, h^r 1 hTJ 



t 



r=i F(a,) Q'(ap+r) a*-ap+r H+r 
P'(«.)L r=i Q'(«P+r) a.-ttp+r"'" r-i Q'(ap+r)(a,-ap+,)J 



2 z 2 
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The first term inside the bracket is the expansion in partial fractions of 

_P(a.) 
Q(a,) 

and is therefore zero since s^p ; the second is 

=^=-«^/ by definition 
so that the equation with which we began leads to 

bu~ F(a.) * 
that is, to equation (14).] 

19. Now let 



dx 






(13-) 



80 that y stands to the t;'s and W to the w'b in exactly the same relation as U to 
the w's. 

Applying now the theorem in § 6 we have 



=-OjS+i(g)'+-} 



The rfi" term in this series gives 

*-l/2\2»-2 



boidrw 



2n 

1 f N *•"* 1 1 

= -2;:3iCi|-^+ higher powers of -| 

so that nothing is contributed except by the first term, and we have 

U+V+W=-N, (22). 

The 2p quantities Nj, Ng, . . . , N^, M^, . . . , M^ are detennined by the equation 
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by the 2p values of x, viz. : Xj, «,, .... x^, ^^ fg, . , 


. , fpJ and 


xr\,xr\,'",yi 


+ 


a;i'yi.a'x''A. •••»yi 


= 0. 




xf\, a;/-«Z2, . . . , 3/2 




a^j'yg, a!2''~*«2. • • • » ya 






^r\> «/"%. • • • . yp 




ajp'yp, a'p''"'2p, . . • , yp 






^r^Ci.^r^ii.....^! 




^I'vi, ^r*^i. • • • . '>/i 






e'-%, e-%. . • • .. ^P 




ev^p'-^.-'-.'/p 







20. As an example of (22) and (23) consider the elliptic functions, i.e., the case in 
which /)=1 ; then 



Nx 



(dropping suflSxes), or 
that is 



z y 



^ y 



= 



and 



Let 



then 



Ni{(a;-Oi)(£-ai)-(ai-a2)(ai-a3)} = -yrjiztj+yC) ; 
a;=ai+(a2— ai)<*, F=^*^ ; 

Oj — Wj 

_ 1 f' rfd 



Let «, c, d denote elliptic functions of w^v/og— aj 

S,C,D „ „ rv/os— «i 

<r „ sn{(tt+i;)'\/a3— Oj} i.e., — smpv/ttj— a^. 

Then 



S2=<2r 



A'— or. 



and therefore 



(h-^ 
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a;— «j= — (ttj— 01)0* 
and 80 



•NT _ (a8-Oi)»A/ag-ai{«crfS»4-SCD8»} 
^ (a,-a,)(a,-ai)(l-A»««S») 



With the ordinary notation for the second elliptic integral we have 

and since 
this gives 



N, 



that is 

U+V+W=-Ni 

agreeing with the case when p— 1 of (22). 

21. The evaluation of Nj in terms of the functions can be obtained in the general 
case as follows. 

Since x^, x^, . . . y x^, f 1, li, . . . , fp, i>i» i^^, . . . , p^ are the roots of 

MV-NV=0 
we have 

M^— NV=(a;— aJiXa;— Xg) . . . (x—p^). 

In this write x=at^, where m^l</); then 

— N^Q(a„)=(a«— a:i)(a«— 0:2^ . . . {a^—p,) 
that is 

LmaJ)]^=lJaL'{u)alJ{v)alJ{u+v) 
and therefore 

Nia^'^-i+N^a^-H • • • +^,=^±lmaL{u)al^{v)al^{u+v). 
Hence 
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But ai, Ojj, . . . ttp are the p roots of 

P(2)=0 



and therefore as before 
and so 



Mi=p p— 1 »J4S=p p— * 



l[{p^«^«(w)aZ«(t;)aZ,(tt+v)} = ±Ni 
and therefore 

»=p r / 1 

= =F^2 ^ pg|TaZ,(tt)a/,(t>)aZ.(tt+v)|. 

On the expansion of each side in terms of the u'& and v's as is done below, it is at 
once seen that the lower sign is the correct one ; and therefore 

U+V+W=T{^,aZ.(i*)a?.(«)aZ.(w+v)l. 

This may be called the addition theorem for the integral-function; by putting 
p== 1 and referring to the example worked out in the last section, it is at once seen 
to be the addition theorem for elliptic integrals of the second order. 

22. In the expansion of the two sides in terms of t^'s and t^'s the first term is 
sufficient to indicate the correct sign in the above ; but it is not uninteresting to see 
the agreement for terms of a higher order, and the expansion is carried on as far as 
the order seven in the magnitudes u. 

Proceeding therefore to form the expansion of U in terms of the t^'s, write, with 
Weiebstrass, 

^iar-Xr)=s,^ (24) 



BO that 
and 

Let 
so that 
then 



'-Y^dXr=28rdSr 



=2 — • 



L Ir 
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Substituting we have 

J^(^».)— P(„y (««) + |p.(^)| - 2! ~tP'(««)J 3! + 

Q(--)=-^--|^)Q'K)+{f^)}' 

and therefore 



2! 






K )}' 2! 



=««(1-A^,2-B«s«*)8ay, (26) 

correct to the fifth order. Moreover 



^=iJV^S^ 



—:ax. 






or 



'^=-lFfc[T-t»-'-?'-'] <^^) 

correct to the seventh order. Further 

2d.^,= vp ^-+ • ■ ■ + vs^ ^^+ • • • 

and 

which with the help of (26) gives 

r=l 

where 2' denotes that r may receive all values between 1 and p except m. Thus 

w«=«.-y«.»-f««»-i'V..||+^^^^5,«} (28) 

correct to the fifth order ; and as «„ is of the order u this expansion will be sufficient 
for the expansion of U in (27) accurately to the seventh order. The equation (28) 
holds for m=l, 2, . . . , p. 
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Inverting it in order to obtain s in terms of u'a we find that to the fifth order 



, 5A,«+SB„ r.A« .l^" ^, l=''a,„(3a,«+2A,) ...IT* a'^" , /^^v 

+ ,- M^H ^w«^ 2» a^.»tt/+ 2» -'^^^"'•" --- ^^u/+i 2" a,.,tt,« S^ a.,,u.' (29) 

where 2»* implies summation for all values of r from 1 to p except m, and S^ for all 
values of 5 from 1 to /> except r. Substituting this in (27) we obtain 

2A« 4^=^ Wr'.t^»«!r'» ,0 .oA\ 5 

+^ 2« a,. «w^2 Sr a.,,rW,H-^ 2~ :S'Har.«a^«WrW ... (30) 

correct to the seventh order. In the last term inside the bracket r and s may take 
the same value ; the double summation is in fact 

Again 

cilj{u)=j^{a^) 

=5^2(1 -ai,«»i2j(l-a2^^^/) . . . (l-a^«^p2) 

(the term involving sj not occurring in the brackets) 

[r=5p r, *=p ^ "] 

r=l r,e=l J 

r, (sp 

where S"* implies summation for all values 1, 2, . . . , p of r and t except m, and r 
and t must not have the same values. Extracting the square root we find 

aL(u)=8ll -i 2'Ha,,«.v,«-i £^a,.«V+iVa,.^,.^,V I • • • (31). 

Let Cm refer to 0/^(1;), S^ to aZg,(w+v), so that to the first oi-der 
Mix:ocLxxxiir. 3 a 
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aZ«(t*4-v)=S, 

and regaxd o-» and S« as being of the same order as ««,. Then accurately to the seventh 
order 

al^{u)al^{v)al„{u + v) 

+i''i«V..a,.(«,V+<rrV+Sr''S.«)+i 2« £ a,.«a,,(«,V+<r,W+S,V)l (32) 

where the summation in the last term in (32) is exactly as in the last term in (30). 
To express this in terms of u and v we must substitute the value of 8 in terms of u's as 
given by (29) and for cr and S respectively corresponding values of v and u+v. Let 

these values be inserted, both sides multiplied by , * . and the summation taken for 

the values m=l to m=/> and compare this expression, which is 

'7^^^aL{u)aL{v)al^{u+v) (B). 

■with the value of U+V+W. 

Firstly, they agree in the third order of quantities ; for 



nj + vj + w,' 



3 =tt«V«(»,+V,) 

since 

Secondly, consider in each the terms of the order five. That in U-f-V+W which 

has ' . Am for its coefficient is 
I^(a») 

= iumV^{uJ + 2uJvm+2UmVj-{- vj) 

= |w«v«(w»+f «) (««*+»«*+ tt«V«) 
while in (B) it is 

and these are obviously equal. 

The term in U+V+W which has 
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for coefficient is 

while in (B) it is 

+ {Um+vJ}U^Vr^—{Ur+Vr)UrVj^+iUrVr{Ur+Vr){uJ-^vJ+ (u.+V.)*} 

Adding the latter up in columns, it is 

— "•'[Mr+tv)*— Mr*]— »»TK+«r)*— v,»]— 3M,l>,M,r,(M,+t;,) for second 

— 3w,v,tt«v,(ur+v,) for third 

and therefore, to the order five, (B) and U+V+W are equal. 

Thirdly, consider in the order seven the term in U+V+W which has 

L /2B, A,«\ 

p'(««)\ 35 ■•■ 9 ; 

for coefficient ; it is 

while in B the term of order seven which is free from all the a's and is multiplied by 
p|^)[«,t>,K+t>«){u.*+v.*+(«.+t;«r}] ^^\5^^' 

and again these terms are equal 

I have verified the exact agreement of the two expressions for one or two others 
(but not for all, owing to the labour involved) of the terms of the seventh order ; and 
this exact agreement leads us to infer the truth of the equation 

3 A 2 
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u+v+w=T '" 



«=i F(a-) 

a direct proof of which has already been obtained. 
23. Combining (22) and (33) we have 



aJ„{u)alJ^v)al^{u-\-v) (33) 



Therefore 



But by (7) 



U+ V+W= -N,='2 ^aZ,(«)aZ,(i;)aZ,(tt+i;). 



.!,L5s;«"*-+s-«"-+w.«"'-j=-.?,Li;;'>+siM 



8u«+8v,+8m',=0 



(70 



80 that substituting for the Self's and remembering that the Su's and St/s are 
independent we have 









By the first of these 






bu^blLn bWmblCn 



and therefore by (7') 






Similarly 






i^V . i^W 



+ 



yy, 






bwj^kwi, bvj^bu^ J 



(34). 



(35) 



from which we see that Nj satisfies the series of differential equations 






of which there are i/t)(/>— 1) in all. 
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24. Returning now to (34) and using (1 4) we have 

p^w-'(''+'')-'''->)i=r?;pi/«''){"''-w^-+''«''+'')^} •<«") 

and from these by subtraction and noticing that 

we have 

^^ialJ^u)-aUm=7■^^al^«+v){a^u)'^^-a^v)'^] . (38). 

Now if 5 be different from m 

but this no longer holds when 8,m are the same since cd^^,^ is not a recognised function. 

hal (u) 
We proceed as follows to obtain "* : — differentiate both sides of (20) with respect 

to Um so that 



where 2«» implies that the value 5=m is not to be included in the summation. The 

«asl 

equation quoted above (holding for all values of 5 from 1 t-o 2/o+l) when substituted 
in the last gives, on division by p//* x <^L(^)> 

and (38) may now be written in the form 

alm\v) — alJiy) = S- 'phM^+'") {o.h{'t')<^m{y)al,, «(v) — aZ,(v)(rf„(tt)aZ^,(tt) \ 

-oZ,(e*+v)2« ><^-W a/,(t>)a/^,(t>)a;«(t<) -ttZ,(M)a^,.«(M)oZ,(v) 
—{a^—a,^^aln,{u+v){aln,{ii)al^^r^^^ (39). 
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This equation holds for the values 1, 2, . . . , p of tn and these p equations determine 
the p functions aZg,(w+v) for values 1, . . . , p of m in terms of functions of u and v. 
Moreover, r is any one of the numbers 1,2,..., />+!> so that these equations can 
have a large variety of forms. We may thus consider the functions aZ«(u+t;)(m^/)) as 
known; the />+! functions al^^riy^-^-v) are given ia terms of them and therefore 
ultimately in terms of functions of u and v by the equation 

<"'°+'')-'-§{ c.-».!',)p-w °'-'<°+''>}- 

Treating (36) in the same manner as (38) it will yield p equations involving the 
double-suffix functions of u^v ; this system, together with the relations between 
them (to which reference has already been made), will furnish the complete solution 
of the addition theorem for these functions. 



Ahelian /unctions of oi*der 2. 

25. Consider the particular case of the preceding for which /)=2. We now have 

V{x)={x—a^{x—a^ 

'R{x)=V{x)q{x) 



Write 



Also 



Then 



,l>{x)z={x-Xi){x-Xg), 



Wr=l, 2, 3, 4, 5) (1). 

Xct—ar=br j 

, , , ■„/ X -r,, V -,>, V > respectively (2). 

h,l^h=na,),'P{a,),-p{a,)j ^ -^ ^' 



;/iZ,8=,^(a,)=a.b, (3) 

for 8=1, 2, 3, 4, 5; and 



<*= fa^ ~Xi)y/i^, [>/ft/a'«t)bb~ ^/b,b.aaa] ...... (4) 
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the suffixes being added to the a's and b's under the radical sign so as to have 1, 2^ S, 
4, 5 for the complete system imder any one root-sign. Then 

and therefore 

(a^— a,)aZ^Zr,#+(a,— a,)a^^^,t+(aj— ar)aZ/i?r.t=0 (5). 

Again 

l,al,alr^,=^z r— 7=^[a,.>/a,bbbb— br\/b,aaaa] 

and therefore 

{ap—a^l/ilralr^, + {a^—ar)lp(ilpcdp^^^ .... (6) 

in which p^ q, r, s, t may be any of the numbers 1, 2, 3, 4, 5. 

26. Writing i^'~>=^$ (^=1> 2), equation (39) of the last example gives 

aZi«(u)— a?i®(v)=a8aZ2(M+v){aZi(v)a/j(t«)aZi,j(t;)— aZi(tt)aZij(v)oZi.2(tt)} 

+aZi(w+v)l {ai—a^) {ali{v)al^{u)ali,^u—ali{u)al^{v)ali,s(v) } 

+«2 ^E^ {ali{v)a2i{u)cdi,s{u)^ali{u)ak{v)<dM}j 

ali%u)—(di%v)=aiali{u+v) {aZi(tt)aZ2(v)a?i,2(i;) — aZi(v)aZj(M)aZj, j(m) } 

+ ali(;u+ r)| (oj— ag) {aZj(v)aZ8(w)a?j. 8(m) — aZj(M)aZg(v)aZj, j(w) } 

+"1 ^^ i^i(^)^W<^iA^)-<^hiv)al.i{u)<Ui,i{v)}j 

two equations which detennine ali{u-{-v), 0^3(^+1'). 
' Assuming these known we have 

<(«+t')=l-{-^aZ,'^(tt+t;)+-^<(«+t;)j. 
The equation (36) applied to this case is when m—1 



Digitized by 



Google 



368 ON ABEL'S THEOREM AND ABELIAN FUNCTIONS. 

(di%u+v)'-(d^^{u)=oL^al2{v){al^{u'\-v)al^^^^ 

— {a^—€t^)al^{v){al^(u)(d^{u+v)al^^^{^^ 

""^2?~? ^^1 W {a'i(w)aZ2(w+t;)aZi,2(tt+i;)+a/i(w+t;)aZ2(tt)aZi,2(w)} 

»3 — »S 

and when m=2 it is 

(d^\u+v)—(d^%u)=a^al^{v){al^{u)al^{u+^ 

— (%— a3)aZ2(v) {a/2(w)aZ3(u+ i;)aZ2,3(w+ v) +cd2{u+v)al^{u)al2,^{u) } 

A particular case of (5) is 

(ai— a2)aZ3aZi,3+(a2— a8)aZia/2,3+(a3— ai)aZ2aZi,3=0. 

These three equations will suflSce to determine a^i,2(^+v)» <^2,8(^+^)> ^'s,i(^+^)j 
after which the other functions may be successively obtained from the equations 

(%~«3)Z4a/4aZi,4==(a2—a4)Z3a/3a/,,3+(a^—a3)Z2aZ2a^i,2 . • . • (6') 
(«4— a2)aZiaZ2,4=(a4— cei)aZ2«^i.4+(%— «2)«^M,2 {^1 

{a,2—a^l^al^a\^={a^^a^l^al^^^^^ .... (6') 

(^3-«5W4«^8.6=(«8-«4)«W.4+(«4--«6)«^3^4,6 (5') 

(«2— «5)«^3«^2,5=(%— «3)«^6«^2,S + («3— «6)aZ2«'3.6 (5') 

the figure at the end of each line denoting from which of the equations (5) and (6) the 
particular line has been derived. 

This case has been added and all the necessary equations have been written down 
as a justification of the statement made at the end of § 24. 
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